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Preface

The first question anyone contemplating writing a book on continuum mechanics must ask
themselves is “Why?” There are numerous continuum mechanics books and many of them
are very good. I have learned from them and I have used some of them in teaching a course
on continuum mechanics. Yet, none seemed entirely suitable for the particular course that I
have taught for many years at Northwestern University. The course is one quarter, 10 weeks,
typically taught to first-year graduate students. Many of the students are PhD students in
fluid, solid, or structural mechanics. For them the course is meant to be a foundation for
more advanced and specialized topics. But there are also PhD students from geotechnical
and biomedical engineering, materials science, geology, and geophysics. In recent years, the
course has attracted many Master’s degree students who do not intend to go on for the PhD.
For these groups of students, the course is likely to be their only exposure to much of this
material.

To satisfy this diverse audience within a 10-week quarter, the course must be concise. It
must begin at a level suitable for students without a strong background in mechanics yet
be sufficiently general and advanced to be a solid foundation for students continuing in
mechanics. Most continuum mechanics books include chapters on elasticity, fluid mechanics,
viscoelasticity, and other applications to particular material behaviors. In a 10-week quarter
there is time to treat only the barest minimum of this material. At Northwestern and, I am sure,
at many other universities, students go on to take courses devoted to these subjects and there
are good books devoted to them. On the other hand, with the development of computational
mechanics and advanced materials, the diversity and complexity of constitutive models that
may be encountered in research is immense and growing. Although this diversity makes a
thorough treatment of the subject impossible in one quarter, it makes a solid background in
the fundamentals of continuum mechanics even more essential.

These requirements might seem to relegate a book based on the course to a niche. Yet
I became convinced that there is a need for such a book not only for students but also for
practitioners. I came to this opinion through the encouragement of many students who used
the notes on which the book is based and feedback from colleagues at other universities. I view
the book as the “baby bear” of continuum mechanics books: neither too long nor too short,
neither too advanced nor too elementary, neither too superficial nor too in-depth. Although it
is based on a one-quarter course, it would be suitable for a one-semester course by expanding
the treatment of some material. Possibilities are suggested by some of the examples and
exercises. In teaching the course and writing the book I do not attempt to be mathematically
rigorous. Instead, I try to emphasize operational definitions and doing “what comes naturally”



Xiv Preface

as suggested by the notation. I believe that the notation can be an important aide for both
beginning and advanced students to gain confidence and as a foundation for more in-depth
understanding.

The goals of the course are a basic understanding of the following: tensors and tensor
calculus in Cartesian coordinate systems and in coordinate-free form; stress as a tensor; the
difference between material and spatial descriptions of motion; the measures of strain and
deformation and deformation rate for arbitrary deformation magnitudes; the formulation of
equations describing balance of mass, momentum, and energy in their various forms; and the
introduction of constitutive behavior.

After reading the book, students should be familiar with and be able to do the following: use
index notation for vectors and tensors; calculate components of tensors in different Cartesian
coordinate systems; use and manipulate the stress tensor and explain the meaning of its
components; manipulate and describe the relations among different measures of strain and
deformation; derive and explain equations describing the balance of mass, momentum and
energy; and, perhaps most importantly, read and understand papers and texts on advanced
continuum mechanics.

The book is divided into five parts: Mathematical Preliminaries; Stress; Motion, and Defor-
mation; Balance of Mass, Momentum, and Energy; and Ideal Constitutive Relations. Although
the first part is preliminary, it comprises nearly a third of the length. It introduces notation and
forms a foundation for the remainder of the book. Many of the exercises derive results that are
used later in the book. In teaching the course, I resist the urge to move rapidly through this
material. Although some of the material is elementary the approach is likely to be new even
to readers who have some familiarity with these topics.

One of the most pleasurable tasks of writing a book is to thank the many people who provided
help and support, although I cannot mention them all by name. As usual, it is necessary to
emphasize that none of them are responsible for any shortcomings of the book in fact, concept,
or clarity. First of all, I want to thank my daughter Jean who suffered working for her father one
summer to translate my handwritten notes into LaTex and to prepare the first drafts of figures.
I am indebted to my teachers at Brown University, especially Professor Jacques Duftfy who
taught me my first course in continuum mechanics, Professor Ben Freund, and Professor James
Rice (now at Harvard) who was my undergraduate and PhD advisor and continues to teach
me mechanics every time I see him. The students who took my class exposed my incomplete
understanding, improved the clarity of the exposition, and provided both encouragement and
criticism. Steve Sun and Miguel Bessa read the draft and provided corrections and helpful
comments. The continuum mechanics class in the Fall of 2013 responded enthusiastically to
my offer to earn points by finding misprints, errors, and unclear passages. I especially want
to thank Aaron Stebner of the Colorado School of Mines who used the draft for a course on
continuum mechanics and provided invaluable feedback on the text and problems. Tom Carter,
my editor, was unfailingly helpful, encouraging, and responsive. I am grateful to Northwestern
University for providing a stimulating environment for more than 30 years and for a leave of
absence during which I did much of the preparation of the book. Finally, I do not have words
to express thanks for the support of my family in everything I do.



Nomenclature

Notation:

Bold-faced upper case letters refer to (mainly second-order) tensors.

Bold-faced lower case letters refer to vectors. The magnitude of a vector is denoted by the
same letter in italics or | ... |.

Subscripts are denoted i through v and range over 1, 2, and 3. Upper case subscripts and
Roman numerals refer to principal values.

Greek subscripts a, f, etc., range over 1 and 2.

a thermal diffusivity

a, p scalars

shear

Kronecker delta

permutation symbol

infinitesimal (small) strain

dynamic viscosity

temperature

bulk viscosity

thermal conductivity tensor

principal value (eigenvalue)

Lamé constants

stretch ratio

friction coefficient

shear modulus

shear viscosity

unit vector in principal direction (eigenvector)
Poisson’s ratio

non-dimensional length

mass density in current configuration
mass density in reference configuration
Cauchy stress

deviatoric Cauchy stress

rotationally invariant Cauchy stress
Cauchy stress in the reference configuration
Kirchhoff stress
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xvi Nomenclature
d(X,1) motion

Q infinitesimal rotation tensor

a area in current configuration

A area in reference configuration

a(x,?) acceleration, Eulerian description

AX, 1) acceleration, Lagrangian description

A orthogonal tensor

A(X, 1) a vector or scalar quantity proportional to the mass
b body force per unit mass

b° body force per unit mass in the reference configuration
B left Cauchy—Green tensor

B! Cauchy deformation tensor

B,B! Finger tensors

cr, Cy bulk (dilatational) and shear wave speeds

Cps €y specific heats at constant pressure and volume
Cpg cofactor

C Green or right Cauchy—Green deformation tensor
Ciju components of elastic modulus tensor

D rate of deformation tensor

E total energy

E Young’s modulus

e, e, e; orthonormal base vectors

et Almansi strain

E material strain tensor

E¢ Green—Lagrange strain tensor

| Biot strain tensor

E(™ logarithmic strain tensor

fN) scale function for material strain

F deformation gradient tensor

g(4d) scale function for spatial strain

h height, thickness

H! inverse of tensor H

I identity tensor

I, L, I, principal invariants

IE internal energy

J |ox/0X| = |dx;/0X;]

K bulk modulus

KE kinetic energy

L velocity gradient tensor

m mass

M matrix

M; components of a matrix

M;; components of the adjugate

n unit normal in current configuration

N unit normal in reference configuration

pressure
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X Or Xy, Xy, X3

X or Xl’ Xz, X3

v

power input

heat flux per unit current area

heat flux per unit reference area

rate of heat input

rigid body rotation

radial coordinate

rate of internal heating (heat source) per unit mass in current state
rate of internal heating (heat source) per unit mass in reference state
rotation tensor in polar decomposition

work-conjugate stress tensor

second Piola—Kirchhoff stress

traction, surface force per unit current area

nominal traction, surface force per unit reference area
nominal (first Piola—Kirchhoff) stress

internal energy per unit mass

displacement

deformation tensors in polar decomposition

specific volume

volume in current configuration

volume in reference configuration

components of constitutive tensor for Newtonian fluid
velocity, Eulerian description

velocity, Lagrangian description

internal energy per unit reference volume

dual or polar vector

vorticity or spin tensor

rate of stress working per unit reference volume

position of a material particle in the current configuration
position of a material particle in the reference configuration
gradient operator

matrices, column or row vectors

determinant or magnitude






Introduction

Continuum mechanics is a mathematical framework for studying the transmission of force
through and deformation of materials of all types. The goal is to construct a framework that is
free of special assumptions about the type of material, the size of deformations, the geometry
of the problem, and so forth. Of course, no real materials are actually continuous. We know
from physics and chemistry that all materials are formed of discrete atoms and molecules. Even
at much larger size scales, materials may be composed of distinct components, e.g., grains of
sand or platelets of blood. At even larger scales, for instance, the Earth’s crust, fractures are
ubiquitous. Nevertheless, treating material as continuous is a great advantage because it allows
us to use the mathematical tools of continuous functions, such as differentiation. In addition
to being convenient, this approach works remarkably well. This is true even at size scales for
which the justification of treating the material as a continuum might be debatable. Although
there are certainly problems for which it is necessary to take into account the discrete nature
of materials, the ultimate justification for using continuum mechanics is that predictions are
often in accord with observations and measurements.

Although the framework of continuum mechanics does not make reference to particular
kinds of materials, its application does require a mathematical description of material response.
These descriptions are inevitably idealizations based on experiments, conceptual models, or
microstructural considerations.

Until recently, it was only possible to solve a relatively small number of problems without the
assumptions of small deformations and very simple material behavior. Now, however, modern
computational techniques have made it possible to solve problems involving large deformation
and complex material behavior. This possibility has made it important to formulate these
problems correctly and to be able to interpret the solutions. Continuum mechanics does this.

The vocabulary of continuum mechanics involves mathematical objects called tensors. These
can be thought of as following naturally from vectors. Therefore, we will begin by studying
vectors. Although most students are acquainted with vectors in some form or another, we will
reintroduce them in a way that leads naturally to tensors.

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.






Part One

Mathematical
Preliminaries

This part provides the foundation for the rest of the book. The treatment is meant to make
the book self-contained, assumes little background from the reader, and only covers what is
needed later in the book. The treatment begins with vectors. Although most readers will be
acquainted with vectors, they are introduced in a way that leads naturally to tensors, introduced
in the second chapter, and their representation in terms of dyadics, in the third. Vectors and
tensors are introduced in coordinate-free form, appropriate for describing the physical entities
that arise in continuum mechanics, before discussing their representation in terms of Cartesian
coordinates in the third chapter. This chapter introduces index notation and the summation
convention. Chapter 4 discusses the cross product, introduces the permutation symbol, and
provides an introduction to the discussion of determinants in the following chapter. Chapter 6
derives the relation between vector and tensor components in coordinate systems that differ
by a rotation. This relation provides an alternative method of defining vectors and tensors.
Chapter 7 discusses principal values and directions which are pertinent to many of the particular
tensors introduced later. Chapter 8 discusses the gradient, but this material is not needed until
Part Three, Motion and Deformation, and can be deferred until then. Although Chapter 18,
Transformation of Integrals, covers a subject more naturally suited to this part, it is not needed
until Part Four and is deferred until then.

Part One has been written with a view toward what is used later in the book. Many of the
exercises derive results that are used later in the book. Consequently, even readers who are
familiar with much of this material may find value here.

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.






1

Vectors

Some physical quantities are described by scalars, e.g., density, temperature, kinetic energy.
These are pure numbers, although they do have dimensions. It would make no physical sense
to add a density, with dimensions of mass divided by length cubed, to kinetic energy, with
dimensions of mass times length squared divided by time squared.

Vectors are mathematical objects that are associated with both a magnitude, described by a
number, and a direction. An important property of vectors is that they can be used to represent
physical entities such as force, momentum, and displacement. Consequently, the meaning of
the vector is (in a sense we will make more precise) independent of how it is represented.
For example, if someone punches you in the nose, this is a physical action that could be
described by a force vector. The physical action and its result (a sore nose) are independent
of the particular coordinate system we use to represent the force vector. Hence, the meaning
of the vector is not tied to any particular coordinate system or description. For this reason,
we will introduce vectors in coordinate-free form and defer description in terms of particular
coordinate systems.

A vector u can be represented as a directed line segment, as shown in Figure 1.1. The length
of the vector is its magnitude, and denoted by u« or by |u|. Multiplying a vector by a positive
scalar a changes the length of the vector but not its orientation. If & > 1, the vector au is
longer than u; if @ < 1, au is shorter than u. If « is negative, the orientation of the vector is
reversed. It is always possible to form a vector of unit magnitude by choosing @ = u~!.

The addition of two vectors u and v can be written as

w=u+vV (1.1)

Although the same symbol is used as for ordinary addition, the meaning here is different.
Vectors add according to the parallelogram law shown in Figure 1.2. If the “tails” of the vectors
(the ends without arrows) are placed at a point, the sum is the diagonal of the parallelogram
with sides formed by the vectors. Alternatively the vectors can be added by placing the “tail”
of one at the “head” of the other. The sum is then the vector directed from the free “tail” to
the free “head.” Implicit in both of these operations is the idea that we are dealing with “free”

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.



6 Fundamentals of Continuum Mechanics

(o>1) (a<l)

/

Figure 1.1 Multiplication of a vector by a scalar.

vectors. In order to add two vectors, they can be moved, keeping the length and orientation,
so that the vectors can be connected head to tail. It is clear from the construction in Figure 1.2
that vector addition is commutative:

w=u+v=v+u

Note the importance of distinguishing vectors from scalars; without the bold face denoting
vectors, equation (1.1) would be incorrect: the magnitude of w is not the sum of the magnitudes
ofuandv.

The parallelogram rule for vector addition follows from the nature of the physical quantities,
e.g., velocity and force, that vectors represent. The rule for addition is an essential element of
the definition of a vector that can distinguish them from other quantities that have both length
and direction. For example, finite rotations about three orthogonal axes can be characterized
by length and magnitude. Finite rotation cannot, however, be a vector because addition is
not commutative. To see this, take a book with its front cover up and binding to the left.
Looking down on the book, rotate it 90° counterclockwise. Now rotate the book 90° about a
horizontal axis counterclockwise looking from the right. The binding should be on the bottom.
Performing these two rotations in reverse order will orient the binding toward you.

Hoffmann (1975) relates the story of a tribe that thought spears were vectors because they
had length and magnitude. To kill a deer to the northeast, they would throw two spears, one
to the north and one to the east, depending on the resultant to strike the deer. Not surprisingly,
there is no trace of this tribe, which only confirms the adage that “a little knowledge can be a
dangerous thing.”

The procedure for vector subtraction follows from multiplication by a scalar and addition.
To subtract v from u, first multiply v by —1, then add —v to u:

w=u—-v=u+(-V)

Figure 1.2 Addition of two vectors.



Vectors 7

u cos(0)

A

Figure 1.3 Scalar product.

There are two ways to multiply vectors: the scalar or dot product and the vector or cross
product. The scalar product is given by

u-v=uvcos(d) (1.2)

where 0 is the angle between u and v. As indicated by the name, the result of this operation
is a scalar. As shown in Figure 1.3, the scalar product is the magnitude of v multiplied by
the projection of u onto v, or vice versa. The definition (1.2) combined with rules for vector
addition and multiplication of a vector by a scalar yield the relation

(au; + pu,)-v = auy-v+pu,-v
where a and f are scalars and u; and u, are vectors.
If & = 7 in (1.2) the two vectors are opposite in sense, i.e., their arrows point in opposite
directions. If 8 = z /2 or —x /2, the scalar product is zero and the two vectors are orthogonal.
Although the scalar product is zero neither u nor v is zero. If, however,

u-v=20 (1.3)

for any vector v then u = 0.
The other way to multiply vectors is the vector or cross product. The result is a vector

w=uXxvV (1.4)

The magnitude is w = uvsin(f), where 6 is again the angle between u and v. As shown
in Figure 1.4, the magnitude of the cross product is equal to the area of the parallelogram

v sin(0)

u

Figure 1.4 Magnitude of the vector or cross product.
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uxv

) v sin(g)

Figure 1.5 Direction of vector or cross product.

formed by u and v. As depicted in Figure 1.5, the direction of w is perpendicular to the plane
formed by u and v and the sense is given by the right hand rule: If the fingers of the right
hand are in the direction of u and then curled in the direction of v, the thumb of the right
hand is in the direction of w. The three vectors u, v, and w are said to form a right-handed
system.

The triple scalar product (u X v) - w is equal to the volume of the parallelepiped formed by
u, v, and w if they are right-handed and the negative of the volume if they are not (Figure
1.6). The parentheses in this expression may be omitted because it makes no sense if the dot
product is taken first: the result is a scalar and the cross product is an operation between two
vectors.

Now consider the triple vector product u X (v X w). The vector v X w must be perpendicular
to the plane containing v and w. Hence, the vector product of v X w with another vector u
must result in a vector that is in the plane of v and w. Consequently, the result of this operation
may be represented as

uX(VXw)=av+ fw (1.5)

where « and f are scalars.

Figure 1.6 Triple scalar product.
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1.1 Examples
1.1.1

Show that if the triple scalar product vanishes
uxv-w=0 (1.6)

the three vectors are coplanar.

The scalar product u X v is perpendicular to u and v. If the triple scalar product vanishes,
then w is perpendicular to u X v and hence is in the plane of u and v. Consequently, w can
be expressed as a linear combination of the other two, e.g., w = au + v where « and f are
scalars (as long as u and v are not collinear).

1.1.2

Show that if w = au + pv the triple scalar product of the three vectors vanishes.
Substituting w into (1.6) yields zero because the scalar products of u X v with v and with u
are zero.

Exercises

1.1 Explain (in words and/or diagrams) why
uxXv=-vxu

and that

where w =u X v.

1.2 Explain (in words and/or diagrams) why
UXV - W=VXW-U=wXUu-v

but that a minus sign is introduced if the order of any two vectors is reversed.

1.3 Explain why u X (v X u) is orthogonal to u and show that a and g in (1.5) are then
related by

avcos(8) + pu=0

where 6 is the angle between u and v.

1.4 Prove that if (1.3) is satisfied for any vector v then u = 0.
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1.5 Show that
(a) u+v)-(u—v)=u> -1
(b) U+vV)X@U—-—Vv)=-"2uxv

1.6 Consider the plane triangle shown in Figure 1.7 with sides of lengths a, b, and ¢ and
angles «, f, and y opposite sides a, b, and c, respectively. Use coordinate-free vector
methods to prove (do not use geometry or, if you know it, index notation)

(a) law of cosines:

a* +b* = 2abcos(y) = ¢*
(b) law of sines:

a b c

sine sinf  siny

[Hint: Use scalar and vector products.]

b

Figure 1.7 Diagram for Problem 1.6.

1.7 Let a, b, and ¢ be non-coplanar vectors that form three edges of a tetrahedron (see
Figure 1.8). Let n;, n,, and ny be the outward unit normals to the faces formed by each
pair of vectors and let S}, S,, and S5 be the corresponding areas. Show that the product
of the unit vector normal to the fourth face and the area of the face is given by

nsS = —(nlSl + n252 + n3S3)

1.8 Determine « and f in (1.5) (in terms of u, v, w, and scalar and cross products).

1.9 A line in direction 1 is defined by the vector relation

u=a+ls
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c
Figure 1.8 Diagram for Problem 1.7.

where 1 is a unit vector and s is a scalar parameter —oo < s < o0. Show that this will
intersect a second line v = b + ms, where m is a unit vector, if

a-(Ixm)=b-(1xm)

and determine their point of intersection, i.e. values of s for each line at the intersection.
1.10 Find the equation of the line that passes through two given points A and B located

relative to a point O by two vectors u and v (Figure 1.9).

A

(@)

Figure 1.9 Diagram for Problem 1.10.

1.11 If u, v, and w are not coplanar, then it is possible to find scalars a, ff, and y such that
any arbitrary vector z can be expressed as z = au + fv + yw. Determine «, f, and y (in
terms of the vectors u, v, w, and z). What happens if u, v, and w are coplanar?

1.12 Find an expression for a unit vector that lies in the intersection of the plane of u and v
with the plane of x and y.

Reference

Hoffmann B 1975 About Vectors. Dover.
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Tensors

Force and velocity can be described as vectors but other elements of continuum mechanics are
described by tensors. There are many ways to define tensors and the subject is a rich one. Here
we take a pragmatic, operational point of view: a tensor is defined in terms of its action on
a vector. The quantities represented as tensors in continuum mechanics are physical entities.
Consequently, as for vectors in Chapter 1, tensors are introduced in a coordinate-free form.

A tensor is a linear, homogeneous, vector-valued vector function. “Vector-valued vector
function” means that a tensor acts on a vector and produces a vector as a result of the operation
depicted schematically in Figure 2.1. Hence, the action of a tensor F on a vector u results in
another vector v:

v =F(u) 2.1
“Homogeneous” (of degree 1) means that the function F has the property
F(au) = aF(u) = av (2.2)

where « is a scalar. (Note: A scalar function f(x, y) is said to be homogeneous of degree n if
flax, ay) = &"f(x,y). A function f(x, y) is linear if

f,y)=ax+py+c

Hence, f(x,y) = \/x? + y? is homogeneous of degree 1 but not linear. Similarly, f(x,y) =
a(x +y) + c is linear but not homogeneous.) The function F is “linear” if

F(ul + ll2) = F(ul) + F(U2) =V + \D) (23)
where v; = F(u;) and v, = F(u,). Combining the properties (2.1), (2.2), and (2.3) yields

F(alll + ﬂuZ) = aF(ul) + ﬂF(uz) = v, + ﬂVz (24)

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.
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S F, a tensor

Figure 2.1 Schematic illustration of the action of a tensor on a vector. The tensor acts on the vector u
and outputs the vector v.

where a and f are scalars. To determine if a “black box,” a function F, is a tensor, we input
vectors. If the results obey (2.4) then F must be a tensor. The definition of a tensor here is
purely operational. It must pass the “duck test”: If it has feathers like a duck, quacks like a
duck, and walks like a duck, then we agree that it is a duck without the need to go further into
what constitutes a duck.

The properties just discussed suggest that the action of a tensor on a vector can be represented
as

v=F-u (2.5)

The operation denoted by the dot is defined by the properties (2.2) and (2.3), or (2.4). The
notation is meant to emphasize the connection with the analogous relation (1.2) for the dot
product between two vectors.

Generally, the output vector v will have a different magnitude and direction from the input
vector u. In the special case where the output vector is identical to the input vector, then,
for obvious reasons, the tensor is called the identity tensor and denoted I. Hence, the identity
tensor is defined by

u=I-u 2.6)

for all vectors u.
Since both sides of (2.5) are vectors, we can form the scalar product with another vector,
say w,

w-v=w-(F-u)

and the result must be a scalar. Because scalar multiplication of two vectors is commutative, the
order of the vectors on the left side can be reversed. On the right side, it would be necessary
to write (F - u) - w. The parentheses indicate that the operation F - u must be done first. If
the parentheses were absent and the product u - w done first, the result would be a scalar.
Because the dot is reserved for operations between vectors and tensors, the scalar product of
a scalar with a vector (or a tensor) is not an operation that is defined. If, however, we define
multiplication from the left by w as

w-F-uy=w-F)-u
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then the result can be written without parentheses as
w-v=w-F-.u 2.7

Thus, writing the result as on the right side of (2.7) makes the meaning clear even if the
parentheses are omitted.

In contrast to the dot product of two vectors, the dot product of a tensor and a vector is not
commutative. Reversing the order defines the transpose of the tensor F, i.e.,

F-u=u-F’ (2.8)
Thus, it follows that
v.-F-u=u-F .y

where parentheses are not needed, as just explained. If F = F7, then the tensor F is said to
be symmetric; if F = —FT, then F is antisymmetric or skew-symmetric. Every tensor can be
separated into the sum of a symmetric and a skew-symmetric tensor by adding and subtracting
half of its transpose

1

F=_(F+F") +3 (F-F") (2.9)

N | —

2.1 Inverse

Is it possible to operate our tensor black box in reverse? In terms of Figure 2.1, if we insert
v in the right side, will we get u out the left? The answer is “not always,” although for the
particular tensors we are concerned with it will be possible in most cases. Later we will
determine the conditions for which the operation depicted in Figure 2.1 is reversible. If it is,
then the operation defines the inverse of F

u=F"'l.y (2.10)
Substituting for v from (2.5) and using (2.6) gives
{F' F-1}-u=0

Because this relation applies for any vector u, the expression in the braces must vanish, giving

Fl.F=1 .11
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2.2 Orthogonal Tensor

If the output vector v has the same magnitude as the input vector u, but a different direction,
then the tensor operation results in a rotation

v=A-u (2.12)

Using (2.8) to rewrite the left scalar product and (2.6) to rewrite the right gives
u-AT - Au=u-I-u (2.13)

where again no parentheses are necessary. Because (2.13) applies for any vector u, we can
conclude that

AT . A=1 (2.14)

Comparing to (2.11) reveals that the transpose of an orthogonal tensor is equal to its inverse.
Physically, the rotation of a vector to another direction can always be reversed, so we expect
the inverse of an orthogonal tensor to exist.

2.3 Principal Values

Is it possible to find an input vector u such that the output vector v has the same direction,
but a different magnitude? Intuitively, we expect that this is only possible for certain input
vectors, if any. If the vector v is in the same direction as u, then v = Au, where 4 is a scalar.
Substituting in (2.5) yields

F-u=iu (2.15)
or, after using (2.6),
F-A)-u=0 (2.16)

If the inverse of F — AI exists then the only possible solution is u = 0. Consequently there
will be special values of A and u that satisfy this equation only when the inverse does not
exist. A value of A that does so is a principal value (eigenvalue) of the tensor F and the
corresponding direction given by u is the principal direction (eigenvector). It is clear from
(2.16) that if u is a solution, then so is au where « is any scalar. Hence, only the direction of
the eigenvector is determined. Thus it is always possible to normalize the eigenvector to unit
magnitude, 4 = u/u.

Later we will learn how to determine the principal values and directions and their physical
significance. But, because all of the tensors we will deal with are real and many of them are
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symmetric, we can prove that the eigenvalues and eigenvectors must have certain properties
without having to determine them explicitly.

First we will prove that a real symmetric tensor has real principal values. Let F be a real
symmetric order tensor with a principal value A and corresponding principal direction y
satisfying

F-u=aiu (2.17)
Taking the complex conjugate of both sides gives

F-i=2 (2.18)

(Taking the conjugate of a complex expression means changing the sign of i = \/—1 wherever
it appears.) Multiplying (2.17) by j yields

p-Fopu=4aig-p (2.19)
and (2.18) by u yields

u-F-jp=2i-p (2.20)

Because F is real and symmetric, F = FT, and the left sides of (2.19) and (2.20) are the same.
Subtracting gives

O0=@A-Dpu-q
Since ji - u # 0, A = 2 and hence the principal values are real.
Now we prove that the eigenvectors corresponding to distinct eigenvalues are orthogonal.
For principal value 4; and corresponding principal direction y;
and similarly for A and
Fopyy = Ay my (222

Forming the scalar product of (2.21) with y;; and (2.22) with y; yields

My - ¥y = Appg - py (2.23)
Hr - ¥ = Ay - g (2.24)

Because F = F7 the left sides of (2.23) and (2.24) are equal and subtraction yields

A=Ay -y =0
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Because the principal values are assumed to be distinct, 4; # A;;, and consequently y; - p; = 0.
If two of the principal values are equal, say A; = A, but distinct from the third, then any vectors
in the plane perpendicular to the principal direction of the third principal value can serve as
principal directions. Therefore, it is always possible to find at least one set of orthogonal
eigenvectors.

2.4 Nth-Order Tensors

Lastly, we note that the tensors we have introduced here are second-order tensors because
they input a vector and output a vector. We can, however, define nth-order tensors F™ by the
following recursive relation:

F® .y = F*=D (2.25)
If FO is defined as a scalar then (2.25) shows that a vector can be considered as a tensor of

order 1. Later we will have occasion to deal with third- and fourth-order tensors.

2.5 Examples
2.5.1

Show that the product H = F - G is a tensor where F and G are tensors.
Because F is a tensor it satisfies (2.5) and because G is a tensor, b = G - a for vectors a and
b. Letting u = b in (2.5) yields
v=F-G-a=H-a

Letting a = a;a; + a,a, and using the properties implied by the dot verifies that H satisfies
(2.4) and, thus, is a tensor.

2.5.2

If F and G are tensors, use the result from Example 2.5.1 and the definition of the transpose
(2.8) to show that

(F-G)T =GT.¥r
By the definition of the transpose (2.8)
H-u=u-H’
Letting H=F - G yields

F-G-u=u-(F-G)T
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using the definition of the transpose on G-u=u-G’. But v=G-u=u-G’ is itself a

vector. Therefore,

F.-v=v.-F’
Substituting v = u - G” on the right side establishes the result.
Exercises

2.1 In the additive decomposition of a tensor

=1 L p_gr
F_2(F+F)+2(F F’)

verify that the first term is symmetric and the second term is antisymmetric.

2.2 Show the result analogous to (2.11) if the inverse is on the right:

F-Fl=1

2.3 IfF and G are tensors, use the result from Example 2.5.1 and the definition of the inverse

(2.10) to show that
F-G'=G!.F!
2.4 IfF is a tensor, show that

(F )" = (#7)"

2.5 IfRandS are orthogonal tensors show that the product R - S is also orthogonal.

2.6 Show that the angle between vectors u and v is identical to the angle between the vectors

that result from application of the orthogonal tensor A separately to u and v.
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Cartesian Coordinates

Chapter 1 and Chapter 2 introduced vectors and tensors in coordinate-free notation: that is,
without referring to any particular coordinate system. Philosophically, this is attractive because
it emphasizes the independence of the physical entities described by vectors and tensors from
their description in a particular system. Defining the rules for this description soon becomes
cumbersome, however, and it is convenient to discuss vectors and tensors in terms of their
components in a coordinate system. Moreover, when considering a particular problem or
implementing the formulation on a computer, it is necessary to adopt a coordinate system.

Given that a coordinate system is necessary, we might take the approach that we should
express our results in a form that is appropriate for completely arbitrary coordinate systems.
That is, we could make no assumptions that the axes of the system are orthogonal or scaled in
the same way and so on. This is often useful and can lead to a deeper understanding of vectors
and tensors. (Section 4.5 gives a brief introduction to this approach.) Nevertheless, it requires
the introduction of many details that, at least at this stage, will be distracting.

Consequently, we will consider almost exclusively rectangular Cartesian coordinate sys-
tems. We will, however, continue to use and emphasize a coordinate-free notation. Fortunately,
results that can be expressed in a coordinate-free notation, if interpreted properly, can be trans-
lated into components in any arbitrary coordinate system.

3.1 Base Vectors

A rectangular Cartesian coordinate system with origin O is shown in Figure 3.1. The axes
are orthogonal and are labeled x, y, and z, or x;, x,, and x3. A convenient way to specify the
coordinate system is to introduce vectors that are tangent to the coordinate directions. More
generally, a set of vectors is a basis for the space (here three-dimensional) if every vector in
the space can be expressed as a unique linear combination of the base vectors. For rectangular
Cartesian systems, it is convenient to use unit vectors as base vectors

|e1| = el . e1 = 1, |e2| = |e3| = 1 (31)

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.
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Figure 3.1 Rectangular Cartesian coordinate system specified by unit, orthogonal base vectors.

that are orthogonal:
el'e2=0, el'e3=0, e2'e3=0 (32)

The six equations, (3.1) and (3.2), and the additional three that result from reversing the order
of the scalar product in (3.2) can be written compactly as

1 if i=j
ei.ej=5ij={0 if i (3.3)
where the indices (i,j) stand for (1,2,3) and 61-]- is the Kronecker delta. Therefore, (3.3)
represents nine equations. Note that one i and one j appear on each side of the equation and
that each index is free to take on the value 1, 2, or 3. Consequently, i and j in (3.3) are free
indices.

A scalar component of the vector u is given by its projection on a coordinate direction:

—¢-u (3.4

Equation (3.4) stands for three equations, one for i = 1,2, 3. Because e; is a unit vector, (1.2)
indicates that the right side of (3.4) is the magnitude of u multiplied by the cosine of the angle
between u and e;. We can now represent the vector u as the sum of the products of the scalar
components with the unit base vectors:

u=1ue + Ur€y + Uzes (35)

Each term, e.g., u;e,, is a vector component of u. The left side of (3.5) is a coordinate-free
representation: that is, it makes no reference to a particular coordinate system that we are
using to represent the vector. The right side is the component form; the presence of the base
vectors e;, e,, and e denotes explicitly that u;, u,, and u; are the components with respect
to the coordinate system with these particular base vectors. For a different coordinate system,
with different base vectors, the right side would be different but would still represent the same
vector, indicated by the coordinate-free form on the left side.
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3.2 Summation Convention

Equation (3.5) can be expressed more concisely by using the summation sign:

3

u= Z I/lkek = ukek (36)
k=1

where k takes on the explicit values 1, 2, and 3. Consequently, it is called a summation or
dummy index because it is simply a placeholder: changing k to m does not alter the meaning
of the equation. (In contrast, the free index i on the right side of (3.4) cannot be changed to
m without making the same change on the other side of the equation.) Note that in (3.6) k
appears twice on the right side but not on the left. Because the form (3.6) occurs so frequently,
we will adopt the summation convention: The summation symbol is dropped and summation
is implied whenever an index is repeated in an additive term (a term separated by a plus or
minus sign) on one side of the equation. This is a compact and powerful notation but it requires
adherence to certain rules. Regardless of the physical meaning of the equation, the following
rules apply:

® A subscript should never appear more than exactly twice (in each additive term) on one side
of an equation.

e [f a subscript appears once on one side of an equation it must appear exactly once (in each
additive term) on the other side

For example, both of the following two equations are incorrect because the index j appears
once on the right side but not at all on the left:

Wi=“i+vj

w; = Mijskti

The following equation is incorrect because the index k appears three times in an additive
term:

wy = Ay By (3.7
In contrast, the equation
a = UV + 1S + Prdx

is correct. Even though k appears six times on the right side, it only appears twice in each
additive term.

The default interpretation is that a repeated index implies summation. Consequently, in an
expression that contains a repeated index that is not meant to be summed, it must be denoted
explicitly; for example, “No sum on k” if k is the repeated index. The summation convention
applies only to the repeat of two indices. Consequently, if three indices occur (in an additive
term), such as in (3.7), either one of the indices must be changed or, if they are to be summed,
the summation must then be indicated explicitly.
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Although these rules are simple, it is important to adhere to them as indices will multiply
faster than rabbits in succeeding chapters. A familiarity with the application of these rules
provides guidance not only to the manipulation of expressions but also to their meaning.

To reproduce (3.4), the component of the vector u with respect to the ith coordinate direction,
we form the scalar product e; - u and then express u in its component form:

e-u=e;- (ujej)

Note that it would be incorrect to write u;e; on the right side since the index i would then
appear three times. The scalar product is an operation between vectors and, thus, applies to the
two base vectors. The result is given by (3.3). Recalling that the repeated j implies summation
and writing the terms explicitly gives

3
€ -u= M](Sl] = 2 5’]”] = 61-11/!1 + 5i2M2 + 6[3143 =U;
J=1

We can now use the scalar product, base vectors, and index notation to convert some of
the coordinate-free relations in Chapter 1 to component form. For example, the sum of two
vectors is given by (1.1) in the coordinate-free notation. Forming the scalar product of both
sides with the base vectors e; yields the component form

Wi=l"i+"i

Thus, in a rectangular Cartesian coordinate system, the component of the sum of two vectors
is the sum of the corresponding components of the two vectors.

As a final example, we derive the expression for the scalar product u - v in terms of the
components of the vectors. Substituting the component representations, noting that the scalar
product is an operation between vectors, and using (3.3) yields

3 3
u-v=uyid; = Z uv;b;; = Z Ujv; = uv;
i=1 j=1 j=1

3.3 Tensor Components

The definition of a tensor embodied by the properties (2.1), (2.2), and (2.3) or (2.4) suggests
that the action of tensor on a vector can be represented in coordinate-free notation by (2.5). The
Cartesian component or index representation follows from the procedure for identifying the
Cartesian components of vectors, i.e.,

Vk=ek‘V=ek'{F'Mlel}
= (e, -F-e)y
The second line above can be represented in the component form

Vi = Fklul (38)
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or in the matrix form

V1 Fiy Fip Fizllw

vy|=Fa Fo Fasf|up (3.9
V3 F31 F3 Fa||us
where

are the Cartesian components of the tensor F (with respect to the base vectors e;). Although
(3.9) is a convenient representation for computations, a disadvantage is that it does not contain
information about the appropriate base vectors.

The expression (3.10) for the Cartesian components of a tensor leads naturally to the
representation of tensors as

F =Fklekel (311)
Substituting this form into (3.10) gives an identity simply by using the rules that have already

been established for vectors and the properties of the Kronecker delta (3.3). The matrix
equation (3.9) can also be written as

Fip Fy Fy
vi va wl=1luy uy wl|Fp Fyp Fip
Fi3 Fy F3

or more compactly as 1T = [u]T[F]T. Note, however, in the index notation (3.8), or in the
dyadic notation to be discussed next, that there is no need for the transpose of a vector

corresponding to change from a column vector to a row vector.

3.4 Dyads

Equation (3.11) represents a tensor as a dyadic, a polynomial of dyads. A dyad is two vectors
placed next to each other, e.g., ab, e;e,, ij (although the notation a @ b is often used). The
meaning of a dyad is defined operationally by its action on a vector:

(ab)-v=a(b-v) (3.12)

Because a dyad operates on a vector and outputs a vector by means of a rule that is linear and
homogeneous, it can be used to represent a tensor. Although this notation may appear strange,
it can be given a simple interpretation in matrix notation:

ay aiby ab, ayb;
ab=\a,([by by b3]l=|ab; ayby azbs
as azby asb, azb;
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Hence, the operation indicated by (3.12) written in matrix form is

aiby ayby aybs|wv ay
a2b1 a2b2 ClzbS V2 = az [blvl + b2V2 + b3V3]
azby asb, aszbz||v3 as

Equation (3.12) implies that multiplication by a dyad is not commutative, i.e.,
v - (ab) =b(v-a) (3.13)

The transpose of a dyad is defined by reversing the order of the vectors that make up the dyad.
Thus, the transpose of the dyad ab is ba. In matrix form (3.13) can be written as

aiby ab, abs aiby ab, ab; ! V1
i va villaxby ayhy ayby|=|axby axb, ayb; Va
azby azb, azb; azby asb, azb; V3
Equation (3.11) and
(I) = albl + 32b2 + a3b3 (314)

are examples of dyadics. The transpose of a dyadic reverses each pair of vectors, e.g.,
(I)T = blal + b232 + b3a3

Application of this rule to (3.11) is consistent with the definition of the transpose of a tensor
given by (2.8):

FT = Fjee; =F, e.e, (3.15)

In the preceding equation, the second equality follows by relabeling i as g and j as p (permissible
because these are summation or dummy indices). As a consequence (FT),»]» = Fji and the
transpose in (3.15) can be formed by reversing the order of the base vectors or the indices, but
not both.

Multiplication of the dyadic (3.14) by a vector is given by

V- (I) = (V . al)bl + (V . 32)])2 + (V . a3)b3
Multiplication is distributive:

(a+b)(c+d) =ac+ bc+ad+ bd

@ = ab = (qe;)(bje) = arbere
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As for a tensor, a dyadic is symmetric if it is equal to its transpose and (3.15) shows that the
components of the tensor satisfy

Fy=Fj

Similarly, a dyadic or tensor is antisymmetric if it is equal to the negative of its transpose.
Thus, the components satisfy

Fyj=—Fj

As a result the diagonal components are all zero
Fiyp=Fp=F;3=0
and the off-diagonal components are the negative of each other,
Fyy=—Fp, Fi3=-F;, Fy3=-Fy

As noted earlier (2.9), any second-order tensor can be written as the sum of a symmetric and
antisymmetric part.

The identity tensor I in (2.6) was defined as that tensor whose product with a vector gives
the identical vector. This implies that I has the following dyadic representation in terms of
orthonormal base vectors:

I=5,6€,¢e, =¢e e +ee, +ee;

3.5 Tensor and Scalar Products

As shown in Example 2.5.1, the tensor product of two tensors F and G is itself a tensor. The
Cartesian component or index form of the product tensor H = F - G is defined naturally using
the dyadic representation and operations between the base vectors:

F . G = (Fl-jeiej) . (leekel) (316)
= Fiijlei(ej . ek)el (317)
= Fikaleiel (318)

Using (3.10) gives the scalar components of H as
Hi = ikal (319)

Note that (3.16) to (3.18) are single tensor or dyadic equations; (3.19) represents nine scalar
equations for the Cartesian components of H.



28 Fundamentals of Continuum Mechanics

The components of the product tensor can be computed in the usual way by matrix multi-
plication of the components of F and G:

Fiy Fip Fi3[|Gi Gy Gys
FuGu=|Fy Fyn Ful||Gy Gpn Gy
F3 F3 Fi||Gs Gz Gy

As with matrix multiplication, the tensor product is not commutative. In fact, the rule that the
transpose of a matrix product is the product of the transposes of the individual matrices is
easily verified by the rules for computing with the components of the dyad:

F-G={GT . FI}7 (3.20)

Example 2.5.2 proves this in coordinate-free form.

Index notation for Cartesian coordinate systems can be used to prove a relation between
two coordinate-free representations. Because the resulting coordinate-free forms are valid in
any coordinate system, they can, with appropriate interpretation, be expressed in terms of
non-Cartesian components.

The scalar product between two tensors can be computed in two ways depending on the
order in which the dot products between the base vectors are taken. Notation varies on this
product but here we follow Malvern (1988) and use the horizontal arrangement of the dots to
indicate that the dot product is taken between the two closest base vectors (the two inside) and
then the two furthest (the two outside):

F.--G= (Fljele]) . ’(leekel)
= F;jGy(e;-e))(e;-e)

= Fj Gy

Malvern (1988) uses vertical dots to indicate that the first base vectors of each dyad are dotted
and the second base vectors of each are dotted:

F:G= (FUe,ej) : (leekel)
. Fiijl(ei'ek)(ej‘el)
But the same result is obtained by using the transpose of one of the tensors in (3.21). If either
of the tensors is symmetric then the two scalar products are identical.

The trace of a tensor F is a scalar obtained by forming the scalar product of F with the
identity tensor:

tr(F) =F - I (3.22)
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3.6 Examples
3.6.1

Example 2.5.2 is to prove (3.20) without recourse to component representation. To prove it

using dyadic or component form:

F-G= F--e-e- . leekel
= ¢,F; Ge

= {eFGye;}"

= {e/Gye; - ¢F e}
= {Gyese; - Fijeje e}’
— {GT 'FT}T

3.6.2
Use dyadic or index (Cartesian component) notation to show that F - -GT =
Here
F--G' =F;G;
_ T gl
=F;G;=F -G
3.6.3

If F is a symmetric tensor and G is a skew-symmetric tensor, use dyadic or index (Cartesian

component) notation to show that

F--G=0
Here
F-G= FUGJ,
= { ijji FUGJTz
= { 50ji = FiyGyl
= {FU ji FTGU}
= { i7Gji = FjiGy}

=0
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Exercises

31

Write out the following expressions completely (i.e., replace all indices by appropriate
numbers):

(a) Vi = [{jluj
(b) € = €
(d) F;=aG
3.2 Verify the following identities by writing out all terms:
@ 6,,=3
(b) 5mn6mn =3
3.3 Write out Problems 3.1.a and 3.1.d in matrix form.
3.4 Use the dyadic or index (Cartesian component) form of I to prove that
@ v-I=v
() F-I=F
3.5 Use index notation to show that if u - v = 0 for any vector v then each component of u
must be zero.
3.6 Use the dyadic or index (Cartesian component) forms of F and I in (3.22) to show that
the trace is equal to the sum of the three diagonal components: tr(F) = F,,,.
3.7 Use dyadic or index (Cartesian component) form to show that F - -G = G - -F.
3.8 Use dyadic or index (Cartesian component) form to show that
F-G=F:G'=F":G
3.9 FortensorsF, G, and Huse dyadic or index (Cartesian component) notation to prove that
F-G--H=F--G-H
=H-F--G
=G-H-F
3.10 Use dyadic or index (Cartesian component) notation to show that the results in the
preceding problem do not apply if the horizontal dots are replaced by vertical dots.
3.11 Use dyadic or index (Cartesian component) notation to show that the trace can also be
used to represent the scalar product
F--G=ulF-G)
Reference

Malvern LE 1988 Introduction to the Mechanics of a Continuous Medium. Prentice Hall.
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Vector (Cross) Product

We introduced the coordinate-free form of the vector or cross product in Chapter 1. Here we
will introduce the component form.

For two vectors u and v, there are nine (3%) possible products of their components. The scalar
product is the sum of three. The remaining six can be combined in pairs to form a vector:

To interpret (4.1), we first consider the cross products of the base vectors. The vector
e3 = el X 62

is perpendicular to the plane containing e; and e, with the sense given by the right hand rule.
Consequently, reversing the order of the two vectors in the product must change the sign:

el X62 = —ezxel
Similarly,

e3><e1=—el><e3=ez

e, Xe; =—e3Xe, =e
and
e Xe =e,Xe,=e3;xXe;=0
These equations can all be expressed as

e; X ej = Gljkek (4’2)

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
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where the permutation symbol is defined such that

0  if any two indices are equal
€ijk = +1 if (ijk) is an even permutation of (123),1i.e., 123,312,231 4.3)
—1 if (ijk) is an odd permutation of (123),1.e.,213,321, 132

Interchanging any two indices of ¢;; changes an even permutation to odd and vice versa.
The relation (4.2) can be used to determine the component form of the cross product of two
vectors in (4.1):

W= uiVj(ei X ej) = uiVjeijkek (44)
Writing out the sum in (4.4) and using the properties of the permutation symbol (4.3) yields
W= (u2V3 - V2M3)e1 + (M3V1 - M1V3)e2 + (M1V2 - Vluz)e3

This equation can be arranged as the determinant

e, e e
W= Ml M2 M3
Vi V2 V3

4.1 Properties of the Cross Product

To illustrate manipulation of index notation and the permutation symbol, we confirm previously
introduced properties of the cross product.

First, to show that reversing the order of the vectors introduces a minus sign we express the
cross product in index notation:

uxv= eljkuivjek (45)
= _Ejikuivjek 4.6)
= =€V, € = —V Xu (47)

The second line introduces a minus sign because the order of the indices i and j in € is

reversed. In the third line, the indices i and j are simply relabeled (this can be done because

they are dummy or summation indices) and this is recognized as the component form of v X u.
Now we show that the cross product is orthogonal to each of the vectors in the product:

u-w=w-u=0 4.8)

where w = u X v. Substituting the expression for w in (4.8) and expressing in component form
gives

u-(uXxv) = (u;e) - (Egmirvie,)

uiiv(€; - €,)€,

uivi€g; = 0
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Because the scalar product pertains to vectors, the expression can be regrouped as in the second
line and carrying out the scalar product results in the third line. Interchanging two indices on
€;;; introduces a minus sign and relabeling the indices as in (4.6) and (4.7) shows that the
expression is equal to its negative and, hence, must be zero. This is a particular case of the
more general result of Example 3.6.3.

4.2 Triple Scalar Product

We have already noted that the triple scalar product u X v - w gives the volume of the paral-
lelepiped with u, v, and w as edges (or the negative of the volume depending on the ordering
of the vectors) (Figure 1.6). The component form follows from (4.4):

UX VW= €l;VWy 4.9
The triple scalar product can also be represented by the following determinant:

Uy Uy U
UXvV-W= |V, VvV, V3 (4.10)
wyp Wy Wi

where the right hand side of (4.9) indicates the operations implied by the determinant on the
right side of (4.10). The next chapter will discuss determinants in more detail.

Because the triple scalar product vanishes if the vectors u, v, and w are coplanar, the condition
is also expressed by the vanishing of this determinant. In this case, any one of the vectors
can be expressed as a linear combination of the other two or, equivalently, one row or column
of the matrix is a linear combination of the remaining two.

Replacing u by e; = ;,e, and similarly for v and w gives the triple scalar product of three
orthonormal unit vectors

o1 6p O3
ei . (ej X ek) = eijk = 5]1 51 5]3 (411)
Skl O Oy3

The determinant is skew symmetric with respect to the interchange of (i,j, k), demonstrat-
ing that the interchange of rows implies multiplication by (—1). When (i, ], k) = (123), the
determinant equals one.

4.3 Triple Vector Product

The component form of the triple vector product introduced in (1.5) is

X (VX W) = u;€; X (€4, VW)

= €€k ExmUiVIWim 4.12)
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The following €6 identity is essential for manipulating the component forms of expressions
involving two vector products:

€ijk€imn = OjmOkn — 6jnOkm (4.13)

Cyclically rotating the indices on the first € = €;;; in (4.12) and relabeling indices puts this
expression in the same form as (4.13). Using the e—6 identity gives the component form, which
can be recognized as the coordinate-free form in the second line below:

u X (vXw) = (veuw, — (we)u v,

=vu-w)—wu-v) “4.14)

Thus, in (1.5) @¢isu-wand f = —u-v.

4.4 Applications of the Cross Product

Two applications of the cross product familiar from basic mechanics represent the velocity
due to rigid body rotation and the moment of a force about a point.

4.4.1 Velocity due to Rigid Body Rotation

In a rigid body the distance between any two points is fixed. Consider rotation of a rigid body
with angular velocity w about an axis designated by the unit vector n, as shown in Figure 4.1.
The angular velocity vector is

0]

Figure 4.1 Velocity due to rigid body rotation.
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P(k)

Figure 4.2 Moment of a force P® on the k particle.

A point P, in the rigid body, is located by the position vector x. The vector n X X is in direction
PP’ and has magnitude |x| sin . But |x| sin @ = PQ is the perpendicular distance from P to
the axis of rotation. Therefore, in time dt, the displacement is

du = wn x xdt
In the limit d¢ — O, the velocity is

V=mwXX

4.4.2 Moment of a Force P about O

Consider a system of particles. The kth particle is shown in Figure 4.2. Each particle is located

at xg)k) relative to a point O and subjected to a force P%). The moment of the force P% about

Ois
Mgk) = xf)k) x PR (no sum on k) 4.15)
For k particles in equilibrium, the sum of the forces must vanish

Y Pl =0 (4.16)
k

and the sum of the moments must vanish

2 x© x PO =0 4.17)
k

A result from statics states that if the sum of the moments about one point vanishes for a
system of particles in equilibrium, then the sum of the moments about any point vanishes.
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Consider another point R where X, is the vector from the origin to R. Since (4.17) is satisfied,

Z {(xg‘) - Xg) X PO 4 x, x P(k)} =0
k

z (xg‘) - xg) X P® +xp x Z P =0
k

k

But the last term vanishes because of (4.16) and hence the sum of the moments about R must
vanish.

4.5 Non-orthonormal Basis

Although we use almost exclusively orthogonal unit vectors as base vectors, it is not necessary
and any three non-coplanar vectors can be used as a basis. This section and Problems 4.13 and
4.14 give a brief introduction to the use of non-orthonormal base vectors.

For an orthonormal basis, an arbitrary vector u is given by (3.5). The coefficient of each
basis vector in (3.5) is also the projection of the vector on the base vector (3.4). This is a
special feature of rectangular Cartesian systems.

Let g;, g, and g; be three arbitrary non-coplanar vectors that we choose as a basis. Then
an arbitrary vector u is given by

u=u'g

where the summation convention applies for repeated indices regardless of whether they are
superscripts or subscripts (the reason for using superscripts will become clear). Note that the
component u' is not given by the scalar product of u with g;, u' # g; - u, because g; - g; # J;;.
Instead «' is given by the scalar product of u with the dual or reciprocal base vectors g
defined by

gi'gi=5ij

Because g' - g, =0and g' - g; = 0, g' is orthogonal to g, and g5 and must be proportional to
the cross product of g, and g5:

g'=¢"'g xg

Forming g' - g, gives g =g, - g, X g; where g # 0 because the vectors are non coplanar (see
Problem 1.11). Thus the vectors of the reciprocal basis are given by

g =g 'mxe, =g 'mxe £ =g Xy (4.18)
Thus, any arbitrary vector u can be expressed as
u=(u-ghg +@-gHg +u- g

Substituting from (4.18) and using Problem 1.2 yield

u=(uxg) gg g +(g Xu) - ggg " +(g X&) ugg
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4.6 Example

Use index notation to prove
(axb)-(axb)=a’b*sin* 0

where 6 is the angle between a and b.

Here
laxb| =(axb)-(axb)
= El-jkel-ajbk . epqrepaqbr

(ei . ep)eijkepqrajbkaqb,
= el-jkel-qrajbkaqbr

Using the e—6 identity (4.13),

|a X bl = (5jq5kr — 5j,5kq)ajbkaqbr
= (a0)(biby) — (ab)aby)
=(a-a)b-b)—(a-b)a-b)

Using (1.2) gives

lax b| = a’b* — a*b* cos> 0

= a*b?*sin® 0

Exercises

4.1 Beginning with (4.2), show that
Eijm = €, * (e; X ej)

and explain why no parentheses are needed.

4.2 Construct a proof of the e—6 identity (4.13) by noting that each of the four free indices
J, k, m, n can take on only three values: 1, 2, or 3. Therefore at least two indices must
be identical and as a result it is possible to enumerate the various outcomes.

4.3 (a) Show that contracting two of the indices of the e—6 identity gives

€pqi€pg = 20jj

(b) Show that contracting all three indices gives

€par€pqr = 0
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4.4 Show that
1
em = Eemijei X ej
where the e,, are (right-handed) orthonormal base vectors.
4.5 We showed that the triple vector product u X (v X w) has the representation (4.14).
(a) Show that the result can be written as
uXx(vxw)=u-(wv—vw)
(b) Show that (4.14) implies
uxX(viw)+vx(wxuw)+wx@mxv)=0
4.6 Determine the scalars a and f in the relation
uUXv)Xw=au+ fv
where u, v, and w are vectors.
4.7 If nis a unit vector show that any vector u can be written as the sum of terms parallel
and perpendicular to n:
u=nn-u)+nx@uxn)
4.8 Use index notation to prove the following relations involving the cross products of
vectors a, b, ¢, and d:
(a) (axb)-(exd)=(a-c)b-d)—(a-d)b-c)
(b) (axb)x(exd)=[c-(dxa)]b—[c-(dxb)]a
4.9 For a skew-symmetric tensor W the following product
W-u=wxu
for an arbitrary vector u defines the vector w. Determine the components of W in terms
of the components of w and those of w in terms of the components of W. (What happens
if W is not skew symmetric?)
4.10 Ifnisaunitvector n-n = 1. Differentiating gives n - n = 0. Consequently 1 is orthog-

onal to n and can be represented as w X n.
(a) Show that

w=nxXn
(b) Use the result of Problem 4.9 to show that

W =nn-nn
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4.11

4.12

4.13
4.14

Use the Cartesian component forms of the vectors u and v and the tensor F to show that
u-(vxF)=@xv)-F

The adjugate F* of a tensor F is defined by the following relation for all vectors u
and v:

(uxv)-F=F -u)x(F-v)

Show that the rectangular Cartesian components of F* are given by

1
F;zki=_

2€iqr€nlequrl

Determine the dual base vectors if g, = e, + €5, 8, =e; +e;,and g; =e; +e,.

(a) Ifg, =3e; +e, and g, = —3e, + e, are two vectors to be used as a basis in the
1-2 plane, construct the dual base vectors and show them in relation to the original
base vectors in a graph.

(b) Express the vector v = e; + 5e, in terms of the original and dual bases from (a)
and show them in a diagram.
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Determinants

Expressions involving the determinants of matrices will arise frequently in later chapters.
Consequently, it is useful to review some of their properties. In addition, this will provide
further illustrations of manipulating the permutation symbol.

As noted in Chapter 4, the component form of the triple scalar product can be represented
with the permutation symbol (4.9) or as a determinant (4.10). This correspondence suggests
that €;; can be useful in representing determinants more generally. For example, if we replace
the components of the vector u, namely, u;, u,, and us3, by My, M;,, and M5, and similarly
replace the components of v and w by M,; and M5;, then (4.10) becomes an expression for the
determinant of the matrix M with components M;:

My My M
det(M) = eijleiMZjM3k = M21 M22 M23 (51)
M3l M32 M33

Writing out the summation and using the properties of the permutation symbol (4.3) gives

det(M) = My (MyM33 — My3M3p) — M5 (My M3z — M3M3,)
+ M 3(My M3y — My M3;)

M22 M23 M21 M23
M32 M33 M31 M33

M21 M22

- Ml] M31 M32

12 + M3

where the second equality results from arranging the coefficients of M, M,,, and M5 as
2 x 2 determinants. The sign of the coefficient is (—1)"*/ where i and j are the row and column
numbers. Thus, the summation represents an expansion of the determinant by the first row.
The signed coefficients of M, M1,, and M5 are called the cofactors of these terms. Note that
each term has one and only one element from each row and column.

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
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Alternatively, we could replace the components of u by My, M,;, and M5, and similarly
replace the components of v and w by M;, and M;. This leads to an expansion about the first
column:

det(M) = €M MM (5.2)
Consequently, the determinant of a matrix and its transpose are identical:
det(M) = det(M")
Because the appearance of the specific numbers 1, 2, and 3 in (5.1) and (5.2) is sometimes

inconvenient, it is useful to develop another expression in terms of arbitrary indices. To this
end, consider the quantity

hlmn = eijleiMijnk
First, note from (5.1) that /53 = det M. The argument of equations (4.5) to (4.7) shows that

hy,,, 1s skew symmetric with respect to the interchange of (I, m, n) and zero if any two indices
are the same. From these results, we can conclude that

MMM,y = €4y, det(M) (5.3)
Similarly, beginning with (5.2) we can show that

€lmn

5.1 Cofactor

Writing the determinant as
det(M) = My;cy;
identifies
1 = MMy (5.5)

as the cofactor of M;. It is not necessary to expand about the first row (5.1) or first column
(5.2). We can expand about any row or column

det(M) = M,c,; = Mj,c;, (no sum on p)
(Because we have adopted the convention that a repeated index implies summation, we must
explicitly indicate here that p is not to be summed. If p is summed, the result is 3 det(M).)
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Similarly to (5.3) and (5.4), we can derive an expression for the cofactor that does not include
specific values of the indices. The cofactor of My; in (5.1) is (5.5). To rewrite this in a more
general way for arbitrary indices we first multiply the right side by €;,; = 1 and write it as the
sum of two terms

1 1
ci = 56123€ijkM2jM3k + 55123€ijkM2jM3k

1 1
= 56123€1jkM2jM3k + 56132€ijkM3jM2k

1
= EeijkelmanjMnk

In the second term, reversing 3 and 2 in €53 and j and k in €, gives the second line. The third
line follows from noting that 2 and 3 are the only subscripts giving nonzero terms in €,,,,-
Because this expression applies for any value of the first index we can write

1
Cp = EelmneijkajMnk (5.6)
The transpose of this matrix is the adjugate of M (see Problem 4.12)

|
Mli = EeimneljkajMnk (57)

5.2 Inverse
The adjugate is related to the inverse of a matrix. Multiplying the adjugate (5.7) by M,,; gives

1
Mlel*j = Eeimn (€ljkMpiMijnk)

We can rewrite the term in parentheses on the right side by using (5.3) and the e—6 identity
(4.13) to give

1

MMy = = €€y det(M) = 5, det (M)

Dividing both sides by det(M) gives

Pidet(My ~ P!

If the right side is arranged as a matrix, it is the identity, i.e., the matrix with ones on the
diagonal and zeros elsewhere. Consequently, the term multiplying M,,; must be an expression
for the inverse of this matrix. Therefore, the inverse is given by

*

M= 1 58
il det(M) (5-8)




44 Fundamentals of Continuum Mechanics

Note that if det(M) = 0, the inverse will not exist. Recall that when the determinant is inter-
preted as the triple scalar product of three vectors, it vanishes if the three vectors are coplanar.
In other words, the third vector can be expressed in terms of a linear combination of the other
two or, equivalently, one row of the matrix is a linear combination of the remaining two.

5.3 Example

Prove that the product of two determinants is the determinant of the product matrix
det(A) det(B) = det(C)

where Cy; = Ay, B,
Using (5.1) gives

det(A) det(B) = det(A)e

mnp

bmlbn2bp3
Then using (5.3) gives

det(A) det(B) = eﬁk(aimbml)(ajnbnz)(akpbp:;)

Thus the left hand side is det(C).

Exercises
5.1 Write out equation (5.2) and verify that this does represent an expansion in columns.

5.2 Use equation (5.1) or (5.2) to show that interchanging two rows or columns changes
the sign of a determinant.

5.3 Derive equation (5.4).

5.4 Show that the same expression for the cofactor, equation (5.6), results if one begins
with the column expansion (5.2).

5.5 Verify equation (5.6) by writing out ¢,; and ¢;3.
5.6 Use equation (4.10) and the result of Example 5.3 to show that

(a-bxc)d-exf)=

(=]
[=T-T =W
(B =a ]
o o o
e T
Co o i
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5.7 Use equation (4.11) and the results of Example 5.3 and Problem 5.6 to show that

61’1 51’2 51’3 5m1 5m2 6

'm3
€iikCmnp = 5]1 5j2 5j3 5/11 5n2 6113
Skt Gk O3llGp G Gy

5im 5in 5ip

= %m G G

5km 5kn 5kp

Verify that setting i = m gives the -6 identity (4.13).
5.8 Show that

1
det (M) = geijkelmnMillekan

5.9 Use index notation to prove the following identity: [(M-a)x (M -b)]-M =
det(M) (a X b).

5.10 Show that

M-a)-(M-b)x(M-c)=det(M)(a-bxec)

5.11 Use Problem 5.10 to show that the determinant of an orthogonal tensor is +1 where

the positive (negative) sign applies if the rotation is from right-handed to right-(left)
handed.
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Change of Orthonormal Basis

In Chapter 1 and Chapter 2 vectors and tensors were introduced in coordinate-free form. This
representation was motivated by recognizing that the quantities we use vectors to represent
are physical entities and hence independent of the coordinate system used to describe them.
In practice, it is, however, necessary to refer tensors and vectors to a coordinate system. In
Chapter 3 we introduced components relative to rectangular Cartesian coordinate systems
described by unit, orthogonal (i.e., orthonormal) base vectors. This is a convenient simplifi-
cation. Nevertheless, we can retain a version of the coordinate-free concept by requiring that
the components of tensors and vectors be expressed in terms of any rectangular Cartesian
coordinate system. In this chapter we will show that this requirement imposes certain relations
between the components in different systems. These relations provide an alternative approach
to defining vectors and tensors.

Consider the two coordinate systems shown in Figure 6.1: the 123 system with base vectors
€|, e,,e; and the 1'2'3’ system with base vectors e’1 , e’z, eg. The base vectors in the primed and
unprimed systems are related by

§=A-e 6.1

Because both the primed and unprimed systems of base vectors are orthonormal, A is an
orthogonal tensor (2.12). Forming the scalar product with e; in (6.1) gives

6.2)

[_ o o _ _
el-~ej—cos(z,])—el--A-ej—A,-j

where cos(i,j') is the cosine of the angle between the i axis and the j' axis. Thus, in the
component Ay, the second subscript (j in this case) is associated with the primed system.
Either (6.1) or (6.2) leads to the dyadic representation

— o
A=ee;

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
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Figure 6.1 Rotation of the base vectors e; to a new system €.

Because the inverse of an orthogonal tensor is equal to its transpose (2.14), the unprimed base
vectors can be given in terms of the primed ones by

¢, =AT-¢ 63)

m

and

/ _ (AN T r_ AT _
e -e,=cos(mn)=¢ -A -e =A =A,

which agrees with (6.2). These properties reinforce the choice of the name orthogonal for
this type of tensor: it rotates one system of orthogonal unit vectors into another system of
orthogonal unit vectors. Equation (2.14) is expressed in index form as

AikAjk = AkiAkj = 511 (64)
Equation (6.4) reflects the following relation in terms of the direction cosines:

3 3
Y cos(i, k') cos(j, k') = Y cos(k, ') cos(k.j') = 6;
k=1 k=1

6.1 Change of Vector Components

Now consider a vector v. Because v represents a physical entity, we can express it in terms of
components in either system

Both the v; and the v]’. represent the same vector; they simply furnish different descriptions.
Equations (6.1) and (6.3) between the base vectors impose relations between the v; and v]{ . The
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component in the primed system is obtained by forming the scalar product of v with the base
vector in the primed system:

!4 — o
Vk—ek-V—ek-(Vie,-)
=ve; - ¢

= VA (6.5)

Equations (6.5) can be represented as a matrix equation

., Ay Ap A
["1 1) "3] =[vi vy wl|dy Apn Apn
Az Az Az

or, alternatively, as

/
v/l A Ay Az [
V2 = A12 A22 A32 Vo (66)
v Az Ay Aszz||ws

Similarly, the components of v in the unprimed system can be expressed in terms of the
components in the primed system

or in matrix form
[v] = [A]DV'] (6.8)
Note that according to (6.1) the tensor A rotates the unprimed base vectors into the primed
base vectors, but it is the components of A” that appear in the matrix equation (6.6) as implied
by the index form (6.5).
We reiterate that (6.8) represents a relation between the components of the same vector. In
the equation

u=A-v

u and v’ are different vectors although the components of u in the primed system are equal to
the components of v in the unprimed system. Writing

v=A-vV
should be avoided because it implies that v and v’ are different vectors and this notation can

cause confusion between representations of a single vector expressed in terms of components
in the primed and unprimed systems.
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6.2 Definition of a Vector

Previously, we noted that vectors are directed line segments that add according to the parallel-
ogram rule (Figure 1.2). This property of addition reflects the nature of the physical quantities
that we represent as vectors, e.g., velocity and force. We now give another definition of a
vector. This definition expresses the requirement that the quantities represented by vectors
are physical entities that cannot depend on the coordinate systems used to represent them.
A (Cartesian) vector v in three dimensions is a quantity with three components vy, v,, v3 in
one rectangular Cartesian system e, e,e;, which, under rotation of the coordinates to another

Cartesian system e’] e’ze’3 (Figure 6.1), become components v’1 , v’z, v’3 with

where Aj; is given by (6.2). This definition can then be used to deduce other properties of
vectors. For example, we can show that the sum of two vectors is indeed a vector. If u; and v;
are components of vectors then the three quantities #; = u; + v; are components of a vector t
because they transform like one, according to the rule (6.9):

! _ ) !’

ti = Mi + Vi = A]lu] +A]lV]

= Ajiu; +v)) = Ajit

6.3 Change of Tensor Components

Expressions for the components of a tensor F with respect to a different set of base vectors,
say el’c, follow from the relations for vector components:

Vi = Fiquy (6.10)
and

/
Vk - Amkanun
_ /
- AmkanAnlul

A
= Fu

Because this result applies for components of all vectors u and v
Fl = AuF Ay (6.11)
where, as before, A, is given by (6.2). Equation (6.11) can be written in matrix form as

) Ay Ay Az ||Fu Fio Fiz||An A Ags
(F'l=[A1n Axn Anp|[Fa Fn Fxl|[An An Ax
Az A Az || F31 Fzp Fiz||Az Az Asg
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or, more compactly, as
[F'] = [A]"[F][A]
Similarly, the inversion is given by
Fij = AyAyFy, (6.12)
or
[F] = [A][F'][A]"

The relations between components of a tensor in different orthogonal coordinate systems can
be used as a second definition of a tensor that is analogous to the definition of a vector: In
any rectangular coordinate system, a tensor is defined by nine components that transform
according to the rule (6.11) when the relation between unit base vectors is (6.1).

The relations (6.11) and (6.12) can be used to test whether the nine elements in an array are
components of a tensor.

6.4 Isotropic Tensors

In later sections we will have occasion to work with a special class of tensors called isotropic
tensors. They have the same components in every orthonormal coordinate system (see Aris,
1989, Sec. 2.7, pp. 30-34). All scalars (tensors of order 0) are isotropic. Equation (6.5)
demonstrates that no vectors (except the null vector) are isotropic. For second-order tensors,
the components in different rectangular coordinate systems are related by (6.11). For an
isotropic second-order tensor, F' l’] =F i and, hence,

Fij = AAiFy (6.13)
for all Ay;. It is straightforward to verify that (6.13) is satisfied by any tensor of the form
Fij=as; (6.14)
where « is a scalar. Substituting (6.14) into the right side of (6.13) gives
Flj = aAkiAkj
and using (6.4) establishes (6.13).
This demonstrates that the identity tensor multiplied by a scalar is an isotropic tensor but
does not answer the question of whether all isotropic tensors of second order must have this
form. To do this, we again use (6.13). If this equation must be satisfied for all A;; then it must

certainly be satisfied for particular choices of the Aj;. Judicious choice of the A;; can be used
to demonstrate that all isotropic second-order tensors must have the form (6.14).
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First, consider the transformation for which A;; = A,; = A3, = 1 are the only nonzero Ay;.
This rotates the e; into €], e,, into €| and e; into €. Substituting into (6.13) gives

Fiy =ApAjFy=Fy

and, similarly, F; = F33. Thus, the three diagonal components of Fj; must be identical:
Fy; = Fy, = F33 = a. Similarly, for the off-diagonal components

Fip = AilAjZFij = Ay AspFy = Fy3
Thus, the off-diagonal components must also be identical
Fo=Fy)=F=F3=F3=Fy=p

Now consider the transformation corresponding to a rotation of 90° about the x; axis
so that A, = —1 = —A,| = —A3; are the only nonzero A;;. Applying (6.13) to F, gives
Fi, = Ay A,F |, = —F,. Therefore f = 0 and (6.14) is the only isotropic tensor of order 2.
A similar analysis can be used to show that the only isotropic tensor of third order is ae;;.

Tensor products of isotropic tensors are also isotropic. Therefore, fourth-order tensors with
components proportional to §;;6;; are isotropic. In fact, all isotropic tensors of even order are
sums and products of 6;;. The number of possible terms for a tensor of order N is given by the
combinatorial formula

N!
2N/D(N /2)!

where N! is the total number of ordered combinations, (N /2)! is the number of ordered ways
in which the pairs can be arranged, e.g., 8,8, = 8;,8;, and 2/2) accounts for the switching
of indices of each pair, e.g., §;; = 6;;. Applying this formula for N = 4 yields three possible
combinations. Thus, the only isotropic tensor of fourth order has the form

Vljkl = a5ij5kl + b5ik5ﬂ + C‘Siléjk (615)

Replacing b by b + ¢ and ¢ by b — ¢ in (6.15) gives

Vi = adjoy + E(éikéﬂ + 60j) + (6% 6j; — ;16 (6.16)

If Vg = Vji or Vijig = Viji» © = 0 and only two parameters are needed to define an isotropic

fourth-order tensor with this additional symmetry. Another method of establishing this result
will be given in Chapter 23.

6.5 Example

If F;; and G;; are components of second-order tensors show that the H;; given by

FyH; =Gy

are components of a second-order tensor.
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Using (6.12) for F; and G;; gives

AimF:nnAankj = AipGI,;quq

Multiplying both sides by A;,A;; and using (6.4) gives

Fl (A HgAy) = G,

This identifies H  as the term in parentheses. Consequently, the elements of the array H;
transform according to (6.12) and hence are components of a tensor.

Exercises
6.1 Show that
vf(:ek'(AT-V)
6.2 Derive equation (6.7).
6.3 Derive equation (6.12).
6.4 Verify that equation (6.4) is the component representation of equation (2.12).
6.5 Let A= Aje; be a unit vector having (all positive) direction cosines A; with respect

6.6

to the e; coordinates. Define a new coordinate system e/ so that the eg axis is in the

direction A. Define the e’2 axis so that it is perpendicular to eg and to e; and has a
positive projection on e,. Define the €/ axis so that €| ¢’e’ form a right-handed system

(i.e., € - € x e, = 1). Show that the components of the rotation tensor €, = A - ¢; that
transforms the e; system to the e/ system are

+\/ A+ 4 0 A

Ay A3
- + },2
Alphdg) =1 (242 2+ 2
A A3 A
A3

2 2 2 2
_ \/,12+,13 \/,12+/13

Given that the u; are components of vectors (and, hence, transform like vector
components when the coordinate system is rotated), show that the three quantities v,
defined by

Uuvp =«a

where «a is a scalar, are also components of a vector.
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6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14

6.15

If F; are rectangular Cartesian components of a second-order tensor, show that if the
nine quantities G;; satisfy

FpgGyp =

where « is a scalar, then the Gij are also components of a second-order tensor.
If the u; and v; are components of vectors (and, hence, transform like vector components
when the coordinate system is rotated), show that the three quantities w; defined by

Wy = €ijkul'Vj

are also components of a vector.

F and G are second-order tensors. If the components of F and G are related by
F ij = H, ijlekI

derive the rule for transforming the components H;;; from the unprimed to the primed
system.

Show that if the components of a tensor F are symmetric in one rectangular Cartesian
coordinate system, i.e., Fj; = Fj;, then its components are symmetric in any rectangular
Cartesian system, i.e., F/, = F/.

ij Ji
Prove that a tensor with components F;; that are antisymmetric in one Cartesian coor-

dinate system, i.e., Fj; = —Fj;, are antisymmetric in any Cartesian coordinate system.
Show that the sum of the normal components of a tensor is independent of the coordinate
system used to express the components; that is,

o ’ '
Fiy+ Fp + Fy3 = Fy +F)) + Iy
where Fj; and F, l’] are the components of F in any two rectangular Cartesian coordinate

systems.

If Fj; are components of a second-order tensor, show that the combination F,;Fy; has
the same value in any rectangular Cartesian coordinate system.

Consider a rotation of axis through an angle 6 about the x5 axis as shown in Figure 6.2.
Show that the dyadic form of the tensor A in the relation

I
e, =A-¢

is given by A = cosf(e;e; + e,e,) +sinf(e,e; — e;e,) + ezes.

For the coordinate transformation in the preceding question:
(a) Determine the components of a vector u in the primed system having components
u; in the unprimed system.
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6.16

6.17

6.18

6.19

Figure 6.2 Rotation of the base vectors ; to a new system e;.

(b) Determine the components of a tensor F in the primed system having components
Fj; in the unprimed system.

(¢) Simplify your results in (a) and (b) for the case in which the rotation is small,
0 =df < 1, so that sindf ~ df and cosdf ~ 1.

The derivative of the orthogonal tensor A in Problem 6.14 with respect to 8 is obtained
by differentiating each element separately. If this derivative is A(8) show that A(9) =
A(6)A(0).

If the primed orthonormal base vectors are functions of time, e; ) =A@ - €,
show that

d s A AT
aep(l) =A-A ep(t)
and that A - AT is skew symmetric.

(a) Determine the components of the orthogonal tensor corresponding to a 90° rotation
about the x, axis.

(b) Determine the components of the orthogonal tensor corresponding to a 90° rotation
about the x5 axis.

(¢) Determine the components of the orthogonal tensor corresponding to successive
rotations: first 90° about the x, axis, then 90° about the x5 axis.

Problem 6.5 derived the matrix transforming the unprimed coordinate system into one

in which the xg axis was in the direction of a unit vector A = Ae;.

(a) Combine this result with that of Problem 6.14 to show that the orthogonal tensor
corresponding to causing rotation of the unprimed coordinate system through an

angle 0 about A has components given by
Ajj = 6;5c080 + 4;4;(1 — cos ) — € A sin @
(b) Show that tensor can be expressed in coordinate-free form as
/

— ol ot ’ ol ol ol el
A =eje; + (e[ e; +e,e5)cosf — (e)e, —e,e;)sind

where A = eg. This is a general representation of an orthogonal tensor and one can
verify that it has the appropriate properties.
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6.20 Show that two successive rotations of Problem 6.18 are equivalent to a rotation of 120°
about a line making equal angles with the coordinate axis.

6.21 Show that ac;;,, where « is a scalar, is an isotropic tensor of third order.

ijk>

Reference

Aris R 1989 Vectors, Tensors, and the Basic Equations of Fluid Mechanics. Dover.
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Principal Values and
Principal Directions

In Chapter 2 we defined a tensor in terms of a black box (Figure 2.1) that takes a vector as
input and produces a vector as output by means of certain rules. In general, the output vector
has neither the same direction nor the same magnitude as the input vector. If, however, the
output vector has the same direction, then, as discussed in Chapter 2, v = Au, where A is a
scalar and

F-AD)-u=0 7.1
where u can be taken as a unit vector.
The principal values (eigenvalues) A and principal directions (eigenvectors) py of a second-
order tensor F satisfy (2.15)

F - uyx = Ag pg (no sum on K) (7.2)

for K =1, II, Il and py can be taken as a unit vector without loss of generality.
Forming the scalar product of (7.2) with g yields

px - F - px = g (no sum on K) (7.3)

and with y; # pg yields
ur - F-pg = Ag(pug - pg) = 0 (no sum on K) (7.4)
Comparison to (3.10) identifies (7.3) and (7.4) as the components of F in a coordinate system

aligned with the principal axes. Because the principal directions are orthonormal, they can be
used as unit base vectors and F has the dyadic representation

F = A wipr + Ay BB + A Bt (7.5)

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
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Expressed differently, the matrix of components in this system is diagonal:

i, 0 0
[F] = 0 A” O
0 0 /1111

The dyadic representation of the orthogonal tensor that rotates the original basis system e,
into one aligned with the principal directions is

A = pge; (7.6)

where the k are still summed even though one is upper case and one lower. If the uy are
expressed in terms of the e; base vectors, then (7.6) becomes

A = (ug), e

where (), is the ith component of the Kth eigenvector (relative to the e; basis). Therefore the
components of ug are the columns of A when written as a matrix. Expressing g in terms of
the e; in (7.3) gives

Ag = (I‘K),-sz (ﬂK)j (no sum on K)
In other words, using (7.6) as a coordinate transformation yields a diagonal form for the
components of F.
A non-trivial solution for (7.2) is possible only if the inverse of F — AI does not exist. As
noted following (5.8), this requires that the determinant formed from the matrix of components
vanishes:

det (Fj; — 45;) =0 (7.7)

Using the result of Problem 5.8 to expand (7.7) yields

B[ -hLi-1,=0 (7.8)
where the coefficients are
I =ttF=Fy =F +Fy +F3; (7.9)
I = %(Fleﬁ — FyFy) = %(F ~F-17) (7.10)
I = det(F) = %el-jkepquiijqur (7.11)

Because the principal values are independent of the coordinate system, so are the coefficients
in the characteristic equation (7.8) used to determine them. These coefficients are scalar
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invariants of the tensor F (generally called the principal invariants, since any combination of
them is also invariant).

Using the principal axis representation of F (7.5) to form the tensor product of F with itself
gives

F-F= (’11)2 HiH ~+ (/111)2 Kk + (/1111)2 MK

and the triple product is

F-F-F= (/11)3 Hip + (/111)3 My by + (/1111)3 MM (7.12)

Because each of the principal values satisfies (7.8), rearranging ( 7.12) for each of the principal
values gives

This is the Cayley—Hamilton theorem. A consequence is that F¥, where N > 3, can be written
asasumof F - F, F, and I with coefficients that are functions of the invariants.

7.1 Example

Determine the principal values and principal directions for the tensor with the values shown
in the matrix below:

7 0 =2
[Fl=| 0 5 O
-2 0 4

Expanding about the second row or column to take the determinant det(F — AI) gives
G=MDIT-DAE-1H-(=2)(=2)]=0

Therefore, the roots are 4; = 8, A;; = 5, and A;;; = 3. To determine the principal directions we
substitute the principal values back in (7.1). For 4; = 8 this gives the three equations

7=8) (W), +0 (k') =2 (k)5 =0
0+(5-8)(u'),-0=0
=2 (u'), +0+@4-8)(u); =0
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Because the third equation is two times the first, these are linearly dependent. Either the first
or third equation gives (u'), = =2 (p'), and the second gives (u’), = 0. Making p' a unit
vector gives

W =72 e, + 0, + L%

V5 V5

For A; =5, p'! = +e,. This result can be recognized immediately since the off-diagonal

elements of the second row and column are zero. We can follow the same procedure for p'’,

but it is simplest to choose /! = p! x u" for a right-handed system:

// _
' =F—e F—

1 2
€ €3
Vi s
F is given in principal axis form as

F =i '+ 2y W + 2™ ™

The matrix with the components of the eigenvectors as columns is given by

—2/v/5 0 —1/V/5

[Al=| o 1 0

1/V5 0 —2//5

where we have taken the top sign. Taking the bottom signs yields the same result. Matrix
multiplication can be used to verify that

2/v5 0 157 0 =2l -2/v5 0 -1/4/5

o 1 0 0 5 0 o 1 0

—1/v5 0 =2/v/5]||2 0 4| 1/v/5 0 —2/V/5

8
=10
0

S wn O

0
0
3

Exercises
7.1 In the example above, prove that (u'), = (u''), = 0.

7.2 Prove that the invariants are independent of coordinate system from (6.11). That is, show
that the combination of components that forms an invariant is the same in the primed
and unprimed systems.
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7.3

74

7.5

7.6

1.7

7.8

7.9

Use the Cayley—Hamilton theorem (7.13) to obtain the following useful expression for
the determinant:

det (F) = % (tr(F-F-F)-3I, - 1}

Use the Cayley—Hamilton theorem (7.13) to derive the following expressions:
(a) F-F=1F+LI+LF!

(b) tr (F7') =-L/I

Show that if a tensor F has principal values 4;, A4;; = Ay, then the principal directions
corresponding to A;; and A;; can be any vectors orthogonal to the principal direction of
A

(a) Determine the principal values and principal directions of the tensor F with Carte-
sian components given by the matrix

—
—_—

[F] =

S W B
N O O

4

0

(b) Show that using the matrix with the components of the eigenvectors as columns as
arotation gives a diagonal form for [F].

A tensor is given by the dyad F = ab. Determine the trace, determinant, and second
invariant of F.

Show that the only real principal value of the tensor of Problem 6.14 is one and that the
corresponding principal direction is e;.

Use the determinant expansion of Problem 5.8 to show that the coefficients in (7.8) are
given by (7.9), (7.10), and (7.11).
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Gradient

Typically, the vectors and tensors used in continuum mechanics will be functions of position.
Consequently, it is necessary to define an operation that expresses their changes with position.
To do so, we first consider a scalar-valued function

HX) = p(xy, %9, x3)

Figure 8.1 is a schematic of three level surfaces; that is, three surfaces on which the value of
¢(x) is constant. A concrete example is a topographic map: ¢ is elevation and a function of
two spatial variables. Contours indicate the positions of constant elevation. Now consider the
change in ¢ as the position is changed from x to x + dx: write dx = pds where y is a unit
vector in the direction of dx and ds is the magnitude of dx. The change in ¢ per unit distance
is defined by

dp _ bt pds) —p(x)

ds - ds—0 ds
Writing
d
d_¢ =pu-Vo 8.1)
s

defines the gradient of ¢ as V¢. The representation (8.1) is coordinate free. To convert to a
Cartesian representation we expand the left side as

d¢ d¢ dy;

(== = 8.2

ds <0xk ek) ( ds ! 8:2)
Noting that the second term in (8.2) is the Cartesian representation of yu identifies the Cartesian
component form of the gradient of ¢ as

Jop
Vd) = el()_xl = eld),l

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
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dx

A ¢, > 9,

! ¢, > 9,
¢,

Figure 8.1 Schematic showing three level surfaces of the function ¢. The normal n and tangent t are
also shown with the infinitesimal change of position vector dx.

where ¢,; = d¢p/0x;. We can generalize and define a gradient operator as

0

Vzeka_xk

If u is any vector tangent to the level surface then there is no change in ¢ and

99 _y
dr

where dt is an infinitesimal distance in the tangent direction. Hence V¢ must be in the direction
n perpendicular to the level surface:

V¢ = an (8.3)
Taking 4 = nin (8.1) and using (8.3) yields

@ =n-(V¢)=n-(an) =«
dn

Therefore, V¢ is in the direction n (normal to a surface of constant ¢) and has the magnitude

dep/dn:

d
V¢:d—fn

This property makes the gradient useful for determining the normal to surfaces of constant ¢.
An expression for the result of applying the gradient operator to a vector v follows naturally
from the representation of tensors as dyadics:

9 oav
Vv = <eka__xk> (Vlel) = a—xliekel = ()kvleke[ (84)

The second equality follows because the base vectors have fixed magnitude (unit vectors)
and direction. The last equality introduces the notation 9, (...) = 9 (...) /9x;. Using either this
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notation or (...),; is useful for keeping the subscripts in the same order as the dyadic base
vectors. The tensor (8.4) has Cartesian components in matrix form given by

ovy/ox; 0vy/0x; O0v3/0x;
[VV] = aVl /axZ 0v2/(3x2 0v3 /()xz
avl /0x3 0V2/6X3 0V3 /6X3

To motivate this representation and demonstrate that the result is, in fact, a tensor, consider
the Taylor expansion of vector components about xj‘,’

ov;
vi(x) = vi(x](.’) + a—’(xj”) (e —x7) + ... (8.5)
X
or, in vector form,
v(x) = v(x?) + (x = x?) - Vv(xX)? + ... (8.6)

(Note that the order of the subscripts in (8.5) dictates the position of (x — x°) in (8.6).) Because
Vv associates a vector v(X) — v(x,) with a vector X — X, by means of a relation that is linear
and homogeneous, it is a tensor. The transpose of this tensor is

T_ Vige — 1 ee
(Vv)' = ee; =v;ee 8.7)

axj'

The scalar product of Vv and I yields the divergence of the vector v

ov; ovy,
Vv 1= a—xjejei . '(5klekel) = a—Xk

We can also form the divergence from the scalar product of V and v

avk
V.v=—
0xk

If the vector v is the gradient of a scalar function ¢, i.e., v = V¢, then

9 ¢ Po
¢ (eh 0x;, > <e, 0x; > 0x;.0%; ¢

gives the Laplacian of ¢. Forming the cross product of V and v yields the curl of v

ov;
VXxv= aé'ijkek = eiajvkeljk
i
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Similar arguments can be used to interpret the gradient of a tensor. A Taylor expansion of
the tensor F about x,, yields

oL %, 0
Fl-j(xk) = Fij(xk) + o, (xk)(xl —xl) + ...
and identifies

OF;,
VF = (eidi)(ijejek) = a_).c'eiejek

1

as a third-order tensor. Forming the scalar and vector products of V with F yields

oF, oF},
V-F=e0, - (F,ee,) =6 —e = ——"e
kYk (lmlm) kl axk m axk m

oF,,
VXF = ekak X (Flme[em) = Wﬁ‘klnenem
k

8.1 Example: Cylindrical Coordinates

For reasons mentioned earlier, we will almost exclusively consider rectangular Cartesian
systems in which the lengths and orientations of base vectors are fixed. Nevertheless, the
treatment discussed here can be extended to more general coordinate systems. Although the
formal procedure is straightforward the details of bookkeeping are more involved. As a simple
example, consider cylindrical coordinates with unit orthogonal base vectors e,, €y, and e, as
shown in Figure 8.2. The gradient operator is given by

7} 10 d
:eraﬁ'eg;%ﬁ'e

v %

The first and third terms are in the same form as in rectangular coordinates; the middle term
requires 1/r in order to make the dimensions of each term be the reciprocal of length.

X

Figure 8.2 Base vectors in cylindrical coordinates depend on the angle 6.
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In terms of base vectors in the x and y directions, the unit vectors in the r and 6 directions
are given by

e, = cosfe, +sinfe,, e, = —sinbe, + cosbe,

Thus, the unit vectors e, and e, change with 0

de, de,
A T

Consequently, when applying the gradient operator to a vector in cylindrical coordinates, it is
necessary to include the derivatives of the base vectors:

ov, 10

Vov=2r4e,l o
V= "% 5

ov,
. (v,er + Vaeg) + a—
<

_0v, v, 10vg OV,

or  r ' rof 6_1

Similar operations can be used to generate the cylindrical coordinate forms for V X v, V2¢,
Vv, and operations of the gradient on tensors.

Exercises
8.1 Provethatif v=V¢, then Vxv=0.

8.2 IfF is a symmetric second-order tensor, determine the unit normal to the surface given
by

x-F-x=1

8.3 Show that the rectangular components of the vector v - Vu, where the tensor Vu is the
gradient of the vector u, are the same as the result from applying to u the operator
obtained formally as the product v - V. In other words, show that

v-(Vu)=(v-V)u

8.4 Use index notation to prove the following identities:
@ V-(¢gv)=v-Vop+¢V - v
(b) VX(¢pv)=VpXxXv+¢pV XV

8.5 Use index notation to prove the following identities, where u and v are vectors and F is
a second-order tensor:
@ V-uxv)=(Vxu)-v—u-(VxXv)
(b) V-F-uy=u-(V-F)+F’..Vu

8.6 Use index notation to prove the following identities involving the gradient operator:
@ Vx@wxv)=u(V-v)—=v(V-w)+(v-V)u—(u-V)v
(b) VX(VXV)=V(V-v)—V2vwhere V2=V .V
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8.7 Use index notation to calculate
(a) Vr
(b) Vx/r)
(¢) V?r=V.Vrwherer’ =x-x=xx,
8.8 Show that
Vxu=-uxV
where the derivative in V on the right side is to be interpreted as acting on u (but
the order of the base vectors remains as written). Thus the usual property of the cross
product applies if one of the multipliers is the gradient operator V.
8.9 Show that
FxV=—(VxF)"
where F is a second-order tensor and interpretation of the V acting from the right is the
same as in Problem 8.8.
8.10 IfM =V X E, write out the rectangular Cartesian components M, M5,, M|,, and M»;.
8.11 Determine the form of Laplacian V2¢ in cylindrical coordinates where ¢ is a scalar
function.
8.12 Determine the form of curl V X v in cylindrical coordinates. Answer:
10v, dvy v, 0v, dvg  10v. v
e|l-———-——)+e| ———|+e, | —— - + —
’<raa 0z %\ oz or “Nor ro0 -
8.13 Determine the cylindrical component form of Vv. Answer:
ov, vy ov, 7
or or oar
(vj=| 1% _Ye 1% ¥ 19v:
r 00 r r oo r rodo
ov, 0vg ov,
L 0z 0z oz |
8.14 Determine the form of the divergence of a (second-order) tensor V - F in cylindrical

components. Answer:

aF'rr Frr_
e +
r{ or r

Foo  10Fy,

aFZr
+ + —
r 06 0z }
1()F99 F,o

oF ro r F Or oF. z0 oF, rz
+e0{0r+r09+r+r+az e 0r+

19Fe; P OF:
r 00 r 0z



Part Two

Stress

Tensors were introduced in Part One. This part defines and discusses stress as the first example
of a particular physical tensor. Although stress is familiar from strength of materials, the
emphasis here is on stress as a tensor. Because the stress discussed in this part is symmetric
(later we will see that not all stress measures are symmetric), many of the results, in particular
those in Chapters 10 and 11, apply to other symmetric tensors to be introduced later.
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Traction and Stress Tensor

9.1 Types of Forces

We have already said that continuum mechanics assumes an actual body can be described by
associating with it a mathematically continuous body. For example, we define the density at a
point P as

where AV contains the point P and Am is the mass contained in AV. Continuum mechanics
assumes that it makes sense, or at least is useful, to perform this limiting process even though
we know that matter is discrete on an atomic scale and, often, on larger scales, e.g., granular
materials or a fissured rock mass. More precisely, p is the average density in a representative
volume around the point P. What is meant by a representative volume depends on the material
being considered and the scale of interest. For example, we can model a polycrystalline material
with a density that varies strongly from point to point in different grains. Alternatively, we
might use a uniform density that reflects the average over several grains. In a fissured rock
mass, the representative volume might be much larger, on the order of meters or tens of meters,
encompassing a sufficient number of fissures.

Just as we have considered the mass to be distributed continuously, so also do we consider
the forces to be continuously distributed. These may be of two types:

1. Body forces have a magnitude proportional to the mass and act at a distance, e.g., gravity,
magnetic forces (Figure 9.1). Body forces are computed per unit mass b or per unit volume
pb:

The continuum hypothesis asserts that this limit exists, has a unique value, and is indepen-
dent of the manner in which Am — 0.
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°

e \ Af(x, 1)

€3 ey
AV
Am = pAV

Figure 9.1 Illustration of the force Af(x, ) acting on the volume element AV.

2. Surface forces are computed per unit area and are contact forces. They may be forces that
are applied to the exterior surface of the body or they may be forces transmitted from one
part of a body to another.

Consider the forces acting on and within a body (Figure 9.2). We can define the traction by
means of the following conceptual procedure: Slice the body by a surface R (not necessarily
planar) that passes through the point Q and divides the body into parts 1 and 2. Remove part
1 and replace it by the forces that 1 exerts on 2. The forces that 2 exerts on 1 are equal and
opposite. Now consider the forces exerted by 1 on 2 on a portion of the surface having area
AS and normal n at Q. We can replace the distribution of forces on this surface by a statically
equivalent force Af and moment Am at Q. We define the average traction on AS as

Af

At@ve) —
AS

Now we shrink C keeping point Q contained in C and define traction at a point Q by

™ _ i Af
= s oD

Figure 9.2 The surface R passes through the point Q and divides the body into two parts. The curve C
contains Q and encloses an area AS. The unit normal to the surface at Q is n. The net force exerted by 1
on 2 across AS is Af and the net moment is Am.
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This is a vector that equals the force per unit area (intensity of force) exerted at Q by the
material of 1 (side into which n points) on 2. The traction is often called the “stress vector”
but we will use “stress ”” exclusively to refer to a tensor.

In taking the limit (9.1) we have assumed that it is independent of the manner in which
AS — 0 and the choice of the surface AS as long as the normal at Q is unique. In addition
we have assumed that Af varies continuously, there is no concentrated force at Q (though this
situation can be addressed), and that

Am _

lim — =
Aér—lgo AS 0

The last will necessarily be the case if the couple is due to distributed forces. The theory of
couple stresses does not make this assumption (see, e.g., Malvern 1988, pp. 217-220).

9.2 Traction on Different Surfaces

The traction depends on the orientation of the normal through the point. To establish the result
of reversing the normal, we will use Newton’s second law

_ . dv
ZF—mdt 9.2)

where F is the force, m is the mass, and v is the velocity. Now we apply this to a slice of
material of thickness 4 and area AS (Figure 9.3):

dv

tWAS + tCWAS + pbASh = pAShE

where we have written the mass as pASh. Dividing by AS yields

t™ 4t 4 pbh = ph((li—v
t
Letting 4 — 0 yields
tm = _¢&=m 9.3)
-n t(’n)
h &
AS
t(n)
n

Figure 9.3 Tractions acting on opposite sides of a thin slice of material.



74 Fundamentals of Continuum Mechanics

X2
G2
Ga3| 01
Ao,
32 (51 2 (51 ;
' >
0331 O31
X
(o 1

X3

Figure 9.4 Tllustration of the labeling of the components of the stress tensor. Remember that the cube
shown represents a point.

Thus, the traction vectors are equal in magnitude and opposite in sign on two sides of a surface.
In other words, reversing the direction of the normal to the surface reverses the sign of the
traction vector. We can express the traction on planes normal to the coordinate directions t(¢)
in terms of their components (Figure 9.4)

) —
t( ) =011€; + 012€) +013e3
(&) —
tY = 0'2161 + 0'22e2 +623e3

(e3) —
™3 = 031€; + 037€) + 033€3
These three equations can be written more compactly using the summation convention as

(©) = oye, 9.4)

where the first index i denotes the direction of the normal to the plane on which the force acts
and the second index j denotes the direction of the force component. We can also express the
traction as the scalar product of e; with a tensor:

t® = e; - (0,8,

The term in parentheses is the dyadic representation of the stress tensore and the o;; are
its Cartesian components; ¢, 0y, 033 are normal stresses, and 65, 05, 639, 033,031, 013 are
shear stresses. Typically, in engineering, normal stresses are positive if they act in tension. In
this case a stress component is positive if it acts in the positive coordinate direction on a face
with outward normal in the positive coordinate direction, or if it acts in the negative coordinate
direction on a face with outward normal in the negative coordinate direction. (Note that for
a bar in equilibrium the forces and tractions acting on the ends of the bar are in opposite

directions and have opposite signs, but these correspond to stress components of the same
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sign.) In geology or geotechnical engineering, the sign convention is often reversed because
normal stresses are typically compressive.

9.3 Traction on an Arbitrary Plane (Cauchy Tetrahedron)

Equation (9.4) gives the tractions on planes with normals in the coordinate directions but
we would like to determine the traction on a plane with a normal in an arbitrary direction.
Figure 9.5 shows a tetrahedron with three faces perpendicular to the coordinate axes and the
fourth (oblique) face with a normal vector n. The oblique face has area AS and the area of the
other faces can be expressed as AS; = n;AS (see Problem 1.7). The volume of the tetrahedron
is AV = (1/3)hAS where h is the distance perpendicular to the oblique face through the origin.
Applying Newton’s second Law (9.2) to this tetrahedron gives

tWAS + (—tDAS) + pbAV = pAV%

In the second term, we have used (9.3) to express the sum of the forces acting on the planes
perpendicular to the negative of the coordinate directions. We divide by AS and let # — 0. The
result is

t® = D, = n t 4 1y t® 4 ngt®
Substituting (9.4) yields

(n) _ =n-
t —niaijej—n (e}

This expression associates a vector t™ with every direction in space n by means of an
expression that is linear and homogeneous and, hence, establishes o as a tensor. Since the n
appears on the right side we will omit it as a superscript on t hereafter. Because o is a tensor,

X4
pbAV

X3
—?as,

Figure 9.5 Tetrahedron with tractions acting on the faces.
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Go1(X1,Xo + AXo/2)

Gyo(Xq — AX4/2,X5)
AXq
AXp
X2
(%1, X2)

Gio(X1 + AX4/2, X5)
G21(X1,Xa — AXp/2)

X4

Figure 9.6 Shear stresses acting on a small element.

its components in a rectangular Cartesian system must transform according to (6.11) under a
rotation of the coordinates:

, = . .
0;; = ApifyiOpg
where
A, = €;-e,

9.4 Symmetry of the Stress Tensor

We can also show that ¢ is a symmetric tensor. To this end we require that the sum of the
moments be equal to the moment of inertia multiplied by the angular acceleration for a small
cuboidal element centered at (xl,xz,x3) with edges Ax;, Ax,, and Ax; (Figure 9.6). For
simplicity, consider the element to be subjected only to shear stresses o, and o,; in the xx,
plane (Ax; is not shown). Taking account of the difference in position of the sides from the
center and summing the moments yields

Axl Axl 1
o1 | X1 + T,Xz + O\ X — T,XZ szAx:’)EAxl
Ax2 A.XZ 1
— 1021 xl,x2+7 +O'21 Xl,x2—7 A‘xle3§A‘x2

= a5 (Ax Any Av) (Ax] + Ax))

where the Ax; /2 and Ax,/2 in the first two lines are the moment arms, and the third line is
the angular acceleration @ multiplied by the moment of inertia about the center. Dividing by
Ax)AxyAxs and letting Ax, Ax, — 0yields 65, = 6y, and, similarly, ;; = o;;. Later we will
give a more general derivation of this result and see that it does not pertain when the stress is
defined per unit reference (as distinguished from current) area.
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Exercise

9.1 The stress state in a body occupying |x;| < a, |x,| < a, |x3| < his given by

__ -9
O =-p 2

_ -5
O =P 2

_ 2
o1y =2px;xy/a

and 033 = 013 = 0p3 = 0. Calculate the traction vector on the face x; = +a and the face
X = —a.

Reference

Malvern LE 1988 Introduction to the Mechanics of a Continuous Medium. Prentice Hall.
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Principal Values of Stress

Because o is a symmetric tensor it has three real principal values with at least one set of
orthogonal principal directions (see Chapter 2). The principal values A and directions n satisfy
(7.1), rewritten here in index form with the current notation:

Rearranging this equation shows that the directions n satisfying this equation are those for
planes having only normal tractions. We will now rederive this equation by another approach.
In doing so, we will show that two of the principal values correspond to the largest and
smallest values of the normal stress on any plane. Because this derivation makes use of no
special properties of the stress, the result applies to the principal values of any (real) symmetric
tensor. Thus, it provides an alternative interpretation of the principal values as including the
largest and smallest normal components of the tensor.
The normal component of t in the direction n is

tﬂ =n-o-n= I’llO'lJnJ (102)
(Note that the subscript n is not an index here but designates the normal component.) We wish
to find the largest and smallest values of #, as the normal to the plane varies over all directions.
The n; are not, however, independent but are subject to the constraint

n-n=nn; =1 (10.3)
We could deal with this problem by using (10.3) to eliminate one of the n; or by using two
angles with respect to a coordinate system. The drawback of these approaches is that they
require specifying which of the n; are to be eliminated or how to define the angles. A more
elegant approach is to incorporate the constraint by using a Lagrange multiplier, here denoted
o. The constraint multiplied by ¢ is added to n;o;n;. The derivative d(...) /do = 0 then

ij
returns the constraint equation (10.3). Now the n; can be treated as independent. The largest
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and smallest (stationary) values of the normal traction (10.2) are obtained by differentiating
with respect to the n;:

)
E. {moyn;—onn;— 1)} =0 (10.4)
e

Carrying out the differentiation in (10.4) yields

on a”lj on;

—Lo,n; + no; 2on,— =0 (10.5)
ank

on, 0 ij a_nk -
Recognizing that dn;/on; = 6;,, we can rewrite (10.5) as
oy + nioy — 2om, =0
or, after using the symmetry of o;;,
(o3 — 06)n; =0

which is the same as (10.1). Therefore, the principal values of ¢;;, the roots of

ij?
det |O'kj - O-ékjl = O
are the stationary values of #,. We denote these roots by
0p > 051 > 0qpy

with corresponding principal directions n),n", and n. &, (c;;) is the largest (smallest)
normal stress. oy is a stationary value, i.e., the largest normal stress in the plane defined by
n“D and n) and the smallest normal stress in the plane defined by n) and n. If two of
the principal values are equal, say ¢; = o/, then the direction n/? is unique, but any rotation
about n/D yields another set of principal axes.

From (7.8) we know that the principal values satisfy

o> —Lo*—Lo—1,=0 (10.6)

where the coefficients are given by (7.9), (7.10), and (7.11) and other results from Chapter 7
also apply here.

10.1 Deviatoric Stress

It is often useful to separate the stress (or, indeed, any tensor) into a part with zero trace, called
the deviatoric part, and an isotropic tensor (see Section 6.4). The deviatoric stress is defined as
' 1

G..:o'i].— 3

i SOk
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or
! 1
o =0—=(tro)l
3
By construction, the trace of the deviator, the first invariant, vanishes
tro’=1-6'"=0 (10.7)
Unless the equation for the principal values (10.6) is easy to factor, it is generally more
convenient to solve numerically. It is, however, possible to obtain a closed form solution for
the principal values of the deviatoric stress. Because the first invariant of the deviatoric stress
vanishes, i.e., (10.7), the equation for the principal values becomes

5 —Jys—J3=0 (10.8)

where s is the principal value and the invariants J, and J5 are given by

1 1
J2 = itr(o" . O',) = Eal{jgj{i (109)
h=®m@=%mdwﬂvﬁ=%ﬁ%% (10.10)

The first of these (10.9) follows from (7.10) and the second from Problem 7.3. Making the
substitution

4 \'72
s—<§h) sina (10.11)

in (10.8) and using some trigonometric identities yields

(10.12)

or

V277
@ = Larcsin [ - 3 (10.13)
3 2(J,)3/2

This yields one root of (10.8). Two additional roots are given by a + 27 /3.

10.2 Example

Consider the stress tensor

o= %a(iu + ul)
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where « is a scalar and A and u are unit vectors. Show that the principal direction of the
greatest principal value bisects A and p.

To simplify the calculation, we can take 4 = e, and e; perpendicular to the plane of 4 and
. The stress then takes the form

c=a {cos(H)ele] + % sin(9)(e, e, + ezel)}

where 6 is the angle between A and p. The principal values are a cos?(6/2), 0, and —a sin’(0 /2).
The principal direction corresponding to cos?(0/2) is

cos(6/2)e; + sin(6/2)e,

and hence bisects A and u.

Exercises

10.1 The components of the stress tensor at a point are given by

-1 =2 0
6l=[-2 0 2
0

(a) Determine the principal stresses.
(b) Determine the principal directions.

10.2 The stress tensor is given by
o =7cosf(e e, +ee)+ vsinb(e e; + ese)
(a) Determine the principal stresses.
(b) Determine the principal directions.

10.3 Show that J, can be written in terms of the principal stresses as
1
Jz = 6 {(01 - 0'2)2 + (0'2 - 53)2 + (0'3 - 0'1)2}

10.4 Fill in the details of using (10.11) in (10.8) to obtain (10.12).

10.5 Determine the value of the angle a in (10.13) for the following stress states [Hint: Use
the result of Problem 10.3]:
(@) o, =(1/2)o; +03)
(b) oy >0y=03
(© oy =0,>0;3

10.6 Show that the principal directions for the deviatoric stress are the same as those for the
stress.
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Stationary Values of Shear Traction

In Chapter 10, we answered the question “For a given state of stress what are the orientations
of the planes that have the maximum and minimum normal stress?”” We found that these are
the principal planes, planes on which there is no shear traction. We can ask a similar question
about the shear traction: “What is the maximum value of the shear traction and on what plane
does it occur?”

The traction on a plane with a normal n can be resolved into a normal componentz, = n - t,
where t = n - ¢, and shear a component £,

t=m-tn+rs
where n - s = 0 (Figure 11.1). Rearranging as
ts=t—t,n

and forming the scalar product of each side with itself yields the square of the magnitude of
the shear traction

2o tt-p2
P=t-t—1
or, in component form in terms of the stress,

12 = (n,6,,)(n,0,,) = (n,0,,1,)* (11.1)
Because the sign of the shear traction has no physical significance (unlike the sign of the
normal traction, which indicates tension or compression), there is no loss of generality in
working with the square of the shear traction.

Just as we did for the normal stress, we want to let n vary over all directions and find the
largest and smallest values of the shear traction. Thus, we want to find stationary values of the
shear traction, subject to the condition

n-nznknk=1
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© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.



84 Fundamentals of Continuum Mechanics

tes

Figure 11.1 Traction on a plane with normal n resolved into shear and normal components.

To facilitate the calculation, we choose the principal directions as coordinate axes e, e,, and
e; with corresponding principal stresses o, 0,, and o5. Consequently, the stress tensor and
unit normal to the plane can be written as

o = Z o€, = 01€1€; + 0,e,e, + 03e3€3 (112)
k

n= anek=nlel +n2€2+n3e3 (113)
k

Summation is indicated explicitly in (11.2) since the subscript “k” appears three times and, for
clarity, summation is also explicit in (11.3). Then the traction on the plane with normal n is

t=n'0'=21’lle[‘zo'kekek

l k

= Z n,c;€, = nio1€; + n,0,€, + n3;o03€3
k

The normal traction is

tn=n~0'-n=2ni0'k=n%01+n§o-2+n§0'3
k

The first term of (11.1) is

Z noe - Z no. e, = Z nio‘kz

k k k
Forming the shear traction (11.1) and taking the derivative

0

a—rll{[f'i‘ﬂ(l’lknk—l)}:o
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yields
n {0'12 - 2091, + /l} =0 (no sum on /)

where A is the Lagrange multiplier. Writing out the three equations for / = 1,2, 3 gives

ni{o} =208, + 1} =0 (11.4)
ny{o3 =205t + 4} =0 (11.5)
ny{o3 —203t, + 4} =0 (11.6)

There are three possible cases corresponding to one, two, or none of the n; being zero.
Case 1: Suppose, for example, that ny, = ny = 0; then n; = 1. Equations (11.5) and (11.6)
are automatically satisfied. The only non-trivial equation (11.4) reduces to
of —201t,+A=0
For ny =ny =0, ny =1, t, = 0y, and, consequently, 4 = af. Substituting back into (11.1)
yields tS2 = 0. Because n; = e, is a principal direction, this result simply confirms that the
shear traction is zero on principal planes.

Case 2: Now suppose that ny,n, # 0 and ny = 0. Equation (11.6) is automatically satisfied
and (11.4) and (11.5) become

Eliminating A and rearranging gives
(61 —0y)(o] +05) =2(0) — o)),
Assuming o, # o,, writing
t, = (n%crl + n%aQ)

. . 2 _ 2 .
and substituting n; = 1 — nj yield
1
or nj=+——
V2

and, consequently,

Sl-
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Taking the plus signs and substituting into expression (11.1) gives

2

2 2 2
1= anak — Z(nkaknk)

k k
_1 o o0 1 2 _ 1 2
= 5(0'1 +O'2) - Z(Ul +O'2) = Z(Ul —02)
or

1
Sloy = ol (11.7)

(ts)max = 2

Case 3: If all n; # 0, then the principal stresses cannot be distinct. If two of the principal
stresses are equal, the normal to the plane of greatest shear traction can be within a cone at 45°
to the principal direction of the distinct principal stress. Because any two directions within the
plane of the equal principal stresses can be principal directions, it is always possible to choose
them so that one of the n; can be zero. Thus this case effectively reduces to Case 2. If all of
the principal stresses are equal, t? = 0 on all planes.

Equation (11.7) gives the maximum shear traction on planes with normals in the 1 and 2
planes. The same calculation yields corresponding results for normals in the 1 and 3 and 2 and
3 planes. Therefore the absolute maximum value of #; occurs on a plane with a normal that
makes a 45° angle with the principal directions corresponding to the maximum and minimum
principal stresses.

The derivation here has been for the stress tensor, but the same results apply for symmetric
tensors with other physical interpretations.

11.1 Example: Mohr—Coulomb Failure Condition

The Mohr—Coulomb criterion is a common failure condition for geomaterials loaded in com-
pression. The criterion states that failure occurs when the magnitude of the shear traction on
a plane ¢, is equal to the cohesion 7, minus a friction coefficient 4 multiplied by the normal
traction on that plane ¢, (¢, < 0 for compression):

[t;| = 79 — ut, (11.8)

What is the orientation of the plane on which this criterion is first met?
Let the axes coincide with the principal stress directions so that the stress tensor is given by

0 = —01€,€] —0,6,€6), — 03€3€3
where o3 > 0, > 0| > 0. Because the maximum shear stress occurs in the e;e; plane, we
assume that the normal to the plane of interest is also in this plane. Let the normal to this plane

make an angle @ with e;:

n = cos (a) e; + sin(a) e,
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and the tangent be
s = —sin(a)e; +cos(a)e,
The normal component of the traction is
1 1
t, = —5(61 +o03) + 5(63 —oy)cos(2a) (11.9)
and the shear component is
1 .
t, = —5(63 —01)sin(2a) (11.10)
where we have used the double angle formulae
2 1
cos” (a) = 5 (1 + cos2a)
. 2 1
sin“ (a) = 3 (1 — cos2a)
Note that

%(63 —o))sina), 0 < a < 7/2
2] =
—5(0'3 —o0y)sin(2a), —z/2<a <0

Setting ¢ = tan ¢, substituting (11.10), and (11.9) into (11.8), and rearranging gives

sin (¢ + 2a)

1 1
5(0'3—61) C()S(i) —7:0+§tan¢(0'1+0'3)

Thus, the smallest value of (63 — 6)/2 that meets the criterion occurs at the orientation « that
makes sin (¢ + 2a) largest; that is, when

9 sin(¢p +2a) =0
da

or

Substituting back into (11.8) gives the relation between the principal stresses o and o5 at
failure:

%Cf:; (1 —sing) = %01 (1 +sing)+ rycos¢
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Exercises

11.1

11.2

11.3

114

11.5

11.6

11.7

Carry out the details of Case 3 to show that if all n; # 0, then the principal stresses
cannot be distinct.

The components of the stress tensor at a point are given by

-1 =2 0
6]=|-2 0 2
0 2 1

(a) Determine the traction on a plane with unit normal n = (e; + 2e, + 2e;3)/3.
(b) Determine the magnitude of the normal traction and the magnitude of the shear
traction on this plane.

The stress tensor is given by
o =Tuu

where u is a unit vector and 7 > 0.

(a) Determine the traction on a plane with normal that makes an angle 6 with u.

(b) Determine the normal value of the traction on this plane.

(¢) Determine the magnitude of the tangential component of the traction on this plane.

For the stress tensor given in Problem 10.2 determine the maximum shear stress and
the plane on which it occurs.

Show that the shear traction vanishes on every plane if and only if the stress tensor is
given by 6 = —pl, where p is a scalar and I is the identity tensor.

Let the stress tensor be given by 6 = 5,e,e; + 0,€,€, + 03€5€;3.

(a) Determine the traction vector on a plane with a normal that makes equal angles
with the coordinate directions.

(b) Determine the normal component of the traction on this plane.

(c) Show that the magnitude of the shear component can be expressed as

1
tS = 5 {(O’l - 0'2)2 + (0'2 - 0'3)2 + (0'3 - 51)2}1/2

and, hence, J, = (3/2) > from Problem 10.3.
(d) Determine the direction of the shear traction.

Let the principal stresses at a point satisfy the relation o, = %(al + 03) > 0. Determine
the orientation of the plane (relative to the principal axes) on which the normal traction
is t, = 0, and the shear (tangential) traction is ¢, = (o — 03)/4.
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Mohr’s Circle

Mohr’s circle is a graphical construction that is familiar to students of mechanics of materials.
Although it has long outlived its usefulness as a computational aid, it provides a physical
illustration of the meaning of a tensor, in particular the stress tensor. In addition, it is a point
of contact between the present treatment and mechanics of materials. In three dimensions,
it is most useful when at least one of the principal values of the stress is already known.
Here, the x5 direction is assumed to be a principal direction (Figure 12.1) for the stress tensor.
Consequently, the stress tensor can be written as

o = 6},56},65 + o0711€3€3

where y,6 =1, 2.
Now consider the traction components on a plane with normal n making an angle a with
the x; axis as shown in Figure 12.2. The normal and tangent vectors are

n = cosae; + sinae, (12.1)
s = —sinae; + cos ae, (12.2)
Whena =0°,1, = 04y and t, = 615, and when @ = 90°, ¢, = 05, and t; = —0,. This means

that shear stress components tending to cause a clockwise moment are plotted as negative in
Mohr’s circle (even though the shear stress components themselves may be positive). This
difference in sign results from the difference between the component of the traction, which
is a vector, and the component of the stress, which is a tensor. Alternatively, we could have
taken the positive s direction to be clockwise from n, in which case the signs on the shear
traction would be reversed. This choice governs whether the rotation in the Mohr plane, which
plots #, against ¢,, is in the same or the opposite direction as the rotation in the physical plane.
(Malvern (1988) describes both conventions.)
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1

X4

GIII

X3
Figure 12.1 Element for analysis with Mohr’s circle. The x; direction is a principal direction.
The traction vector on the inclined plane in Figure 12.2 is

t=n-0 =cosa(c| €| +0,€,) +sina(c, €| + 05€,)

The normal component is
1 1 .
tn =n-t= E(O’ll + (722) - 5(0'22 - UII)COSZ(X + 012 sin 2«
and the shear component is

1 .
t,=s-t= 5(0'22 —011)sin2a + 64, cos 2a

X,

— |

1>

X

l

Figure 12.2 Normal, #,, and shear, ¢, tractions on an inclined plane with normal n.
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where we have used the double angle formulae:
2 1
cos 0 = 5(1 + cos 20)

sin? § = %(1 — c0s26)

sin26 = 2 cos @ sin 6

Forming

1 2
[{tn - E(U“ + 622)} + tf] =R?

gives the equation of a circle in the plane ¢z, vs. f,, (Figure 12.3). The center of the circle is at
1 L
1, = 3(011 + o) and the radius is

1 2
R= \/{ 5(511 - ‘722)} +(012)?

The points on the circle give the values of ¢, and ¢, as the angle a varies. Because these all
originate from the same stress state shown in Figure 12.1, the circle is a graphical representation
of a tensor in two dimensions. The center and radius are invariants of the two-dimensional
stress state. The traction on the plane perpendicular to the x; direction is represented by the
point (o, 0y,) corresponding to « = 0°, and the traction on the plane perpendicular to the
X, direction is represented by the point (6,,, —6,;) corresponding to a = 90°. (The points are
depicted in Figure 12.3 assuming o;; > 05, and 6, > 0.) Although 6|, = ¢,, the minus sign
is necessary for the point corresponding to 8 = 90° because, when the plane in Figure 12.2 is
oriented perpendicular to the x, direction, s and ¢,; point in opposite directions. As already
noted, this feature occurs because Mohr’s circle is a plot of the components of traction, a
vector, whereas stress is a tensor.

tS
(611 7012)
a=0
2p
Oy R O,
tl’l
(62277021)
o=n/2
I I
((511+ Gzz)/z

Figure 12.3 Mohr’s circle.
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It is obvious from the geometry of the circle that the largest and smallest values of the normal
traction are the principal stresses oy ;; = %(611 + 0,) = R and that these occur on planes where
the shear traction is zero, ¢, = 0. The points corresponding to the principal stresses lie at the
opposite ends of a diameter, 180° apart in the Mohr plane. We know from Chapter 7 and
Chapter 10 that the principal stresses occur on orthogonal planes. Also, the magnitude of the
shear traction is greatest at the points at the top and bottom of the circle. These points are 90°
from the points corresponding to the principal stresses in the Mohr plane. In Chapter 10 we
showed that the maximum magnitude of shear traction occurs on planes 45° from the principal
planes and these are represented by points 90° from the points in the Mohr plane representing
the principal planes.

These observations make it clear that planes with normals & apart in the physical plane are
represented by points 2a apart in the Mohr plane. Consequently, the angle between the x;
direction and the normal to the principal plane on which o; acts is

20
p= 1 arctan <#>
2 011 — 022

The question that remains is whether the rotation in the Mohr plane is in the same sense
as in the physical plane. This depends on whether the positive direction for vector s is
taken to be a clockwise or counterclockwise rotation from the direction of the normal n. For
the counterclockwise rotation for s, as assumed in Figure 12.1, rotations in the Mohr plane
correspond to rotations in the opposite sense in the physical plane. In other words, a clockwise
rotation in the Mohr plane corresponds to a counterclockwise rotation of the normal in the
physical plane. This can be confirmed by using the methods of Chapter 7 to find orientations
of the principal directions.

Mohr’s circle also can be used to visualize the change in stress components due to a
rotation of the coordinate axes. Taking @« = 6 and a = 8 + 90° in Figure 12.2 locates points
corresponding to the stress components for a rotation of coordinate axes through an angle 6.
This is shown in Figure 12.4.

Xé A (cmcwz)

R % (0% ,0%)
Gy S
th

(ng _Gg 1 )

(65, —G3))

(01+02)2

Figure 12.4 Illustration of Mohr’s circle representation of the change in stress components due to a
rotation of axes through a counterclockwise angle 6.
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\ £

Figure 12.5 Schematic of the Mohr’s circles for the planes of each pair of principal stresses. All
possible values of the traction components #, and 7, lie in the shaded area between the circles.

Figure 12.3 illustrates how the traction and stress components vary on orientations in the
plane of 6; and oy;. Similar constructions apply for the planes of ¢;; and oy;; and 6; and oyy;.
Thus, there are three circles as depicted in Figure 12.5. The possible values of the traction
components ¢, and ¢, occupy the shaded region between the circles.

Exercises

12.1 For each of the following stress states (values not given are zero), sketch the three
Mohr’s circles. What is the maximum shear stress in each case, and what is the normal
stress on the plane of maximum shear stress (a and o are positive constants)?

(a) Uniaxial compression, 6;; = —o.

(b) Biaxial stress, o1 = +a, 6y, = —3a.

(¢) Hydrostatic compression of magnitude o.
(d) 01 =0y =3a,0y3 =03, =4a.

() oy =-5a,0y =—a, o33 =a.

12.2 Discuss the position of the point corresponding to the plane in Problem 11.7 in relation
to the Mohr’s circles.

12.3 Use Mohr’s circle to obtain the result of Example 11.1.

Reference

Malvern LE 1988 Introduction to the Mechanics of a Continuous Medium. Prentice Hall.






Part Three

Motion and
Deformation

In this part we develop mathematical descriptions of the geometry of motion and deformation.
The descriptions are purely kinematic; that is, we do not consider the forces that give rise to
the motion and deformation. The descriptions will not make assumptions about the magnitude
of the deformations, but there are various possibilities of description that are more convenient
for different types of problems. To this end, we will introduce a number of tensors and make
use of the material in Chapter 2, Chapter 3, and, for symmetric tensors, Chapter 7.
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Current and Reference
Configurations

Figure 13.1 shows two configurations of an arbitrary body: The reference configuration at
some time £, and the current configuration at time t > t,. The reference configuration can be
chosen for convenience in analysis. For example, for an elastic body, it is usually convenient to
choose the reference configuration as the configuration when the loads are reduced to zero. For
an elastic—plastic body or a fluid, it is often convenient to choose the reference configuration
to coincide with the current configuration and to focus on increments or rates from the current
configuration.

In Figure 13.1 Py(X) is the position of a material particle in the reference configuration. The
same material particle is located at P(x) in the current configuration. Here, positions in both
the reference configuration and the current configuration are referred to the same rectangular
Cartesian coordinate system. This is not necessary and, often, it is more convenient to refer
positions in the two configurations to different coordinate systems. The motion of the material
particle is described by

x=¢(X,1) (13.1)
or
x = ¢(X|, X5, X3, (13.2)
and is usually abbreviated
x =x(X, 1) (13.3)

The notation in (13.3), although ubiquitous, can be confusing. In (13.1) or (13.2) x is used to
denote the value of the function ¢ for a particular X and ¢. In (13.3) x denotes both the function
¢ and its value for a particular X and ¢. In words, these expressions say that “x is the position at
time ¢ of the particle that occupied position X in the reference configuration at time ¢ = #,.” In
this description x is regarded as the dependent variable; X is the independent variable. Because
each material particle occupies a unique position in the reference configuration, the position
X can be used as a label for the particle. That is, different values of X correspond to different
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t=t, t>t,
(reference configuration)  (current configuration)

Figure 13.1 Schematic of the reference and current configurations.

material particles. The position x may, however, be occupied by different material particles at
different times.

An analogy is to consider students as material particles. Rather than referring to them by
name, student ID, social security number, etc., we can refer to them by their position at a
particular time, say the class period 9 to 10 a.m. Thus, each student is labeled by the position
of his or her seat in the class, for example, the third seat from the left in the second row. This is
the reference configuration and the seat is X. After the class period the students go about their
business moving to other locations, but we continue to refer to them by the location of their
seat during the class period. At some time ¢ after the class period, say 2 p.m., the student who
occupied the third seat from the left in the second row in the reference configuration will be at
a position x in the student union. During other times of the day, different students will occupy
that position. Hence an observer standing in the student union would see different students
(material particles) occupy the position x at different times.

Physically, it is plausible that the motion can be inverted because each and every point
in the reference configuration corresponds to exactly one point in the current configuration.
Therefore, at least in principle, we can invert the motion to write the position in the reference
configuration X in terms of time and the current location x:

X=0(x,1) or X=X(X1) (13.4)

Now we regard x as the independent variable. The mathematical condition insuring that (13.1)
can be inverted is

ox i
7

ox

X

(13.5)

The left side is the determinant of a particular tensor to be introduced in the next chapter.
Because the determinant of this tensor does not vanish, its inverse exists as discussed following
(5.8). We will show that (13.5) expresses the physical requirement that small volume elements
in both the reference and current configurations are finite and positive.

When X is used as the independent variable, this is often called the Lagrangian description.
Because different values of X correspond to different positions in the reference configuration
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and hence different material particles, the Lagrangian description follows a material particle
through the motion. A physical example is following the motion of a radioactive particle or a
group of particles marked with dye.

The Eulerian description uses x as independent variable. This point of view considers a fixed
location in space and observes how the material particles move past this location. Because
a fixed value of x refers to a fixed location, it does not correspond to a particular material
particle; that is, different particles will move past this location as time evolves. A physical
example is measurement by an instrument at a fixed location as different particles move past.

If the motion, (13.1), (13.2), or (13.3), is known, the velocity can be computed simply as
the rate of change of the location with time:

ox _0¢
VX, 1) = 5 = or X, 1) (13.6)
Because d/dt means to take the derivative with respect to time while holding the other
arguments, i.e., X, fixed, (13.6) gives an expression for the velocity of the particle that was
located at X at time . (Note that this particle is not now, at time ¢, located at X.) Thus, (13.6) is
the Lagrangian description of the velocity. We will use upper case letters to denote quantities
given in terms of the Lagrangian description.
To get the Eulerian description, we substitute (13.4) into the argument of (13.6)

v(x,t) = V[D(x,1),1] 13.7)

Note that if x is the current position of the particular particle that was located at X in the
reference configuration then the values of the velocity given by (13.6) and (13.7) must be
equal.

Now, consider any scalar property 0, e.g., temperature, density. The Eulerian description is

0 =0(x,1) (13.8)
and the Lagrangian description is
0 =0(X,1) (13.9)
The partial derivative of (13.8)
a0
01 |x fixed

gives the rate of change of @ at a fixed location in space. This is not the rate of change of 6 of
any material particle because different particles occupy the location x as time ¢ changes. The
partial derivative of (13.9)

)

13.10
o ( )

X fixed

does give the rate of change of ® for a specific material particle.
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Can we compute the rate of change of ® for a material particle if we are given only 6(x, 7)?
Mathematically, this can be expressed as follows:

00 do
—X,H=—
az( ) dt

X fixed

Because the right hand side is evaluated for fixed X, the location of the particle, x, changes
with time. Therefore, by the chain rule of differentiation,

do

a0 00 0%
dt

= %(x 1) —
' x fixed axi ot

13.11
Xfixed  Of ( )

Note that dx;/dt is the component form of the velocity of a particle and d6/dx; are the
components of the gradient of §. Thus (13.11) can be written in coordinate-free vector
form as

do _ do
dr ~ dr

_ 06

=z +v(x,1)- VO (13.12)
Xfixed  Of

x fixed

Equation (13.12) gives the rate of change of 6 following a material particle or the material
derivative. The designation X fixed is usually omitted and to be understood. The derivative
(13.12) is the same as what is called the toral derivative in calculus but here has the specific
meaning of following a material particle. Because holding x fixed in the first term on the right
corresponds to the usual meaning of the partial derivative, the notation explicitly indicating
that x is fixed is usually omitted. Note that in order to compute the material rate of change of
O(x, 1), it is necessary to know not only the change of € at a particular location x, 06/4dt, but
also how 6 is changing in an infinitesimal interval about X, 06/0x;. The expressions (13.10)
and (13.12) must give the same value if they are evaluated for the same particle at the same
time, regardless of whether the particle is specified by its current location or its location in the
reference configuration.
Similarly, the material rate of change can also be computed for a vector property pu(x, t):

du _ 6_;4
0= <at)

If u = v, the velocity, then the material derivative gives the Eulerian description of the accel-
eration

+v-(Vp)
x fixed

a(x,t):%(x,t)= %+V-VV

The Lagrangian description of the acceleration is

oV(X,1)
ot

AX, ) =
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™~

Figure 13.2 Example of steady flow of an incompressible fluid down a converging channel. Because
the flow is steady, the velocity does not change at any fixed location, dv/ot = 0. But because particles
increase their velocity as they move down the channel, the acceleration is nonzero.

Flow of an incompressible fluid down a converging channel illustrates the difference between
the material derivative d/dt and 0/0¢. In Figure 13.2 the flow is steady, meaning that ov/ot = 0
because the velocity does not change at any fixed location. But the acceleration dv/dt # 0
because material particles increase their velocity as they move down the channel. In Figure 13.3
the fluid is initially at rest. Then the fan is turned on. Consequently, the velocity of (different)
particles passing a fixed location changes with time, dv/dt # 0.

When does 00 /0t = d@ /dt for a property 8? This will be true if the second term in (13.12)
vanishes

v-Vo=0

There are three possibilities: (i) v = 0 so that there is no motion; (ii) V8 = 0 so that @ is
spatially uniform; (iii) v is perpendicular to V8. An example of (iii) is a motion in which the
only nonzero component of velocity is in the x; direction, v = v, ey, 8 is temperature, and there
is a gradient of temperature only in the x, direction.

K —
W=

Figure 13.3 In this example, the material is initially at rest and then the fan is turned on. Consequently,
the velocity is changing at fixed spatial locations and dv/dt # 0.
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13.1 Example
The motion of a rigid body can be described by

x(X, 1) = Q) - X+ ¢(?) (13.13)

Determine expressions for the Lagrangian descriptions of velocity and acceleration. Also
determine expressions for the Eulerian descriptions of velocity and acceleration.
The Lagrangian velocity and acceleration are simply

VX, ) =Q@0) - X +¢@) (13.14)

and
AX, ) =Q0) - X + &) (13.15)

To obtain the Eulerian descriptions of velocity and acceleration, we solve (13.13) for

X(x,0) = Q') {x—c())

and substitute into (13.14) and (13.15) to get
v(x, ) = Q) - Q') - {x —e(t)} + &(1)

and
ax, ) =Q® Q'@ {x—c(n)} +&0 (13.16)

The Eulerian description of acceleration can also be obtained by using the material derivative:

a(x,1) = %V+V-VV (13.17)
The first term is
O =100 - 01+ 00 -2 (0= \ - (x—
Sv={00- Q0 +QW- 5 (Q®) | - {x—c)
-Q) - Q) - &) + é(r) (13.18)
To calculate d(Q~'(¢))/0t, we differentiate
Qn-Q ' =1
and form the tensor product of each side with Q~!(#) to obtain
(13.19)

a%(Q*(r)) =-Q'0-00-Q' 0
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Noting that
vw=0Q® -Q ' (13.20)

and substituting (13.20) into (13.17) along with the result of substituting (13.19) into (13.18)
yields (13.16).

Exercises

13.1 (a) Determine the motion that deforms the unit square to the rhombus shown in
Figure 13.4, where y = y ().
(b) Determine the Lagrangian and Eulerian descriptions of the velocity.
(c) Invert the motion to determine the position in the reference configuration in terms
of the current position.

v (£)

e

€,

Figure 13.4 Simple shear deformation

13.2 The components of the velocity in a material are given by v; = x;/(1 + kf) and the
temperature is given by 8 = x; + ktx, where ¢ is time and k is a constant with dimension
(time)~!.

(a) Calculate the components of the acceleration.
(b) Calculate the material rate of change of the temperature.

13.3 Consider the motion
x = X(1 + ki)

where 7 is time and k is a constant with dimension (time)~".

(a) Determine the Eulerian (spatial) and Lagrangian (material) descriptions of the
velocity.

(b) Determine the Lagrangian (material) description of the acceleration.

(¢) Determine the Eulerian (spatial) description of the acceleration in two ways: By
inverting the motion and using your answer from (a); and by taking the material
derivative of your answer in (b).
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13.4 Consider the motion

(a)

(b)
()

X = Xl +X2(et - 1)
Xy = Xl(e_t - 1) +X2

X3 =X3

Determine the expressions for the Lagrangian description of velocity and acceler-
ation.

Determine the expressions for the Eulerian description of velocity.

Determine the Eulerian description of the acceleration in two ways: By inverting
the motion and using your answer from (a); and by taking the material derivative
of your answer in (b).
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Rate of Deformation

14.1 Velocity Gradients

In some cases, the reference configuration is not of interest. We are not concerned with the
locations of particles at some past time, but only with the instantaneous velocity field. For
example, in the flow of a fluid, a configuration at a past time is generally not useful (or even
possible to identify). In other cases, the past location of particles is of interest but the response
depends on the history of deformation. Consequently, the solution needs to be determined
incrementally, i.e., step by step. This corresponds to taking the reference configuration as
instantaneously coincident with the current configuration and updating it at each increment.

Consider a velocity field v(x) as shown in Figure 14.1. Although the particles were at points
P and Q in the reference configuration, we are interested only in the instantaneous velocities
of these points at their current locations p and g. The difference between the velocity of a
particle located at x and a particle located at x + dx at the current time is

dv = v(x + dx) — v(x)

or, in component form,
()Vk
dvk = Vk(X + dX) - Vk(X) = gdxl (141)
1

where ¢ has been omitted as an argument. The last equality in (14.1) can be rationalized by
expanding v;(x + dx) in a Taylor series and retaining only first terms (as we did earlier in
determining the form for the gradient of a vector, (8.4) to (8.7)). We can write this result in
coordinate-free form as

dv=L-dx=dx-L” (14.2)
where

L= (14.3)

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.



106 Fundamentals of Continuum Mechanics

v(x+dx)=v+dv

Figure 14.1 TIllustration of the velocity difference at points p and ¢ in the current configuration that are
separated by an infinitesimal distance dx.

and is given in component form by

L avk
= — =y
kl axl k.l

L is the (spatial) velocity gradient tensor. The symmetric part of L

D= %(L+LT) (14.4)
is the rate-of-deformation tensor and the anti- or skew-symmetric part of L

W= %(L -L" (14.5)
is the spin tensor or vorticity tensor.

14.2 Meaning of D

The meaning of D can be established by considering the rate of change of the length of an
infinitesimal line segment dx. The length squared is

ds? = dx - dx

Differentiating with respect to time gives
d
2ds&(ds) =dv-dx+dx-dv

where we have used

d dx
a(dx)_d<5> = dy
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Using (14.2) gives
2ds%(ds)=dx-LT-dx+dx-L-dx:2dx-D-dx
Dividing by 2 ds? yields

1d d
&&(ds)— &hl(dS)—ll‘D'l’l

Thus, n - D - n is the fractional rate of extension in direction n = dx/ds. Normal components
of D give the fractional rates of extension of line segments in the coordinate directions. Since
D is a symmetric tensor, it has three real principal values with orthogonal principal directions.
The same derivation used in Chapter 10 for the stress tensor demonstrates that these principal
values are stationary values, including the largest and smallest values, of n-D - n over all
orientations.

To investigate the meaning of the off-diagonal components of D we consider the rate of
change of the scalar product between two infinitesimal line segments dx, and dxp

dx, - dxg = ds, dspcos @

where ds, and dsp are the lengths of dx, and dxj, respectively, and 6 is the angle between
them. Taking the time derivative of both sides,

d d
d_t(dXA -dxp) = a(dsAdsB cos 8)

gives
d d o
dv, -dxp +dx, - dvg = a(dsA)dsB cos @ +dsy a(dsB) cos @ — ds, dsp sin 06 (14.6)

Using (14.2) and regrouping yields

dx4 dxp 1 d 1 d o
25, P E T\ a0t g g @ 6 — sin 66 14.7
dsy dsp { ds, dl‘( 54) dsp dt( Sg) ( cos Sin ( )

Note that because dx, and dxp are infinitesimal line segments emanating from the same point,
the same value of L is used for each. When 6 = 90°, the line segments are orthogonal and
(14.7) reduces to

nA.D.nB=—%9

Thus, the off-diagonal components give half the rate of decrease of the angle between linear
segments aligned with the coordinate directions.
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14.3 Meaning of W

Since W is an anti- (or skew-) symmetric tensor, W = — W7 it has only three distinct nonzero
components. These components can be associated with a vector w by means of the following
operation:

W-a=wXxa (14.8)
where a is an arbitrary vector. The vector w is called the dual or polar vector (of a skew-
symmetric tensor). Writing (14.8) in component form and recognizing that this relation must
apply for any vector a yields the component form of W:

Wi = €W

Multiplying both sides with ¢;;, and using the €6 identity (4.13) yields

1

Wq = _EeqipWi (14.9)

The polar vector can be related to the velocity field by substituting the component form of
W into (14.9)

N D O L LV W D
Wi = T5Ckn a—xk—a—xj = ik Vk

or

1
==(Vx
w 2( V)

The combination V X v is called the vorticity. If w = 0, so is the vorticity, and the velocity
field is said to be irrotational. Because

VXxVp=0
for any scalar field ¢, in an irrotational field the velocity vector can be represented as the
gradient of a scalar, i.e., v = V¢.
Now, suppose D = 0:
dv=W.dx
Using (14.8) gives

dv =w X dx

Hence, the local velocity increment is a rigid spin with angular velocity w.
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Exercises

14.1 Show that 4 = 0 is the only real principal value of an antisymmetric tensor, W = —W~.

T

14.2 Show that the axial vector of an antisymmetric tensor of the form W = ba — abisa x b.

14.3 (a) Let p be a unit vector in the principal direction of W corresponding to A = 0 and,

144

(b)

hence, satisfying

W-p=0
Explain why p is parallel to w and, consequently, w = wp, where w is the axial
vector or polar vector of W defined by (14.8).
Let q and r be unit vectors orthogonal to each other (q - r =0)andtop (q - p =0,
r - p = 0) such that p, q, and r form a right-handed system, p - ¢ X r = 1. Show
that W is given by

W = w(rq — qr)

where w = r - W - . (Problem 4.5.a may be useful here.)

Consider the motion

(a)
(b)

(0

(d)

xX, ) =Q@) - X+c@)

Determine expressions for the rate-of-deformation and spin tensors.
If the rate-of-deformation tensor vanishes, the motion is rigid and the lengths of
lines remain the same in the current and reference configurations. In this case
show that Q(¢) is an orthogonal tensor, i.e., Q~!(r) = Q7 (¢), and that

W=Qn-Q'0
is antisymmetric.

Show that for a rigid motion (see Example 13.1) the Eulerian descriptions of
velocity and acceleration can be written as

vx,)=¢t)+W-(x—1¢)
ax, ) =N+ W+W-W).(x—c¢)

Or, in terms of the axial vector of W,

vx, ) =¢®)+wX (X —1¢)

ax, )= +wxEXx—c)+wXx{wx(x—c¢)}
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14.5 Inrigid motion of a body, the spatial positions of four particles relative to a fixed origin
are given by the vectors ¢ and ¢ + a;, where the a; are orthonormal vectors. Show that
the spin tensor W and the polar vector w are given by

1. .
W= E(apa —aya,)

1 .
w= Eapxap



15

Geometric Measures
of Deformation

In the preceding chapter we were concerned only with the instantaneous rate of deformation
and spin in the current configuration. Now we want to compare the geometry in the current
configuration to that in the reference configuration.

15.1 Deformation Gradient

Figure 15.1 shows an infinitesimal line segment in the reference configuration, dX, mapped
into an infinitesimal line segment in the current configuration, dx, by

dx 6xk
where 0x; /0X,, are components of the deformation gradient tensor:

Foo= Py (15.1)
km_ax( .
m

Note that in F the gradient is with respect to position in the reference configuration. In
coordinate-free notation

dx=F-dX=dX-F’ (15.2)

We will show that the tensor F contains all information about the geometry of deformation:
change in length of lines, change in angles, change in area, and change in volume.

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.



112 Fundamentals of Continuum Mechanics

reference current

PIX o dx 29
o

€,

€

Figure 15.1 Infinitesimal line segments in the reference and current configurations.

15.2 Change in Length of Lines

The square of the length of an infinitesimal line segment dx in the current configuration is
given by its scalar product with itself:

(ds)? = dx - dx = (dX - F7) - (F - dX) (15.3)
=dX - (FT . F).dX (15.4)
The length of the line segment in the reference configuration is dS = (dX - dX)!/2 and N =

dX/dS is a unit vector in the direction of the infinitesimal line segment dX in the reference
configuration. Now (15.4) can be written as

ds 2 T
2) =N-(FT.F)-N
(3) =N-@"-p)
The ratio
ds
— = A(N 15.5
i (N) (15.5)
defines the stretch ratio. The tensor
C=F'.F (15.6)

is called the Green deformation tensor by Malvern (1988) or the right Cauchy—Green tensor
by Truesdell and Noll (1965). Note that C is symmetric. (See Problem 15.1.)
The stretch ratio (15.5) can be expressed as

_ ds

A=— =
ds

N-C-N (15.7)

Because C is symmetric, it possesses three real positive principal values that can be associated
with three orthogonal principal directions. The principal values are squares of the principal
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stretch ratios, A;, Ay, Ay, with corresponding principal directions N, N;;, Ny;. Because the
stretch ratios must be positive, C is positive definite, i.e.,

x-C-x>0

for any vector x # 0. By the same derivation as in Chapter 10, the principal stretch ratios
include the largest and smallest values of the stretch ratio. Thus, C has the following principal
axes representation in dyadic form:

C= A? N;N; + A%INIINII + A%HNIIINIII

Because each line segment in the current configuration must originate from a line segment in
the reference configuration, the tensor F possesses an inverse:

dX=F"'.dx=dx-F'7
Consequently, it is possible to calculate the reciprocal of the ratio (15.5), A = A~!, in terms
of F~1:
A =dX-dX =dx-(F'T.F ). dx
or
A=n-F'T.Fl.n (15.8)

where n = dx/dsis a unit vector in the direction of the line segment in the current configuration.
The inverse of the tensor

B=F. F

is equal to the product in parentheses on the right side of (15.8). The tensor B is called the left
Cauchy—Green tensor by Truesdell and Noll (1965). Its inverse B~! (sometimes denoted c) is
called the Cauchy deformation tensor by Malvern (1988). Prager (1973) calls B and B~! the
Finger tensors.

15.3 Change in Angles

The angle 6 between two line segments dx, and dxp in the current configuration (Figure 15.2)
is given by

Using (15.2) and (15.6) yields

NA * C * NB
(Ny - C-Ny!/2(Ng - C-Np)!/2

cosf = (15.9)

Because dX, and dXp are infinitesimal line segments emanating from the same point, the
deformation gradient F is the same for both. The terms in the denominator of (15.9) are the
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dX,

dX,

reference

current

Figure 15.2 Angle © between two infinitesimal line segments in the reference configuration changes
to € in the current configuration.

stretch ratios in the directions N, and Np, A4 and Apg, respectively. We define the shear
as the change in angle between line segments in the directions N, Ny in the reference
configuration:

y(N4.Np) =0 — 0
where
cos® =N, -N;
Using (15.9) gives
cos(®@—y)=N,-C-Np (AAAB)_l (15.10)

In the special case, ® = 90°, cos(90° —y) = siny. Note that if Ny and Ny are principal
directions, y = 0 (because N, - C - Np = AIZgNB - N, = 0). Therefore principal directions of C
in the reference configuration remain orthogonal in the current configuration.

15.4 Change in Area

An oriented element of area in the reference configuration is given by

NdA = dX, x dX,
= €€, (dX);(dXp),

and is deformed into

nda = dx, X dx (15.11)

in the current configuration. Substituting (15.2) into the component form of (15.11) yields
n; da = €ijk [Fjr(dXA)r] [st(dXB)s]
Multiplying both sides by F;, gives

niFy da = [eFyF Fi] (dX,),(dXp);
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The term in square brackets can be written in terms of the determinant of F (5.3). The result is

nF.da=¢€

it rst det(F)(dXA)r(dXB)s
Reverting to coordinate-free notation gives

n-Fda = det(F) dX,, x dXp
= det(F)N dA

and then multiplying (from the right) by F~! gives Nanson’s formula relating areas in the
current and reference configurations:

nda = det(F)(N - F~1)dA (15.12)

15.5 Change in Volume

An element of volume in the reference configuration is given by the triple scalar product of
three line segments dX,, dXp, and dX

dV =dX, - (dXp X dX() = €;;(dX,);(dXp),(dX ),
Similarly, an element of volume in the current configuration is
dv =dxy - (dxg X dX() = €,,(dx,),(dxp),(dxc),
Substituting (15.2) and rearranging gives
dv = €, F;F;Fp(dXy);(dXp),(dX o)y
Again using (5.3) gives
dv = det(F)e;; (dX,);(dXp);(dX )i
and reverting to coordinate-free notation gives
dv = det(F)dX, - (dXp x dX) (15.13)
Defining J as the ratio of current to reference volume elements gives

dv Po
J=—=— =det(F 15.14
w5 (F) ( )
Because the ratios dv/dV and p,/p must be strictly positive, det(F) > 0, establishing that F~!
does exist. That det(F) > 0 is identical to the condition (13.5) confirms the earlier assertion
that the motion can be inverted (13.2).
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Because of (15.6) and the result of Example 5.3
det(C) = det FT det F = (det F)?

and (15.13) and (15.14) can be expressed in terms of C. Similarly, changes in the length of
lines and angles are expressed in terms of C (rather than F alone). Hence, it is C that describes
deformation. The expression for the change in area (15.12) involves F because a change in
area can occur by pure rotation without deformation.

15.6 Polar Decomposition

In the discussion of shear and angle change following (15.10), we noted that a triad in the
directions of principal stretch ratios remains orthogonal after deformation. That is, the shear is
zero for two lines in the principal directions of C in the reference configuration. Consequently,
we can imagine the deformation to occur in the two steps shown schematically in Figure 15.3:
First, a pure deformation that stretches line elements in the principal directions to their final
length; then a rotation that orients these line elements in the proper directions in the current
configuration.
The deformation is given by

dx' = U-dX (15.15)

Because U is the deformation tensor that stretches line elements in the principal directions, it
has the same principal directions as C and has principal values that are equal to the principal
stretch ratios. Hence, the principal axis representation of U is

U = A/NGN; + ANy Ny + ANy Ny

Reference Configuration N,

Ny N, Current Configuration

Pure @ Ayny
deformation:

Alnl
A/INII

N </

n A/N/

AIII n mn

I
Pure rotation:

Figure 15.3 Illustration of the polar decomposition of deformation into a pure stretching and a pure
rotation.
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where U = U”. Note that although U does not change the right angle between principal
directions, in general the angles between lines that are not oriented in the principal directions
will change.

Then the principal directions in the reference configuration are rotated into their proper
orientation in the current configuration:

dx =R - dx’ (15.16)

R is an orthogonal tensor corresponding to a pure rotation, so that the lengths of line segments
will be preserved (Chapter 2). Combining (15.15) and (15.16) yields

dx=F-dX=(R-U).dX

Thus, the deformation gradient tensor is decomposed into the product of a pure deformation
tensor and a rotation tensor:

F=R-U (15.17)
Substituting (15.17) into the expression for the Green deformation tensor (15.6) gives
C=F . F=U"-U=1
Formally, we can write U = \/E, but this operation can be carried out only in principal axis
form. In order to calculate the components of U from C it is necessary to express C in principal
axis form, take the square roots of the principal values, then convert back to the coordinate

system of interest.
Alternatively, we could have rotated first, then stretched. This leads to

dx=V- .-R-dX
where
V=47 gy + A gy + Ay,
and
ng =R -Ng
The rotation tensor is given by the dyad
R = ngNg
and U and V are related by
V=R-U-R”

Thus, U and V have the same principal values but their principal directions are related by the
rotation tensor R.
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15.7 Example

Show that an infinitesimal sphere in the reference configuration
dX-dX =1 (15.18)

deforms into an ellipsoid in the current configuration with semi-axes given by the principal
stretch ratios and with axes aligned with principal directions in the current configuration.
We begin with

dX=F"'.-dx=(V-R)'-dx=(R"-V!). dx (15.19)

where we have used R™! = R’ Similarly,

T

dX = dx- (F')" =dx- (R”- V)" =dx. (V-'7.R) (15.20)
Substituting (15.19) and (15.20) into (15.18) yields
dx- (V1T v ) dx =1 (15.21)

Writing V™! in principal axis form

V_ ! = Z AKnKnK
K=LI11111

and substituting into (15.21) yields

()’I dx - n1)2 + ()’H dx - n][)2 + (AIH dx - n]”)z =1

Exercises
15.1 Show that C is symmetric.
15.2 Show that det F = det U.

15.3 The motion of a continuum is given by

x; = acos(0)X; + fsin(6)X,
X, = —asin(0)X; + f cos(6)X,

X3 =X3

where «, f, and 0 are constants.

(a) Determine the deformation tensor F.
(b) Determine the deformation tensor C.
(¢) Determine the deformation tensor U.
(d) Determine the rotation tensor R.

(e) Determine the principal directions of V.
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154

15.5

15.6

15.7

15.8

15.9

15.10

15.11

15.12

The definition of the velocity gradient tensor L involved the gradient with respect to the
current coordinates [V(...)]; = d(...)/dx;, whereas the deformation gradient tensor
involves gradients with respect to the reference coordinates [Vx(...)]; = 0(...)/0X;.
Show that for a position-dependent vector u, these gradients are related by

Vxu=F". (V,u)

Show that the magnitudes of the areas in the current and reference configurations are
related by

g—f‘=det(F)\/N-C—l -N

Show that the angle ® between two lines in the reference configuration that are in the
directions n4 and ng in the current configuration is given by

cos®=4;'2;'n, B! -y
where A, and Ay are the reciprocals of stretch ratios in directions n, and ny in the
current configuration.
Show that the ratio (dA/da)? is given by
(3)

2) =J2%n-B-
da) n n

where the area element with magnitude da has the unit normal n.

Show that the deformation tensor U is symmetric in any rectangular Cartesian coordi-
nate system (and, hence, in any coordinate system).

Show that
An=F- N

A simple shear deformation deforms a unit square into a rhombus as shown in Fig-
ure 13.4 and is described by

X1 = X] + ]/Xz, Xy = X2, X3 = X3

Determine the deformation gradient tensor F and the Cauchy deformation tensor
C=F"F

For the simple shear deformation of Problem 15.10 use the formula (15.7) to compute
the stretch ratios of both diagonals and verify your results using geometry.

For the simple shear deformation of Problem 15.10 with y = 1:

(a) Compute the principal values of C.

(b) Compute the principal stretches. [Answer: A; = 1.681]

(¢) Compute the angle that the principal direction corresponding to the largest prin-
cipal value of C makes with e;. [Answer: 58.3°]
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15.13 For the simple shear deformation:
(a) Show that the principal stretch ratios (in the reference state) can be expressed as

a=/1+/2?+(/2)

(b) Show that the corresponding principal directions are given by

Ny =RE - ¢
where

Rl = cos(®)(e;e; + eye,) + sin(O)(e,e; — eje,) + ese; (15.22)

and tan(®) = «a.
(c) Show that the components of the deformation tensor U are given by

Uy, = acos’(©) + o~ sin?(@) = —2%
az+1
U,=U, = (a — a_l) cos(®) sin(®) = o~ 1
12 21 e
3, -1
Uy, = a~' cos2(©) + asin?(@) = L%
2 (®) (®) 211
U33 = 1

15.14 For the simple shear deformation:
(a) Show that the rotation tensor R is given by

R = cos(w)(e;e; + e,e,) — sin(w)(e,e; — e e,) + e;e;
where tan @ = y /2. Thus, the principal directions in the current state are given
by
nNg = RE - €

where RE has the same form as in (15.22) with ® replaced by § = © — .
(b) Show that® + 0 = /2.
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Strain Tensors

16.1 Material Strain Tensors

For an appropriate material strain tensor, we want it to characterize line length, angle, and
volume changes but to be independent of any rigid rotation. For finite strain, there are many
possibilities but it is sensible that they all agree with the small-strain tensor when strains are
indeed small. Thus, a material strain tensor is defined by the following requirements (Hill
1968):

1. Has the same principal axes as U.
2. Vanishes when the principal stretch ratios are unity.
3. Agrees with the small-strain tensor.

The first requirement constrains a material strain tensor to have the following principal axis
form:

E = f(APN/N; + f(A;p)Ny Ny + f(A )Ny Ny (16.1)

where the N are the principal directions of U, the Ag are the principal stretch ratios (the
square root of the principal values of C), and f(A) is a smooth and monotonic, but otherwise
arbitrary, function. By construction, a material strain tensor is symmetric, E = E”. The second
requirement restricts the value of £(1) = 0 so that E = 0 when U = I. The lastrequires f/(1) = 1
so that E agrees with the small-strain tensor. To demonstrate this, we expand f(A) about A = 1:

SR =fM)+f MDA -1)+ %f”(l)(/\ -7+

Using f(1) = 0, f/(1) = 1, and retaining only the linear term yields

fA)=A—-1

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.
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Thus, the principal values of E reduce to change in length per unit (reference) length for
principal stretch ratios near unity.
The most common choice for the scale function f(A) is

FA) = %(A2 ~1 (16.2)

Substituting (16.2) into (16.1) and combining terms defines the Green (Lagrangian) strain
tensor

EG=%(UT-U—I)

This is a convenient choice because U?> = U7 - U can be calculated directly from the deforma-
tion tensor F:

EC = %(FT-F—I) (16.3)

Determining U (or any odd power of U) requires first finding the principal values and directions

of C. For arbitrary stretch ratios, the normal components of the Green—Lagrange strain do not

give change in length per unit reference length but, as indicated by (16.2), the current length

squared minus the reference length squared divided by two times the reference length squared.
The component form of (16.3) is

1

i
Ej = 5 (FiFiy = 85) = 5 (FuFy = 8) (16.4)

or using (15.1), Fy,; = 0x;,/0X;, gives

dx, 0
o e Sl SRS (16.5)
i T2\ oX;0x;, U

G . . . _ .
Eij can be expressed in terms of the displacement components i, by noting that x; = X + uy:

1 ( ou; Ouj  Ouy duy
ES=-{ —t+—+—— 16.6
D) { oX; = 0X;, = 0X; 0X, (16.6)

Although the choice of (16.2) is the most common one for the scale function, there are many
other possibilities. Perhaps the most obvious extension of small strain is to choose

FA) = A—1= change in length
h " reference length

Using (16.1) to convert to tensor form yields

EV=U-1 (16.7)
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This is a finite strain measure that was introduced and used by Biot (1965), but has the
drawback that it cannot be expressed directly in terms of F. Another possibility corresponds
to defining normal strains as change in length per unit current length:

E-V =1-U"!

Still another possibility is logarithmic strain, corresponding to the scale function f(A) =
In A. This is often used as the large-strain measure for uniaxial bar tests. This one-dimensional
measure can be extended to a tensor version in a manner similar to other finite strains:

EM™ =1nU

Thus E™ has the same principal directions as U but principal values that are the logarithms
of the principal stretch ratios. The operation implied by the right side of only makes sense in
principal axes form; for axes that are not aligned with the principal directions, the components
of E™ are not the logarithms of the components of U.

A form of the scale function that includes all of these strain measures as special cases is
(Ogden 1997)

FA) = L - 1) (16.8)
m

If m is even, the strain can be written directly in terms of the deformation gradient. The
Green—Lagrange strain (16.3) corresponds to m = 2, and (16.7) to m = 1. The limit m — 0
yields the logarithmic strain measure.

16.2 Spatial Strain Measures

We can define a class of spatial strain measures in a manner analogous to the material strain
measures. The spatial strain measures have the same principal axes as V

e = g(Apnm; + (A mymy + g(Ay)nymyy, (16.9)

and the same requirements on the scale functions: g(1) = 0 and g’(1) = 1. In (16.9) we use
A= A~! = dS/ds to emphasize that we are working in the current configuration.

The most commonly used spatial strain measure is the Almansi strain corresponding to the
scale function

1
g = (-2
Converting to tensor form yields

A_ 1 (~DT -1
=—4{I-F -F 16.10
' =5 } (16.10)
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Expressing this in terms of Cartesian components gives

1 11
o = 65— F' By} (16.11)

The components of e* can be expressed in terms of the displacement components by noting
that

where now the displacements are regarded as functions of spatial position x (Eulerian descrip-
tion) rather than position in the reference configuration X. Hence, the components of F~! are
F.1 = 0X,,/ox, or, in terms of the displacements,

ou

Fl=s,, -2 (16.13)

Substituting into (16.11) yields

ou; Ouj  Ouy ou
Ao L] T Ot T (16.14)
Yo 2\ ox; ox; 0x; Ox

By comparison to the component expression for the Green—Lagrange strain (16.6), the sign
of the last term is changed and the derivatives are with respect to position in the current
configuration. Neglecting the last nonlinear terms reduces (16.14) to the expression for the
small-strain tensor in which the distinction between the current and reference positions is
neglected.

16.3 Relations Between D and Rates of E¢ and U
16.3.1 Relation Between E and D

Because D expresses the rate of deformation, we expect that there is a relation between D and
the rate of strain, in particular the rate of the Green—Lagrange strain.
Differentiating the relation (15.2) yields an expression for dv:

dv="F.dX
Using (15.2) and comparing to (14.2) yields
F=L-F (16.15)

Differentiating the expression for the Green—Lagrange strain (16.3) gives

KO = (¥ F+F' ¥}
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Substituting (16.15) and rearranging gives
EC=F'.D.F (16.16)

Thus, E¢ = 0 when D = 0. This is a property of any material strain tensor (its rate vanishes
when D = 0) and, hence, reinforces the interpretation of a material strain measure.

Rates of the spatial strain measures do not vanish when D vanishes. For example, consider
the rate of the Almansi strain (16.10)

-A:_l{g 17\ -1 4 =17, 4 (-1 }
== { L FT)F 4 ET 2 (F ) (16.17)

In order to calculate the rate of F~!, we begin with
F'.F=I
Differentiating and then solving for d(F~!)/dt gives

%(F‘l) - F.p.F!

This illustrates the general procedure for determining the derivative of the inverse of a tensor.
Using (16.15) gives

4 p1y = 1.
G (F)=-F'L

Substituting into (16.17) and rearranging gives
¢ =D-L"-e* ¢ L
When D = 0, ¢ does not vanish but is
A=Wl At W
Consequently, &' depends on the spin tensor and, in general, would not be suitable for use in a
constitutive relation because the material behavior is affected by rigid rotation. This motivates

the definition of a special rate that does vanish when D = 0:

M=t WA et W

16.3.2 Relation Between D and U

We can also examine the relation between D and U. Rewriting (16.15), substituting (15.17),
and rearranging yields

L=R-RT+R-U-U'.RT (16.18)
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The first term R - R is antisymmetric. Substituting (16.18) into (14.4) yields
1 S —1T 1T T
D=-R-{U-U U .U R
R0 U )
Similarly, substituting into (14.5) yields
W=R-R'+ R {00 - U7 U} R

Although U is symmetric, in general the product U - U~! is not and, thus, the spin depends on
the antisymmetric part of U - U™,

Exercises
16.1 Carry out the details leading from (16.11) to (16.14).
16.2 Carry out the details leading to (16.18).

16.3 Investigate the material strain measure E(- corresponding to choice of the scale
function f(A) = %(1 —A72).
(a) Show that

@ _lig_ e
E _2{1 c}

(b) Show that the Cartesian components of E(-%) are given by

o _ 1 (w0 ou; 04
i 2\0x;  0x;  Ox; 0x

and compare to the Cartesian component form of e?.
(c) Show that E?) is related to the Almansi strain measure e by

eA =R. E(_z) . RT

16.4 Consider the spatial strain measure based on the scale function g(4) = %(2‘2 - 1.
(a) Show that

(—2)21 B-1
e 2{ }

(b) Show that the Cartesian form of e=2) is

e(_z)zl %4.%4_%%
ij 2\ 0X; ' 0X; ' 09X, dX,
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16.5

16.6

16.7
16.8

16.9

16.10

16.11

(c) Show that (=2 is related to the Green—Lagrange strain measure EC by
e =R.E¢.R’

By expanding In A about A = 1 show that the logarithmic strain E!™ can be expressed
as the following series:

E(ln)=(U—I)—%(U—I)2+%(U—I)3+...

Show that the principal values of the Green—Lagrange strain measure Eg are related
to those of the Almansi strain e/;( by

G
EK

= G
1+2EK

K

Beginning with R - R” = I, show that R - R7 is antisymmetric.

Show that when the principal axes of U are fixed (do not rotate), D has the interpretation
of the logarithmic strain rate in the current configuration.

Show that
J=JuL=JtrD
beginning with
J = det(F) = €3 F; 1 FpFy3

[Hint: Write J = F 1 F 3y, Thenshow thath, . changes sign with the interchange

of two indices, vanishes when two indices are equal, and that 4,3 = tr L.]

Begin with Nanson’s formula (15.12) and show that
d
—(da)={trL—n-L-n}da
dr

(a) Show that

(b) Show that

A/A = l’lll’l]Ql] + flkl;lk
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where Q;; is the spatial gradient of the acceleration:

_ 1 aa[ aaj
Q= 2{0xj+()x-

1
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Linearized Displacement Gradients

We now want to show that the deformation and large-strain measures reduce to the usual
expressions for small strain when displacement gradients are infinitesimal. This is a useful
exercise even though the result is expected because the large-strain measures have been
constructed to have this property. The displacement is the difference between the positions in
current and reference configurations u = x — X or, in component form, u; = x;, — X.

The deformation gradient tensor (15.1) is then

()xi aul
or, in symbolic, coordinate-free form
F =1+ (Vxu) (17.2)

where (Vxu)” is the displacement gradient tensor and the subscript X emphasizes that the
gradient is with respect to position in the reference configuration. We have shown that all
the geometric measures of deformation, changes in the length of lines, changes in angles,
and changes in volume can be expressed in terms of the Green deformation tensor C (15.6).
Expressing C in terms of the displacement gradient yields

C =1+ (Vxu)! + (Vxu) + (Vxu) - (Vxu)? (17.3)

or, in component form,

Como v (244 20 4 O (17.4)
T \ex; T ox;) T oX; 0X; '
We assume that the magnitude of the displacement gradient is much less than unity
%Ml o1 (17.5)
0X; '

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
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and define the infinitesimal (small) strain tensor as

1 (0w Oy (17.6)
£ij = z + i = gji /.
or
5——1 (V u+(V u)T> 17.7)
5 \Vx X .

Because of the assumption (17.5), the last terms in (17.3) and (17.4) can be neglected. Thus,
CxI+2¢ (17.8)
or
Cij ~ 6; + 2¢;; (17.9)
Now we use these to linearize the geometric measures of deformation and express them in

terms of the infinitesimal strain tensor.

17.1 Linearized Geometric Measures
17.1.1 Stretch in Direction N
The stretch ratio in direction N is given by (15.7). Substituting (17.8) yields

A~{N-(I+2)-N}/2=1/1+2N-¢-N
Retaining only the linear term in the expansion
(I+x0)"=1+nx+... (17.10)

gives

Ar1+N-€-N 17.11)
Therefore, to first order, the normal components of the infinitesimal strain tensor give the
change in length of a line in the N direction in the reference configuration divided by its length
in the reference configuration:

N-e-N=A-1

For example, if N = e, then £, is the change in length of a line segment originally in the X
direction divided by its original length.
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17.1.2  Angle Change

The current angle between lines that were in directions N4 and N in the reference configuration
is given by (15.9). Writing the current angle 0 in terms of the angle in the reference configuration
©® and the change y = ® — 6 gives

NA‘C‘NB

®—-y)= 17.12
cos {@ -y} A (17.12)
When N, and Nj, are orthogonal, i.e., N4+ Np = 0, (17.12) reduces to
N,-C-N
siny=—42—_ 8 (17.13)
Aalg

where y is the shear. Approximating siny by y, substituting (17.8) and (17.11) into (17.13),
and linearizing yields

y ~2N, -&-Np (17.14)

For example, if Ny, = e; and Ny = e,, y = 2¢,. Therefore, €, is one-half the change in angle
between lines originally in the X; and X, directions.

17.1.3  Volume Change

The ratio of volume elements in the current and reference configurations is given by (15.14)

dv
Y det(F
qy ~ de®

Substituting (17.1) and expanding the determinant yields

dv _ P 5+an 5y 4+ 2
av ~ R \%n T ox, )\ T ox, ) \%B T ax,

Carrying out the multiplication but keeping only the linear terms in the displacement gradient
components gives

L L L N S
— = — +—+—=1+4¢g +ep+eE
av 0X,  0X,  0X; ez T Ess

Thus, the change in volume divided by reference volume is the trace of the small-strain tensor.
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17.2 Linearized Polar Decomposition

The polar decomposition is given by (15.17), F = R - U, where F is given by (17.1) or (17.2).
To determine the linearized form of U = 1/C, we begin by expressing the approximation of
C, (17.8) or (17.9), in principal axis form

C= (1+2e)N;N; + (1 +2€;)NyNy + (1 + 25NNy (17.15)
and obtaining
U=VC~xV1+2eNN, + ... (17.16)
Linearizing using (17.10) then yields
U=(14+¢)NN; + ... 17.17)
Reverting to coordinate-free form yields
UrI+e (17.18)
or, in terms of Cartesian components,
Uj=o;teg; (17.19)
The linearized form of the rotation tensor is determined from
R=F. -U"! (17.20)
By means of the same procedure as in (17.15) to (17.19), the linearized form of U~! is
UlxI-¢ (17.21)
Substituting (17.21) and (17.2) into (17.20) and neglecting second-order terms gives
R~ I+ (Vxw') - I-¢)
~ 1+ %((qu)T - (Vxw)

The final term is the infinitesimal rotation tensor

Q= % [(Vxw) — Vxu] (17.22)

or in component form
Q. == =2 -— 17.23
Vo2 <c)Xj 0X; ( )
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Thus, the multiplicative decomposition (15.17) reduces to the additive decomposition of the
displacement gradient tensor into the symmetric infinitesimal strain tensor and the skew-
symmetric infinitesimal rotation tensor

(Vxu) =+ Q (17.24)

17.3 Small-Strain Compatibility

If the displacements u; (X;, ) are known and differentiable, then it is always possible to compute
the six strain components
E.= — | — —
vo2 X; 0X;

Because there are six strain components calculated from three displacements, some relations
must exist between the strain components. That is, the small-strain components must be
compatible. A mathematically analogous, but simpler situation occurs when force components
P; are calculated from a scalar potential ¢:

P=V¢ (17.25)

where the gradient is with respect to displacement components u;. In general, the force
components are independent, but if they satisfy (17.25) then they must also satisfy

VxP=0 (17.26)
This requires, for example, that

oP, _ opP,

0u2 - aul

This condition is obtained from the X; component of (17.26) or by substituting the force
components from (17.25) and noting that the derivatives of ¢ with respect to X; and X, may
be taken in either order.

The equations of small-strain compatibility can be obtained in similar fashion by differen-
tiating the strain components, writing them in terms of displacements, and interchanging the
order of differentiation. An example is the following:

21010 = ty012 Uy 12

= Uy 120 T Up001

= €110 T €1
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where, for brevity, derivatives are denoted by du;/0X; = u;; etc. Similar manipulations yield
five additional conditions:

€033+ €3320 — 262323 =0

€3311 +€1133 = 263131 = 0

—e1103 + (—€031 +E312 + 512,3),1 =0
—en 13+ (231 — €310+ 512,3),2 =0
—e33,12 + (€231 + €312 — 512,3),3 =0

All six can be summarized concisely as
Vg X (Vx x €)1 =0 (17.27)
or

€irs€ipg€sqrrp = 0 (17.28)
Malvern (1988, p. 187) explains that of these six only three are independent. Nevertheless, it is
generally more convenient to use all six but recognize that they provide only three independent
conditions.

Thus, if the strains are written in terms of displacements, the conditions (17.27) or (17.28)
are necessary for the strains to be compatible. On the other hand, if the strains are known, what
conditions are sufficient to guarantee that the strain components can be integrated to yield a
single-valued displacement field? To visualize the meaning of this, imagine cutting the body
into small (infinitesimal) blocks. Assign a strain to each block. Generally the body will not
fit back together. There will be gaps, overlaps, etc. That is, the displacement field will not
be single valued unless the strains assigned to the blocks are compatible. It turns out that the
conditions (17.28) are also sufficient (at least in simply connected bodies; if the body is not
simply connected additional conditions are needed).

Again the situation is mathematically analogous to a simpler one. Consider the increment
of work dW due to the action of the force P on the displacement increment du

dW =P . du

In general, dW is not a perfect differential. That is, work is a path-dependent quantity and the
line integral

W=/P-du (17.29)
c

will have different values if calculated on different paths between the same two points. It
follows that the integral around a closed path will not be zero. Work will, however, be
path independent if it is equal to the change in energy, or if, in other words, the system is
conservative. A condition guaranteeing that this is the case is the same as (17.26)

VxP=0 (17.30)



Linearized Displacement Gradients 135

If this condition is met, the force can be represented as the gradient of a scalar potential
function (17.25). Hence, (17.30) is necessary and sufficient for the force to be the gradient of
a scalar function and the work to be equal to a change in energy.

The situation is similar but the details are more complicated for strain compatibility because
the strain is a tensor. Consider the conditions for which the displacement gradient field can be
integrated to give a single-valued displacement field

uP—u0=/du=/(VXu)T-dX (17.31)
C C

where u” is the displacement at point P, u? is the displacement at O, and C is any path joining
P and O. Using (17.24) and expressing in index notation, (17.31) becomes

C

Expressing the second term on the right in terms of the infinitesimal rotation vector Q;; = €Wy
yields

ul —uf = / (e + €gwpdX; (17.32)
C

Analogous to (17.29) and (17.30), a sufficient condition guaranteeing that the integral (17.32)
is independent of path is that the curl of the integrand must vanish. This operation yields

+ Wiy =6 0 (17.33)

€ipg€qs.p isWpp =

but the second term on the right side vanishes because the divergence of the rotation vector is
zero. Operating on both sides with €;,,0, yields (17.28).

rs

Exercises
17.1 Fill in the details of linearizing (17.13) to get (17.14).
17.2 Fill in the details of obtaining (17.21).

17.3 Derive the linearized form of Nanson’s formula (15.12) relating area elements in the
current and reference configurations.

17.4 Show that the divergence of the rotation vector vanishes.

17.5 Show that applying the curl to the integrand of (17.32) and setting equal to zero results
in (17.33).

Reference

Malvern LE 1988 Introduction to the Mechanics of a Continuous Medium. Prentice Hall.






Part Four

Balance of Mass,
Momentum, and
Energy

In this part we develop forms for the conservation of mass, momentum, and energy appropriate
for application to a continuum. The starting point is application of these laws to a group of
materials or element of mass that involves integration over volume elements. Consequently,
preparatory to derivation of the balance laws, we need to discuss manipulation of the types of
integrals that occur.
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Transformation of Integrals

To derive equations expressing the conservation of mass and energy and balance of angular and
linear momentum, we will repeatedly use the divergence theorem or Green—Gauss theorem.
The theorem relates the integral of the divergence over a volume to an integral over the
bounding surface with outward normal n. For a vector u the theorem is

/V-udV:/n-udS (18.1)
1% s

where V is the volume, S is the bounding surface, and n is the unit outward normal on S. The
following related theorems for a scalar function ¢ and a tensor function F have the same form:

/V¢dV=/n¢dS
\% N

/V-FdV:/n-Fds (18.2)
\% S

Aris (1989) and Kellogg (1954), or other books on potential theory have extensive discus-
sions of this theorem. Here, for simplicity, we will consider a planar version:

aux auy
W \ar Ty ) = [ Lty ds (183)

As shown in Figure 18.1, the curve C, composed of segments C| and C,, encloses the area
A and is traversed in a counterclockwise direction. Figure 18.2 shows the components of the
outward normal and an element ds of the curve C. Although it is usually written in different
form, this is Green’s theorem in the plane.

To prove this theorem note that the double integral of the second term on the left of (18.3)
can be carried out by first integrating in y for a vertical strip of width dx (Figure 18.1). The
limits of integration are given by the curves y;(x) and y,(x) that make up C; and C,. Then the
integration in x is carried out by sweeping this strip from left to right. Because du,/dy is a
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Figure 18.1 Definitions for derivation of Green’s theorem in the plane.

perfect differential, the integration in y is simply

duy b y2(%) duy
/ —dxdy=/ dx —(x,y) dy
4 0y a i 0y

b
/ L1, (v, y2 () — 1, (x, ¥y ()] dx

a b
—/ Uy (x, y(x)) dx — / uy(x, yp (x)) dx
b a

=—/uydx
C

The third line follows by inserting a minus sign and interchanging the limits of integration in
the first term. The last line follows by noting that the sum of integrating over the curves y; (x)
and y,(x) in the same direction is an integral around the closed curve C. Writing

dx

dx = —ds = —sina ds
ds

X

Figure 18.2 Expressing Green’s theorem in the plane in terms of the normal and tangent vectors to the

curve.
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- ds-
dx,
o) )2 =4
n+
ds*

X3

— Xy

X2

Figure 18.3 Schematic of integration over a columnar element in the x, direction.

and noting that n,, = sin « gives the second term on the right side of (18.3). Integration of the
first term follows in the same way but by first using a horizontal strip of height dy.

Proofs of the three-dimensional version (18.1) are similar but use integration along columnar
elements as illustrated in Figure 18.3. Integration in the x; direction becomes

/ai(...)dxl dx, dx3=/ (...)+dx2dx3— (...)" dxy dx;
y 0X1 S+ s-

where the right side is the contribution from the ends of the column. Noting that
dx, dxz = n;r dst = —ny ds”

and adding the contributions from all the columns gives

0
— (...)dx; dxp dxz = ...)d
ottt = [

Treating the partial derivatives with respect to x, and x5 in the same way and adding the results
establishes the theorem.

The curve in Figure 18.1 is a special one because vertical and horizontal lines intersect
the curve in no more than two points. Nevertheless the theorem applies for more complicated
curves such as those shown in Figure 18.4 and the method of proof used above is easily
modified for these cases. For the curve on the left a vertical line can intersect the curve in four
points. This difficulty is easily overcome, however, by inserting the dotted line as shown and
applying the method to each part of the area separately. The dotted line is traversed in opposite
directions for each part and, thus, as long as the integrand is continuous, the contributions
cancel.

On the right in Figure 18.4, the area of integration A has a hole so that there is an interior
and exterior boundary. Again, demonstration of the theorem proceeds in the same way after
connecting the interior and exterior boundaries by the dotted line. If the integrand is continuous,
the portions of the integral over the dotted line cancel since they are traversed in opposite
directions. Note that the resulting contour C is counterclockwise on the exterior boundary and
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Figure 18.4 Curves for which vertical or horizontal lines intersect the boundaries in more than two
points.

clockwise on the interior boundary. On both boundaries the normal n points out of the area A.
In other words, a person walking on the contour in the direction shown would have the area A
to their left and the normal n to their right.

A similar argument can be applied to integration over columns illustrated in Figure 18.3.

Exercises

18.1 Carry out integration of the first term on the left side in (18.3) to obtain the first term
on the right side.

18.2 Express the surface integral over a closed surface S as a volume integral over the
enclosed volume V if the integrand of the surface integral is:
(@ n-o-v

(b) €rmsXmOjsh;

Figure 18.5 Volume V with a bounding surface S. L is a surface of discontinuity with normal n and
positive and negative sides as shown.
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18.3 Modify the divergence theorem applied to the stress tensor o

/V-o-dV=/n-o-dS
1% s

for the case in which the traction t = n - ¢ is discontinuous across an internal surface L
contained in V as shown in Figure 18.5. (Be sure to define all terms that enter.)

References
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Conservation of Mass

In this chapter, we derive equations expressing the conservation of mass for a continuum.
The methods we develop here will be used in succeeding chapters to derive equations for the
balance of momentum and conservation of energy.

The total mass in a reference volume V is

m=/p0(X)dV
|4

In the current configuration, this same mass occupies the volume v:

m=/po(X)dV=/ p(x, H)dv (19.1)
\%4 v(t)

Because mass can be neither created nor destroyed the rate of change of mass must vanish:
dm/dt = 0. Differentiating (19.1) yields

d p(x,1)dv=0 (19.2)
dr Jye

Because the current volume v occupied by a fixed amount of mass changes with time, the
integration volume in (19.2) depends on time. In Section 19.2 we discuss how to compute
directly the derivative of an integral over a time-dependent volume. First, however, we intro-
duce another approach by converting the integral to one over the reference volume. Since the
current and reference volume elements are related by dv = JdV where J = det(F), we can
rewrite (19.2) as an integral over the reference volume

i/p[x(x,r),zudv=0
dr Jy
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The integration variable is now position in the reference configuration X rather than position
in the current configuration X, and J is the Jacobian of the change of variable. Because the
reference volume is independent of time, we can take the derivative inside the integral

/{Jip+pj} dv =0 (19.3)
y U dr
Problem 16.9 outlines how to compute the derivative of the Jacobian J. The result is

J=JuD=JuL=JV-v (19.4)

Substituting into (19.3) yields

d
4V, }JdV:O
/V{dtp pYov

Now the integration can be changed back to the current volume

d
/ {—p+pV-V}dV=O
vy L df

Using the expression for the material derivative of the density, (13.12) or (13.11), we rewrite
the integrand as

0
/ {—”+V-(pv)}dv=0 (19.5)
V() ot
Using the divergence theorem on the second term gives
dp
—dv+ n-vpda=0 (19.6)
v Ot a(t)

Because d/0r is the time derivative with the spatial position fixed, it can be taken outside the
integral. Thus, the first term is the rate of change of mass instantaneously inside the spatial
volume v(¢).

The second term in (19.6) is the rate of change of mass in v due to flow across the surface of
v, i.e., a (Figure 19.1). Since n is the outward normal, the integral is positive for flow outward.
During a time increment At the mass passing through da sweeps out a cylindrical volume

dv=n-vAtda (19.7)

where v is the material velocity. Therefore the mass outflow is pv - nA¢ da. If we had begun the
derivation by considering a control volume fixed in space, then the result would had the same
form as (19.6). Although the concepts of following a fixed amount of mass or considering the
change of mass in a control volume are different, the results must be the same.
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v
n
n-vAt
VAL
da
da

Figure 19.1 Illustration of the flux across a surface element da.

Because (19.5) applies for all volumes v containing a fixed amount of mass, the integrand
vanishes and

L4V (W =0 (19.8)

is the local form of mass conservation in the current configuration. This equation can be written
in several alternative forms. Expanding the second term gives

P
a—€+V-Vp+pV-V=0

Using the material derivative gives

dp

— V-v=0 19.9

g vy (19.9)
Rearranging gives

1dp

-—=-V. 19.10

S dr v ( )

The left side of (19.10) is the fractional rate of volume decrease. The right side gives an
interpretation of the divergence as the flux out of a volume. Using (19.4) we can rewrite
(19.10) as

d
3 () =0 (19.11)

Integrating yields
pJ = constant = p,
This is a local expression of (19.1).

For an incompressible material dp/dt = 0, not dp/dt = 0. (Note that to say a material is
incompressible does not mean that it is rigid (non-deformable). The material can deform
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but in such a way that the volume remains constant.) It follows that for an incompressible
material

V.-v=0 (19.12)
In this case the velocity vector v can be expressed as the curl of a vector ¥:
v=Vx¥

A velocity of this form automatically satisfies (19.12).

19.1 Reynolds’ Transport Theorem

In examining the other balance laws, we will encounter the derivative of integrals of the
following form over a volume in the current configuration containing a fixed amount of mass

=4[ sxnAxdy (19.13)
dr 0)

where A(X, t) is a vector or scalar quantity that is proportional to the mass, e.g., kinetic energy
per unit mass, momentum per unit mass. As in the preceding section, the complications of
differentiating an integral over a time-dependent volume are circumvented by converting to
integration over the reference volume

1= d%/p(x[X,t],t)A(X[X, t],)JdV (19.14)
\'%
Now, the derivative can be taken inside the integral
I= / {Jp(X[X, t],t)%A(x[X, t],t)}dV (19.15)
v

where the other terms vanish because of mass conservation in the form (19.11). Converting
the integral back to the current volume gives

I = / p(x, t)iA(x, 1) dv (19.16)
V(o) dr
Equating (19.13) and (19.16) yields

d p(x,t)A(x,t)dv:/ p(x,t)d%A(x,t)dv

dr Sy V(1)
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Hence, if the integral is over a volume that encloses a fixed amount of mass, the material
derivative can be taken inside the integral to operate only on A(X,?). This is Reynolds’
transport theorem.

19.2 Derivative of an Integral over a Time-Dependent Region

An alternative approach to dealing with integrals in (19.2) that are over a time-dependent
volume is to fall back on the fundamental definition of a derivative. Because the volume of
integration encloses a fixed set of material particles, the volume changes with time. We must
take this into account in computing the derivative. Let v(¢) be the time-dependent volume and
n - v be the normal speed of points on the boundary of v. We want to compute

d

. 1
— ox,t)dv = lim — {/ Ox,t+ Af)dv — o(x, 1) dv} (19.17)
dr Jy Ar=0 A1 Jyean V(o)

where Q(x, f) is the spatial description of some quantity defined everywhere in v(f). We can
write the volume at 7 + At as

v(t+ At) = v(t) + [v(t + Ar) — v(1)]

Therefore, (19.17) becomes

4 Q(x.ndv = lim {i {Q(x,t+At)—Q(x,t)}dV}

dt v(t) A0 | At V()

. 1
+ lim {—/ Q(x,t+At)dv}
Ar=0 | AT Syeran—va

Because the first integral does not depend on At, the limit can be taken inside the integral to

yield
. o, t+ Ar) — O(x,1)
lim dv
V() At—0 At

Using the definition of the partial derivative then gives

00
—(x,1)dv
/V(t) ot

To evaluate the second term, consider the motion of a portion of the boundary (Figure 19.1).
Equation (19.7) is the volume swept out in time Az. Therefore

d ox,t)dv = %(x, Hdv + Ox,Hn-vda

dr Jye V(1) a(f)
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The last term can be transformed using the divergence theorem applied to a control volume
instantaneously coinciding with the volume occupied by the material. Thus, the final result is

d Q(x,t)dvz/ {@(x,z)Jrv-[Q(x,t)v]}dv (19.18)
dr Sy vy L ot

If O(x, 1) = p(x,?) is the density, the left side of (19.18) vanishes because of mass conserva-
tion. Hence, the right-hand side must also vanish and, since the equation must apply for any
volume v, (19.8) is recovered.

If O(x,1) = 1, (19.18) becomes

ﬂ dv=/ V-vdv:/ n-vda (19.19)
dr Jy V(o) a(r)

reinforcing the interpretation of the divergence as a measure of the flux out of a volume.

19.3 Example: Mass Conservation for a Mixture

Mixture theory assumes that each material point can be simultaneously occupied by more than
one constituent. Consider a mixture of two phases, a solid with density p; and a fluid with
density py. If there are no chemical reactions between the solid and fluid phases then separate
mass conservation equations for each species take the form

P
§ V- (pyv,) = 0 (19.20)
op

a_:+v'(”«fv-f)=0 (19.21)

where v, is the velocity of the solid and v, is the velocity of the fluid. If there are chemical
reactions converting the solid to fluid phase and vice versa, each equation will have a term of
equal magnitude and opposite sign.

If the solid has a structure or framework, it is more convenient to combine these equations
into a single one expressing mass conservation for the fluid in terms of flow relative to the
solid phase. To this end we rewrite (19.20) as

d
a‘ps + pSV "V = 0 (19.22)

where

d. y_9 .
(=5 () +V V)
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is the material derivative following the motion of the solid. The second equation can be
rewritten as

9
5P Vs Vot (=) - Va4V eV =0

where d(...)/dt is again the material derivative following the motion of the solid. Adding and

subtracting p¢V - (v; — V) gives

d
R LAV R e A\ A DR AR

Cancelling the term p;V - v, leaves

d

Using (19.22) to replace V - v, yields

om

—+V.q=0

ot d
where

q = pp(vp—vy)

is the flux of fluid mass relative to the solid and

om 1 dpr 14y,
o '

is the change of fluid mass relative to the change of solid volume.

Exercises
19.1 Fill in the details of obtaining (19.15) from (19.14).

19.2 Evaluate (19.19) for a spherical volume with time-dependent radius R(?).
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Conservation of Momentum

20.1 Momentum Balance in the Current State
20.1.1 Linear Momentum

The conservation of linear momentum expresses the application of Newton’s second law:

Y F= d%(mv) (20.1)

To apply this to a continuum, we enforce the condition that the momentum be balanced for
a set of particles with a fixed mass. An alternative approach, as indicated in the preceding
chapter for the conservation of mass, is to focus on a control volume fixed in space but to
account for the flux of momentum in and out of the volume. (See Problem 20.3.) Let t be the
surface force per unit current area, that is, the traction. Let b be the body force per unit mass.
Application of (20.1) to a volume v(¢) enclosed by a surface a(f) gives

/ tda+/ sbav=2 [ Lvay (20.2)
a(t) V(D) dr Jye

Writing the traction in terms of the stress as n - ¢ and using the divergence theorem on the
first term yields

/ n‘ada:/ V-odv (20.3)
a(r) v(t)

Alternatively, conservation of linear momentum can be used to define the stress as that tensor
necessary to convert the surface integral in (20.2) into a volume integral. Reynolds’ transport
theorem gives the following result for the right hand side of (20.2):
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Collecting terms gives

dv
V-0'+pb—p—}dv=0
/v(t){ dr

Since this integral must vanish for any material volume, the integrand must vanish:

dv
V-oc+pb=p—
o ’ dr
or, in component form,
()O‘ij ) dvj 204
R + .= _ .
ox, phi=r3, (20.4)

This is the equation of motion. If the right hand side is negligible, then (20.4) reduces to the
equilibrium equation

— 4 pb;=0

expressing that the sum of the forces is zero.

20.1.2  Angular Momentum

Similarly, balance of angular momentum results from the statement that the sum of the moments
M is equal to the time derivative of the angular momentum L

d
ZM:EL

Applying this to a collection of material particles occupying the current volume v(¢) enclosed
by the surface a(¢) yields

(xxt)da+ (X><pb)dv=i (x X pv)dv
0 V(1) dt Sy

or in component form

d
/ €ka]tk da+ / €l]kxjpbk dv = & / p€l-ijij dv (205)
a(r) v(t) V(1)
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As before, the traction can be expressed in terms of the stress as t, = n,0y;,. Using the divergence
theorem to rewrite the surface integral as a volume integral and distributing the multiplication
yields

ale
Eijkxjtk da = Eijk 5jl°’lk + XJX dv (206)
a(t) v(t) l

Reynolds’ transport theorem can be used to write the right side of (20.5) as

d d
” /V(t) PEiX;Vi dv /V(t) pel]kdt(xjvk) v (20.7)
where
d dvy

Using the results of (20.6) to (20.8) in (20.5) yields

00'lk de
€ijk6jk dv + €ljkxj a_x + pbk - pE dv — peijijvk dv=0
v(t) v(t) 1 v(t)

The last term vanishes because ¢ is skew-symmetric in jk and v;v; is symmetric, and the
term {...} vanishes because of the equation of motion (20.4). Because the remaining integral
must vanish for all material volumes v, the integrand must be zero

€k =0
Multiplying by €;,,, summing, and using the €6 identity (4.13) gives
Cpg = Ogp (20.9)
or
c=o! (20.10)

This is a more systematic demonstration of the symmetry of the stress tensor than given in
Section 9.4.

20.2 Momentum Balance in the Reference State

In the preceding section, we expressed the balances of linear and angular momenta in terms
of integrals over the body in the current configuration. The stress tensor that entered is the
Cauchy stress o discussed in Chapter 9. Often, however, it is more convenient to use the
reference configuration. Referring the balance of momentum to the reference state introduces
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a different stress tensor. This stress tensor is not symmetric but nevertheless is consistent with
(20.9) and (20.10).

20.2.1 Linear Momentum

Let t° be the surface force per unit reference area, b be the body force per unit mass, and p,,
be the mass density in the reference state. Then application of (20.1) to a volume V enclosed
by a surface A gives

/tOdA+/p0b0dv=ﬁ/p0vdv (20.11)
A v or Jy

Note that t° and p,b® express the current surface and body force although they are computed
in terms of the reference area and volume. Also, the partial derivative, rather than the material
derivative, is used on the right side because the reference volume is not changing in time.
All the quantities in this equation should be considered functions of position in the reference
configuration X. The nominal traction can be written in terms of a stress as

t"=N.T° (20.12)
where N is the unit normal to area A in the reference configuration and T is the nominal
stress (this stress or its transpose is often called the first Piola—Kirchhoff stress) rather than the

Cauchy stress o. Application of the divergence theorem (20.3) in the reference configuration
to the first term yields

/N-TOdA=/VX-TOdV
A \'%

where the subscript X emphasizes that the derivatives in the divergence are with respect
to position in the reference configuration. Substituting into (20.11) and bringing the partial
derivative inside the integral gives

/ {Vx'TO + pobo - pOﬂ } dv =0
v ot

Since this integral must vanish for any material volume, the integrand must vanish:

V- T + pob? = pog (20.13)
or, in component form,

4

+ poh? = pp—=<
X, PoY; Poat
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The connection between the Cauchy stress ¢ and the nominal stress T? can be established
by noting that both must give the same increment of current force dP

dP=n-c6da=N-TdA

Using Nanson’s formula (15.12) relating the current and reference area elements and rear-
ranging yields the following relation between the nominal and Cauchy stress tensors:

T = det(F)F ! - & (20.14)

20.2.2 Angular Momentum

The balance of angular momentum can also be expressed in terms of the reference area and
volume:

/XXthA—i-/XXpObOdV=2/XXp0VdV
A A% ot Jy

or in component form

0
/ ety dA + / eux;poby dV = > / po€ijX;Vi AV (20.15)
A \'% \Y

Note that x, not X, appears in these expressions because the current moment and angular
momentum are the cross product of the current location with the current force and linear
momentum even though these are expressed in terms of integrals over the reference area and
volume. As before, the traction can be expressed in terms of the stress as in (20.12), and using
the divergence theorem to rewrite the surface integral as a volume integral gives

0 4A — 0 0
/ €ty 4A = / €ijk 3y 15Tt AV
A v l

In contrast to the derivation in terms of the current configuration, distributing the derivative in
the first term becomes

dxj

ox, 7

rather than 5ﬂ. Because the integral on the right side of (20.15) is over the reference volume,
the derivative can be taken inside without recourse to Reynolds’ transport theorem. When the
balance of linear momentum (20.13) is used, the only term remaining is
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Because the integral must vanish for all volumes V, the integrand must be zero
enFyTh =0
which requires that
F-T°=(F- 19" (20.16)
Because the deformation gradient F is not, in general, symmetric, the nominal stress will

not be symmetric. But since the nominal and Cauchy stress are related by (20.10), equation
(20.16) is equivalent to the requirement that the Cauchy stress be symmetric.

20.3 Momentum Balance for a Mixture

For a mixture of @ constituents, the balance of linear momentum for each constituent is given
by

ov,
Pl =—+Vv Vv, )| =V-0,+m, +p,b,

where v, is the velocity of the a constituent, o, and b, are the stress and body force on the
@ constituent, m, is a momentum exchange term, and p,, is the mass of @ per volume of the
mixture, equal to ¢,y,, where ¢, is the volume fraction of a and y,, is the mass density of a.
Summing over all constituents yields

ov
Zpaa—t"+2pava-VVa=ZV-6a+pb (20.17)
a a a

where pb =Y, p,b, and Y, m, = 0 since the total momentum exchange for all constituents
is zero. The first term on the left can be written as

ov a(p,v,) d
e

Using mass conservation for the a constituent

op
a—t" +V . (pgv) =0

to rewrite the second term and substituting back into (20.17) yields

0
(aptV) +za: {Ve - VPuVy + PaVy - V¥4 ) = za:V-O'a+pb
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where pv =Y, p,V,. Expanding the first term and using conservation of mass for the summed
constituents and the material derivative of v gives

d
gV =V 20+ 10vV=p, YV, D) + b
o

Note that if the total stress is defined as the term in parentheses on the right side, there is
a contribution from the differences of the momentum of the constituents from the average
momentum.
Exercises

20.1 The stress tensor is given by
6 =Tnn

where n is a unit vector and 7 > 0. If T = T'(x), the body is in equilibrium, and is not
subject to body forces, show that the gradient of T is perpendicular to n.

20.2 The stress state in a body occupying |x;| < a, |x,| < a is given by

-9

1n=-pr 2
)

Opn =r 2

o1y = 2px0/d
and 033 = 03 = 0,3 = 0.If the body is not subjected to body forces, determine whether
it is in equilibrium.
20.3 Show that the right side of (20.4) can be written as

dvj

0 0

and use this result to derive the equation for the balance of linear momentum for a
control volume fixed in space.






21

Conservation of Energy

The equation expressing conservation of energy for a continuum results from application of
the first law of thermodynamics. The first law states that the change in total energy of a system
is equal to the sum of the work done on the system and the heat added to the system. Thus, in
rate form the first law is

Etotal =P+ Q (211)

where P is the power input and Q is the rate of heat input. Although neither heat nor work is
an exact differential (does not integrate to a potential function), their sum is. Consequently,
the integral of the energy change around a cycle is zero. The total energy is the sum of the
kinetic energy

KE=/ lpv-vdv
v(t)2

where v is the velocity, and the internal energy

IE = / pu dv
v(t)

where u is the internal energy per unit mass. The rate of heat input is

Q=—/ q-nda+/ pr dv
ar) V()

where q is the heat flux, n is the outward normal to the surface a(¢), and r is the rate of internal
heating (heat source) per unit mass.

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.
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The power input is the work of the forces on the velocities

P:/ t-vda+/ pb - vdv
a(r) v(t)

where t is the traction and b is the body force per unit mass. Expressing the traction in terms
of the stress and using the divergence theorem (18.2) yields the following for the first term:

/t-vda:/ n-o--vda:/ V-(6-v)dv (21.2)
a(r) a(r) V(1)

To work out V- (o -v) it is convenient to use index notation (see Problem 21.1). After
converting back to coordinate-free form, the result is

V-6:-v)=(V-06)-v+o0--L (21.3)

where L is the velocity gradient tensor (14.3). Using the equation of motion (20.4) to rewrite
the first term on the right in (21.3) and substituting back into (21.2) yields

P=/ plﬂ(v-v)dv+/ o Ldv (21.4)
vy 2dt V()

Using Reynolds’ transport theorem on the first term gives

1 d d 1
—p—(V‘V)dV=—/ —pv-vdv (21.5)
/V(,) 2’ ar dt Jy 2

Substituting (21.5) into (21.4) and then (21.4) and (21.3) back into (21.1) and cancelling the
common term, d(KE)/dt, on each side yields

4 pudvz/ O'-'LdV—/ q-nda+/ prdv
dr Jv V(D) a( V()

The divergence theorem (18.1) can be used to convert the heat flux term to a volume integral.
Using Reynolds’ transport theorem on the internal energy term and collecting terms gives

/ {pd—u—a--L+V-q—pr}dV=O
v & df

Since this applies for all v the local form of energy conservation is

p%=o-~L—V.q+pr (21.6)

dr
This equation has the simple interpretation that the internal energy of a continuum can be
changed by the work of deformation, ¢ - -L, the flow of heat, —V . q, or internal heating, pr.



Conservation of Energy 163

Similarly to the momentum balance equations, the energy equation can be expressed in
terms of quantities per unit area and volume of the reference configuration. Manipulations
similar to those above lead to

pog—‘t‘ =T F—Vy-Q+pyR 21.7)

where Q is the heat flux per unit reference area
Q=JF'-q
po R is the rate of internal heating per unit reference volume and Vx(...) denotes the gradient

with respect to position in the reference configuration.

21.1 Work-Conjugate Stresses

The first term on the right side of (21.7) is the rate of stress working per unit reference volume:

Wy =T°..F (21.8)

Since the first term on the right side of (21.6) is the rate of stress working per unit current
volume, it is related to (21.8) by

Wy=Jo--L=Jo--D (21.9)
where J = det(F) and the second equality makes use of the symmetry of 6. The relation
between the Cauchy stress ¢ and the nominal stress T° (20.12) can be obtained by equating
the two expressions (21.8) and (21.9)

T. . F=Jo- L
Substituting F = L - F in the left side gives

™. .(L-F)=Jo--L (21.10)
The identity of Problem 3.9 can be used to rearrange (21.10) as

(F-T°-Jo)-L=0
Since this must apply for any velocity gradient tensor L, the coefficient must vanish and,
therefore, the nominal stress is given by the same relation derived from Nanson’s formula

(21.10) for the current and reference areas:

™=JF".¢
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In both (21.8) and (21.9) W, is the product of a stress tensor and a deformation rate measure.
The stress measure is said to be work conjugate to the rate of deformation measure. Note that
the stress measure work conjugate to L or D is not the Cauchy stress but the Kirchhoff stress,
which is the product

t=Jo

This distinction, although small if volume changes are small, can be important in numerical
formulations. Even though ¢ and D are both symmetric, the stiffness matrix in a finite element
formulation is not guaranteed to be symmetric only if based on a relation in terms of D and o.

More generally, the relation for the rate of stress working per unit reference volume can be
used to define symmetric stress tensors S that are work conjugate to the rate of any material
strain tensor E. (Since the rate of a material strain tensor is symmetric, there is no point in
retaining any antisymmetric part to the conjugate stress tensor since it does not contribute
to W,.) Thus, writing

Wy=S-E (21.11)

and equating to (21.8) or (21.9) defines S for a particular rate of material strain E. For example,
we can determine the stress measure that is work conjugate to the rate of Green-Lagrange

e
strain E

W, =Jo - D =SPK2 . ¢

Using the relation between the rate of Green-Lagrange strain and the rate of deformation
(16.16) yields

(Jo—F-S"%2.FT)..D=0
Since this must apply for any D, the work-conjugate stress is given by
S =F . Jo . (F")! (21.12)

and it is clearly symmetric. This stress measure is called the second Piola—Kirchhoff stress.

The second Piola—Kirchhoff stress has the advantages that it is symmetric and that it is work
conjugate to the rate of the Green-Lagrange strain, the most commonly used finite strain tensor.
It does, however, have the disadvantage that its interpretation in terms of a force increment
is less straightforward than either the Cauchy stress ¢ or the nominal stress T?. The force
increment is related to the traction vector determined from S”X? by

NdA -SPK2 =F-!.4p
Thus, the traction derived from SPX2 is related to the force per reference area but altered

by F~!. The components of this traction do have a direct interpretation in terms of force
components expressed in terms of base vectors that convect (deform with the material).
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Exercises
21.1 Use index notation to verify (21.3).

21.2 [If the stress is given by 6 = —pl show that the energy equation can be written as

du dp
— =p— -V .09+
pdt pdt q—+pr

21.3 If a material is rigid, the internal energy is a function only of temperature 6, and the
heat flux is given by Fourier’s law

q=—-kxV0o

with x constant, show that the energy equation reduces to the usual form of the heat
equation

d_f =aV20+r/c
where a = k/pc is a diffusivity, c = du/08 is a specific heat,and V- V (...) = V2 (...).

21.4 Beginning with a statement of energy balance in terms of integrals over the refer-
ence configuration, derive (21.7). Clearly define the terms entering this equation and
comment on their relation to the corresponding terms in (21.6).

21.5 Show that the stress work conjugate to the material strain tensor E2) is
S =F".Jo-F

21.6 Show that the stress work conjugate to the rate of the stretch measure of strain E(V) =
U-1Iis

S(1)=%J{U—l '(RT'G'R)JF(RT'G'R)'U_IT}






Part Five

Ideal Constitutive
Relations

Thus far, we have analyzed stress, strain, rate of deformation, and the laws expressing con-
servation of mass, momentum, and energy. Nowhere have we incorporated the behavior of
particular materials. This is a large and complex subject. Inevitably, descriptions of material
behavior are idealized relationships between stress and strain or rate of deformation and their
history. Ultimately, such relationships derive from experiments, but they generally apply only
for a limited range of states, i.e., temperature, loading rate, time-scale, etc. Increases in compu-
tational power have made it possible to consider material behaviors that are far more complex
than in the past. Consequently, the topic of constitutive relations is an enormous one. Here we
give a minimal discussion of the simplest idealizations.

Crudely, materials can be divided into solids (which sustain shear stress at rest) and fluids
(which cannot), but many materials combine aspects of both. Chapter 22 discusses simple
fluid idealizations and Chapter 23 discusses elastic idealizations of solids.

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.
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Fluids

22.1 Ideal Frictionless Fluid

Observations indicate that a fluid at rest or in uniform motion cannot support shear stress.
Consequently, the stress is given by

ojj = —Pbj; (22.1)

where p is a pressure. If the fluid is at rest or if local thermodynamic equilibrium is assumed,
then p is the thermodynamic pressure (Aris, 1989, Sec. 5.14). If the stress is assumed to have
this form regardless of the motion, the fluid is ideal or perfect. Since p is an unknown, another
equation is needed to determine it. This can be an equation of state of the form

F(p,p,0)=0 (22.2)
where p is the mass density and 6 is the temperature. A simple example is the perfect gas law

p = pRO

where R is the universal gas constant.
If temperature does not play a role, the flow is barotropic and the pressure is related to the
density by an equation of the form

f(p’p)=0

An equation of state (22.2) reduces to this form for either constant temperature (isothermal)
or no heat flow (isentropic). For example, for isentropic flow of a perfect gas

p

— = constant
pY

In this equation

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
© 2015 John Wiley & Sons, Ltd. Published 2015 by John Wiley & Sons, Ltd.
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where ¢, and c, are the specific heat at constant pressure and constant volume, respectively.
For dry air, y = 1.4.

Alternatively, the internal energy per unit mass can be prescribed as a function of the density
and the temperature:

u=u(®,p)

Recall that conservation of energy is expressed by (21.6)

du
—=0--D-V-q+
Py =° q+pr
where r is the rate of internal heating per unit mass, q is the flux of heat (out of the body), and
D replaces L in (21.6) because o is symmetric. Substituting (22.1) and using conservation of
mass (19.9) gives

d
— =p—-——-=V.q+pr (22.3)

If u is regarded as a function of v = 1/p, the specific volume (rather than the density), and the
temperature 6, then the material derivative of u on the left side of (22.3) can be written as

du oudv de

—=——+4+c,— 22.4
dt ovdr dr (224
where ¢, = du/d0 is the specific heat at constant volume. Substituting (22.4) into (22.3) and

rearranging gives

dé 1dv ( ou
v dt

av _ + %)\ y -V, 22.5
Pevy, 3 ) pr q (22.5)
This equation must hold for all motions of the fluid including those for which the temperature
is constant. At constant temperature, all terms, except the first on the right, vanish and (22.5)
requires that

Ju

P=—$

This equation provides a constitutive relation for the pressure in terms of the dependence of the
energy on the specific volume. According to the terminology used in Chapter 21, the pressure
and specific volume are work-conjugate variables.

If the material is incompressible so that dp/dt = 0, then the mechanical response uncouples
from the thermal response governed by

do
pcva =pr—V-.q (22.6)

The rate of heating per unit mass r is regarded as prescribed but a constitutive equation is
needed to relate the heat flux q to the temperature. (Considerations based on the second law
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of thermodynamics, not discussed here, indicate that these are the proper variables to relate.)
Typically, this relation is taken to be Fourier’s law, which states that the heat flux is proportional
to the negative gradient of temperature

q=-x-Vo (22.7)
or in component form
The thermal conductivity tensor x depends on the material. Second law of thermodynamics
considerations, again not discussed here, require that k¥ be symmetric, k¥ = k7. If ¥ does not
depend on position, then the material is homogeneous (with respect to heat conduction). If the

material has no directional properties and heat conduction is the same in all directions, then
the material is isotropic. In this case, k is an isotropic tensor of the form

kK =kI

(see Section 6.4). Substituting into (22.7) and then (22.6) gives
pcv% = pr+kV?6 (22.8)

If the material is rigid or if the velocity is small enough so that d0/dt ~ 96 /0ot, then (22.8)
reduces to the usual form of the heat equation

% = r/c, +av0 (22.9)

where @ = k/pc, is the thermal diffusivity (with dimensions of length squared per time).

22.2 Linearly Viscous Fluid

In a simple idealization of a fluid, the stress is taken to be the sum of a hydrostatic term and a
function of the rate of deformation:

o =-pl+£fD)

where the function f vanishes when D = 0. Such a fluid is called Stokesian (see Aris 1989,
Secs. 5.21 and 5.22, pp. 106-109).
If the stress depends linearly on the rate of deformation,

ojj = —Pojj + VijuDu (22.10)

the fluid is Newtonian. In this case the factors V;;; may depend on temperature but not on stress
or deformation rate. Because o;; = 0;; and Dy; = Dy, there are six distinct components of o;;
and Dj;, and a total of 36 = 6 X 6 possible distinct components of V. If the V;;; are assumed
to have the additional symmetry Vi, = Vi, the number of possible distinct components is

ij
reduced to 21.



172 Fundamentals of Continuum Mechanics

If the material response is completely independent of the orientation of axes, the material
is isotropic. In this case, V is an isotropic tensor and, as discussed in Chapter 6, has the form
(6.16) with ¢ = 0 because the coefficient term is antisymmetric with respect to the interchange
of (i) and (j). Substituting into (22.10) yields

where A and u are the only two parameters reflecting material response. Taking the trace of
(22.11) yields

1
3%k =P ©Dyy
where ® = A+ 2u/3 is the bulk viscosity. Taking the deviatoric part of (22.11) yields
O'l{j = 2,uD§j

where y is the shear viscosity. Substituting (22.11) into the equation of motion (20.4) gives

0 [ 2 dp dv;
H— = V2, — — + pb; = p— 22.12
(u+ )axj<axk)+” vj axj+p, "3 ( )

or, in coordinate-free form,

dv

(M+/1)VV-V+,uV2V—Vp+pb=pdt

These are the Navier—Stokes equations. If the flow is isochoric (involves no volume change),
0v/0x; = 0, and (22.12) reduces to

Vv, — — +pb, = p—2
MY o TP T P

The shear viscosity p can be determined by a simple conceptual experiment. Consider a
layer of fluid of height / between two parallel plates with lateral dimensions much greater than
h and no body force or pressure gradient (Figure 22.1). (The geometry discussed here is clearly
impractical. In reality the experiment is conducted with an arrangement of concentric rotating
cylinders. See Problem 22.2.) The upper plate (x, = k) is moved to the right (positive x;
direction) with velocity V. Consequently, the conditions on the fluid velocity at the boundaries
are vi(x, =h) =Vand v{(x, =0) =0.

After a transient that occurs immediately after the plate begins moving, the velocity in the
fluid does not depend on time, i.e., the flow is steady. Integration and use of the boundary
conditions give v| = x,V/h. The only nonzero component of Dj; is

1

D12=D21=§<

avl avz V 1
_+_> 2h 2

0)(72 dxl o2
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X2
T2 = F/A
> %
h V(Xp)
X4

Figure22.1 Flow between infinite plates. Lower plate x, = 0 is stationary. Upper plate x, = his moving
to the right with velocity V.

and the shear stress o, is the force applied to the plate divided by its contact area with the fluid.
If a plot of 61, against 7 is linear, then the fluid is Newtonian and viscosity is ¢#. Commonly
the viscosity is measured in poise, which is equal to 1 dyne-s/cm?. In poise, representative
viscosities for water, air, and SAE 30 oil are 1072, 1.8 x 10~4, and 0.67 respectively.

22.2.1 Non-steady Flow

As an example of non-steady flow, consider a plate large in the x; and x5 directions that bounds
a semi-infinite expanse of fluid (x, =y > 0). At time 7 = 0, the plate moves in the positive
x; direction with velocity V. The only nonzero component of velocity is v; = v(y, ). For a
velocity of this form and no body force and pressure gradient, (22.2) reduces to

Pv_lov 22.13)
0y2 not

where 5 = u/p is the dynamic viscosity. In m?/s, i equals approximately 107, 1.5 x 107>,
and 7.3 x 107 for water, air and SAE 30 oil respectively. Aty = 0 and t > 0, v = V. The fluid
velocity must vanish as y — oo. (Note that (22.13) is identical in form to the heat equation
(22.9) without the source term and, hence, the solution described below is also a solution to
the corresponding thermal problem.)

To construct a solution, note that there is no characteristic length in the problem. Conse-
quently, the velocity can depend on y only in the non-dimensional form & = y/ M, where
the factor of 4 is inserted purely for convenience. Because the problem is linear, the velocity
must also be proportional to V and, hence, have the form

vy, 1) = Vf(§) (22.14)

where f(£) is a function to be determined. Substituting (22.14) into (22.13) yields

f1E+2e'©=0
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and integrating gives

¢
f&=A / exp(—s®)ds + B (22.15)
0

where A and B are constants. Using the condition at y = 0 gives B=1. For y - o0, £ - o0
and (22.15) gives

A / exp(—s?)ds+B =0
0
The value of the integral is \/; /2and A = -2/ \/; The velocity is given by

vy, 1) = Verfc(y/v/4nt)

where

2 ® 2
erfc(x) = — / exp(—s“)ds
Ve

is the complementary error function and the error function erf(x) = 1 — erfc(x). Figure 22.2
plots both the complementary error function and the error function.

Because erfc(2) = 0.005, the fluid velocity is reduced to 0.5% of the plate velocity. At 10 s,
this occurs at 13, 29, and 108 mm from the plate for air, water, and SAE 30 oil, indicating
that the effect of viscosity is confined to the neighborhood of the plate. This observation is the
foundation of boundary layer theory in which the viscosity is included only near a boundary
and the velocity there is matched to the flow of an inviscid fluid away from the boundary.

1.0

/
08 \ / erf(x)
0.6

0.4
0.2 / \ erfc(x)

\\
0.0
0.0 0.5 1.0 1.5 2.0
X

Figure 22.2 Error function and complementary error function.



Fluids 175

Exercises

22.1 Consider Poiseuille flow between two large (essentially unbounded) plates separated by
a distance 2k (Figure 22.3). The plates are stationary, the flow is steady (d(...)/dt = 0),
and there are no body forces. Velocity is only in the x; direction and depends only
on x,; that is, v; = v(x,) is the only non-zero velocity component. The flow occurs in
response to a constant pressure gradient in the x; direction, dp/dx;.

(a) Determine the velocity profile.
(b) Determine the shear stress o, at x, = h.

X2

Figure 22.3 Plane Poiseuille flow between two parallel plates.

22.2 As mentioned, a practical arrangement for determining the shear viscosity y is flow
between concentric cylinders, as depicted in Figure 22.4. The outer cylinder of radius
b is stationary and the inner cylinder of radius a is rotating with angular velocity
Q. The cylinders are long in the out-of-plane direction and the flow is steady (the
cylinder has been rotating for a long time so that d(...)/dt = 0). Flow is only in the
circumferential direction and depends only on radial distance, i.e., v = v(r)e,. There are
no body forces or pressure gradient. [Hint: The problem can be solved using the answers
to Problems 8.11 to 8.14. The components of the rate of deformation D are given by
the symmetric part of the answer to Problem 8.13 and the only nonzero component is

v(r)

Figure 22.4 Cylindrical Couette flow between a rotating inner cylinder of radius a and a stationary
concentric outer cylinder of radius b.
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22.3

224

D,y = po,y. Using the answer to Problem 8.14 to determine the equilibrium equation

yields an equation for v(r). Alternatively, the equation for v(r) can be obtained by

applying the answer to Problem 8.11 to v(r)e,, taking account of the derivatives of eg.]

(a) Determine the velocity profile between the cylinders.

(b) Determine the shear stress on the inner cylinder.

(c) Determine the relation between the torque and angular velocity on the inner
cylinder and explain how it can be used to determine the viscosity.

Consider the same problem solved in Section 22.2.1, but now the plate is stationary and
the velocity far away from the plate (y — o0) is V for all # > 0. Determine the solution
for the velocity and determine the velocity (as a percentage of V') at a distance of 1 m
from the plate after 1 s for air, water and SAE 30 oil.

Consider the same problem solved in Section 22.2.1, but at # = 0 the plate begins to
oscillate as V = V|, cos(wt). Determine the fluid velocity as a function of y and ¢ after
the plate has been oscillating for a long time. Plot the velocity (divided by V) against
the non-dimensional distance y/w/2c y for several values of the non-dimensional time
ot. [Hint: You may find it easier to work with V = V;j exp(iwt) and take the real part.]

Reference

Aris R 1989 Vectors, Tensors, and the Basic Equations of Fluid Mechanics. Dover.
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Elasticity

23.1 Nonlinear Elasticity

The simple fluid constitutive relations we considered in the last chapter depended only on
the rate of deformation (rather than the strain) and, hence, the issue of the appropriate large-
strain measure does not arise. The response of solids does, in general, depend on the strain.
Fortunately, for many applications, the magnitude of the strain is small, and this makes it
possible to consider a linearized problem that introduces considerable simplification. Although
this is often a very good approximation, it should be noted that it is strictly valid only for
infinitesimal displacement gradients and needs to be reevaluated whenever this is not the
case. Before specializing to the case of linearized elasticity, we consider some more general
descriptions of elastic materials for finite strain.

23.1.1 Cauchy Elasticity

A minimal definition of an elastic material is one for which the stress depends only on the
deformation gradient (rather than, say, the deformation history, or various internal variables)

o = g(F) (23.1)

This formulation is typically referred to as Cauchy elasticity. Other features often associated
with elasticity are the existence of a strain energy function, a one-to-one relation between stress
and strain measures, deformation does not result in any energy loss, or the body recovers its
initial shape upon unloading.

Since the relation (23.1) reflects material behavior we expect it to be independent of rigid
body rotations. This is called the principle of frame indifference or material objectivity. A
consequence is that the relation (23.1) should depend only on the deformation U and not the
rotation R in the polar decomposition F = R - U. If we consider a pure deformation U, then
(23.1) becomes

o = ox NgN, = g(U) (23.2)

Fundamentals of Continuum Mechanics, First Edition. John W. Rudnicki.
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where og; are components of the Cauchy stress with respect to the principal axes of U in
the reference state. Application of a rotation R causes only a rotation but no stretching or
additional stress so that

O = OgyNgny (233)

That is, the components of ¢ do not change but are now with respect to the principal axes in
the current state. Since ng = R - Ng = N - R, (23.3) becomes

6 =R (o NgNp) - R’
or, using (23.2),
6c=R-gU)-RT
The result can be rewritten as

R’ .6 -R=g) (23.4)

The quantity on the left side is the rotationally invariant Cauchy stress 6. Independence of the
constitutive relation to rigid body rotations requires that 6 be a function of the deformation U.
Because U and R are not easily computed, it is more convenient to rewrite (23.4) by defining

gU)=U-hU? . U’ (23.5)
Substituting (23.5) into (23.4), multiplying from the right by R and from the left by R”, and
noting that F” - F = U? gives

6=F -hF’.F) - F’
Further rearrangement gives

SPK2 = k(E%) (23.6)

where S”X2 is the second Piola—Kirchhoff stress (21.12) and E© is the Green—Lagrange strain
(16.3), (16.4), (16.5), or (16.6). Thus, a constitutive relation in this form is guaranteed to be

independent of rigid body rotations. More generally, this is true for a similar relation between
any material strain measure E and the corresponding work-conjugate stress tensor S.

23.1.2 Green Elasticity

Green elasticity assumes the existence of a strain energy density function W. The existence of
W can be motivated by the conservation of energy (21.7):

%’:s--E—VX-QﬂOR (23.7)

here written in the reference state where S and E are work-conjugate stress and strain-rate
measures (see (21.11)) and W = pgu is the internal energy per unit reference volume. For
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isothermal (constant temperature) or adiabatic (no heat flow) conditions the last two terms are
absent. Regarding W as a function of E leads to

ow :

=W
Y OE;

Because this must apply for all E,»j,

(23.8)

where W is to be written symmetrically in Ej; and Ej;. If W is regarded as a function of
the deformation gradient F, then similar considerations based on (23.7) yield the following
expression for the nominal stress:

TO_@_W

o= 239
V= o, (23.9)

23.1.3  Elasticity of Pre-stressed Bodies

As already noted, the strains are small for many practical applications. Often, the elasticity
equations for this idealization are stated directly without reference to a more general
formulation for arbitrary deformation magnitudes. Seeing how these equations arise from
linearization of a more general formulation is, however, an educational exercise. Moreover,
we will see that if the material response is linearized about a pre-stressed state, then it is
not sufficient for the strains to be small to reduce the formulation to the usual one of linear
elasticity. More specifically, the moduli governing changes in the different stress measures
will depend on the pre-stress and, consequently, it is necessary to retain the distinction
between the different stress measures.

The stress—strain relation is given by (23.6) or by (23.8) if a strain energy function exists.
Here we specialize to the case of Green—Lagrange strain and the work-conjugate stress mea-
sure, the second Piola—Kirchhoff stress. To simplify the notation, we drop the superscripts PK2
and G. Now, we expand the stress—strain relation in a Taylor series about the strain-free state:

Sij = (SU)E=0 + CijklEkl + BijklmnEklEmn + ... (2310)
Since deformation is measured from the reference state
(Sip)E=0 = 0}

is the Cauchy stress in the reference state. Because the displacement gradients are assumed
to be small, the quadratic terms in Green-Lagrange strain can be neglected, Ej; reduces to
the infinitesimal strain tensor Ejj» (17.6) and (17.7), and only linear terms need be retained in
(23.10). Therefore, the stress is given by

Sij = 61] + Cijklskl (2311)

where the neglected terms are at least as small as |du;/ ()lez.
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Changes in the second Piola—Kirchhoff stress 6S;; = S;; — 6;; are given by
6S if = Cl'jklg Kl

The moduli Cjj; are symmetric with respect to the interchange of indices / and j and k and /
because of the symmetry of the stress and the strain. As a consequence of the former, the strain
£ can be replaced by the displacement gradient uy,; = du; /0X;. If a strain energy density
function exists (23.8), then the moduli have the additional symmetry

2w

= = .. 23.12
ikl = e0en klij ( )

because the derivatives can be taken in either order. In the following, we will assume that a
strain energy density function exists.

Because the derivatives entering the Green—Lagrange strain are with respect to position in
the reference configuration, we use the equation of motion referred to the reference state:

azg . ou,
—_— b = pp—= 23.13
ox, + Po ;= Po o ( )

where all quantities are to be thought of as functions of position in the reference configuration
and time. The nominal stress is related to the nominal traction by

M@=§ (23.14)

on the boundary of the body. Consequently, we need to express the nominal stress T in terms
of the second Piola—Kirchhoff stress S, given here in index form,

T
72 = Sk = SucF

Substituting the deformation gradient £ in terms of the displacement gradient du;/dX;, gives
T = S; + Sutt;y (23.15)

where (...), ; denotes d(...)/0X,. Substituting (23.11) into (23.15) yields
T) =6+ Cyuen + Gultj (23.16)

where, again, terms beyond linear in displacement gradient have been neglected. Thus, the
change in nominal stress is given by

0 _ 0

where

0 _ -
Cl]kl = Cijkl + Uilékj (2317)

Because neither the nominal stress Tg. nor the displacement gradient u; ; is symmetric, Cg.kl
is not symmetric with respect to the interchange of the first two and last two subscripts. The
moduli (23.17) do, however, satisfy the symmetry Cgkl = Cgcji as aresult of (23.9). Thus, when

a component of the pre-stress is comparable to one of the moduli, the difference between Cg'kl
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and Cjjy; cannot be neglected. This can occur if either the pre-stress is large or the incremental
moduli are small. An example of the first is the interior of the Earth where hydrostatic stress
is very large even though strains due to the propagation of waves are small. An example of
the second occurs when the response is linearized about a point where the local slope of the
stress-strain curve is small.

Equation (23.16) can be rewritten as

8T}) = Cyge + Guc + 552y (23.18)

where ij is the infinitesimal rotation tensor (17.22) or (17.23). Even if the strains are small
and the components of 6, are small compared to components of Cyy;, the last term in (23.18)
will not be negligible if the product of the pre-stress and the rotation is comparable to the
product of the moduli and the strain. A familiar example is the buckling of a column. If x
is the curvature, strains are on the order xh where & is the thickness of the column. The
rotations are on the order x/ where [ is the length of the column. Since buckling typically
occurs when [ > h, rotations will be much larger than strains. As a result, buckling is one
of the few examples in elementary strength of materials where equilibrium is written for a
deformed (slightly buckled) state of the body.

Similar results can be derived for the Cauchy stress o and the Kirchhoff stress 7 = Jo
where J = det(F). Linearizing the expression for the Kirchhoff stress in terms of the second
Piola—Kirchhoff stress 7 = F - S - F7 yields

* T
57-'1»]» = Cl'jklgkl

where

% _ _ _
5Tl~j = 5Tij - Qilalj - leali

is the increment of 7; computed in a frame that is instantaneously rotating with the material
and the
1 _ _ _ _
C;'rjkl = Cijkl + 5{5]“-6[]- + aliﬁkj + ékjo-il + (Sljo-ik} (2319)

are written symmetrically with respect to the interchange of i and j, k and /, and ij with kl. The
incremental moduli for the Cauchy stress are

o = T — O
Cijkl - Cijkl O-ljékl (23.20)
Note that even if a strain energy density function exists so that Cy;; = Cyy;; and Cz'Tjkl = C/:lij’
(o (o
Cijkl # Cklij'
We assume that the reference state itself is an equilibrium state,
96 50
= T Pob; =0 2321
ox, P07 ( )

where pol_)](.) is the body force in the reference state per unit reference volume and the surface
traction in the reference state is

i](.) =N, (23.22)
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Substituting (23.16) into (23.13) and (23.14) and subtracting (23.21) and (23.22) yields

a _ aMJ 0 -0 azuj
ax, \ Cmen + i ¢+ ooy =by) =g (23.23)
and
ou;
" -9
N{Cijuent = tj(.’ - tj(.) - Nigl.ka_Xk

where € is the infinitesimal strain from the reference state.

When the terms involving 6;;, can be dropped the usual linear elasticity equations result.
This will be the case for the conditions just discussed, but it is worth noting that it is the
derivatives of the displacement gradients that enter the equation of motion and these may have
magnitudes larger than those of the strains and rotations.

23.2 Linearized Elasticity

Here we specialize immediately to small (infinitesimal) displacement gradients and no pre-
stress. This is the conventional formulation of linear elasticity. In this case, the stress o;; is
related to the small (infinitesimal) strain tensor by

UU = Cijklekl (2324)

where Cyy; is an array of material parameters. If the material is homogeneous, the material

properties are independent of position and the Cj;; are constant. In general, Cy; has 3* =381
components but because the stress is symmetric, 6;; = oy;, as is the strain, £;; = £, the number
isreduced to 6 X 6 = 36. If, in addition, a strain energy density function exists so that the stress
is given by

= W
v 0£lj

then Cjy, satisfies the additional symmetry (23.12)
Cijkl = Cklij (23.25)
and the strain energy density is

1
W = zgljcijklgkl (2326)

Because of these symmetries, (23.24) relates six distinct components of stress to six distinct
components of strain. Consequently, for an anisotropic material, it is often convenient to treat
o;; and £;; as six-component vectors that are related by a 6 X 6 matrix

o; = C..e:
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or
011 Cii Cpp C3 Cy Cis Cil| €nn
022 Gy Cpn Cp Cy Cs Cyl| ex
o3| _ |G G Gz Gy G Cigff €33
023 Cy Cpp Cy3 Gy Cys Cysl| 2623
031 Cs; Csp Cs3 Cs4 Css Csg|2e3
[ 012 | _C61 Coo Cs3 Cos Ces Ces_ _2512_

where Cyj = Cyyyp, Crp = Cpyzs €13 = Ciyzzs Cry = (Crpos + Cri3)/2, Cis = (Cryzp +
Ci113)/2, Ci6 = (Cyy12 + Cyy21)/2, and so on. If a strain energy density function exists,
the symmetry (23.25) implies that Cj; = Cj; and this results in the reduction from 36 to 21
constants for an anisotropic linear elastic material.

23.2.1 Material Symmetry

The number of distinct components of Cyy; can be reduced further if the material possesses any
symmetries. Material symmetry can result from crystal structure, processing, or conditions
of formation. An example of material processing would be drawing or forming processes.
An example of symmetry due to conditions of formation is a sandstone which is formed by
deposition in layers.

One approach proceeds along the lines of the discussion of isotropic tensors (6.4). Because
Cijis 1s a (fourth-order) tensor its components in a coordinate system with unit orthogonal base
vectors e; must be related to the components Cl{jkl in a system of base vectors e/ by

Cgipq = AkiAlempAnqulmn

where A, = el’{ - ;. If the material possesses a symmetry such that tests of the material in two

coordinate systems cannot distinguish between them, then, for those two coordinate systems,
'
Cl.jkl = Cjjy and hence

Ciqu = AikAlepmAqn Cklmn
Suppose, for example, that the x;x, plane is a plane of symmetry. Then a coordinate change
that reverses the x5 axis will not affect the behavior. For such a change, A|| = Ay, = —A33 =1

are the only nonzero A;;. Thus
Cio3 = A11A0A2»A33C 003 = —Cipo3

Hence Cj5y3 = 0. Similar calculations show that any C,;,,,, having an odd number of threes as
indices are zero.

Alternatively, consider the matrix formulation. For changes of coordinate system that are
indistinguishable to the material

! — I — LE-=O-
0, = Cye; = Cyej = o
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Again, consider the x,x, plane as a plane of symmetry. Then ¢/ = &, and it follows that

1

Ci1&1 + Cppgy + Ci3e3 + Ciyey + Cise5 + Cigtg

— / ! / 1 / ! ] 1 / ! / !
=C,, € +C1252+C13£3+C14£4+C I3 +C16£6

1171

1575

But the shear strains 2e;, = ¢4 and 2g3; = €5 reverse sign under the transformation that

reverses the x5 axis; that is, €

and

4

The remaining nonzero C;; are

A crystal structure resulting in a single plane of symmetry is called monoclinic.

i =

! = —g, and 8’5 = —¢s. Therefore,

Cuy= _C;4 =—Ciy=0

C]5 = _C;S = _C15 = 0

Cii Cp C3 0 0 Cyp
Gy Cp Cpy 0 0 Cy
Gy Gy Gz 0 0 Gy

0 0 0 Cyu Cis O
0 0 0 Cy Css O
C61 C62 C63 0 0 C66

An orthotropic material or a material with orthorhombic crystal structure has symmetry
with respect to three orthogonal planes. The nine nonzero Cj; are

i =

Gy G Gz 0 0 0
0 0 0 Cy 0 0
0 0 0 0 Cs O
0 0 0 0 0 Cg

Note that the axial and shear stresses are completely uncoupled.

Hexagonal symmetry is symmetry with respect to 60° rotations. It turns out that this symme-
try implies symmetry with respect to any rotation in the plane, which is the same as transverse
isotropy. This leaves five nonzero Cj;:

i =

Ch

Cyy

Cs
0
0

0

Ch, C3 0 0 0
C, Cs 0 0 0
C3; C3 0 0 0
0 0 Cy O 0
0 0 0 Cyu 0
0 0 0 0 3(C;-Cp)

(23.27)

(23.28)
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Cubic symmetry has three elastic constants. The material has three orthogonal planes of
symmetry and is symmetric to 90° rotations about the normals to these planes:

[(c,, ¢, ¢, 0 0 0

Cy G Chh 0 0 0

_ C21 C2l Cll 0 0 0
S%=lo 0 o0 ¢, 0 o0 (23.29)

0 0 0 0 Cy O

0 0 0 0 0 Cy

23.2.2 Linear Isotropic Elastic Constitutive Relation

For isotropy, the response of the material is completely independent of direction. This imposes
the following additional relation on (23.29):

1
Cy = E(C“ -Cn) (23.30)

Therefore, a linear elastic isotropic material is described by two elastic constants C;, = 4 and
Cy4 = p. The stress-strain relation is given by

0y = Aeg by +2ue; (23.31)

where A and u are Lamé constants. If A and u are not functions of position, then the material
is homogeneous.

To invert (23.31) to obtain the strains in terms of the stresses, we first take the trace of
(23.31):

P = —Key
where p = —oy, /3 is the pressure and
2
K=1+=>
3 H

is the bulk modulus. Recall that for small displacement gradients &, is approximately equal
to the volume strain, that is, the change in volume per unit reference volume. Hence K relates
the pressure to the volume strain. For an incompressible material K — oo; that is, the volume
strain is zero, regardless of the pressure. (Note that incompressible does not mean that the
material is non-deformable, but only that it deforms with zero volume change.) Substituting
for g4, into (23.31) and rearranging yields

A
Zﬂgij = Gij — Gkkéijm (2332)
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Now consider a uniaxial stress: only o;; is nonzero. The strain £,; = o, /E where

3A+2
g = HBA+20 (23.33)
(A+p)
is Young’s modulus.
The strain in the lateral direction
€ = TVEY
where
A
=2 23.34
Y20+ ) (23.34)
is Poisson’s ratio. Equation (23.32) can be rewritten in terms E and v as
(1+v) v
Eij = TO’U - Eo'kkéij
Some additional useful relations among the elastic constants are
E
2u = 23.35
K 1+v ( )
and
Y
A=2 23.36
T 7, ( )

23.2.3  Restrictions on Elastic Constants

The existence of a strain energy function places restrictions on the values of the elastic
constants. These restrictions arise from the requirement that the strain energy function be
positive

W(e) >0 (23.37)

if € # 0 and W(0) = 0. The strain-energy density function is given by (23.26). The condition
(23.37) requires that Cj; be positive definite.
For an isotropic material

1
W= {Mew)® + 2ue e} (23.38)

Because ¢;; and g are not independent, we cannot conclude from (23.37) that the coefficients

A and p are positive. Consequently, we rewrite (23.38) in terms of the deviatoric strain

12 1

5ij =&~ géij'gkk
to get
W=t (14202 +2ue e 23.39
=5 +§,u Epp T 2uE E; (23.39)
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Because each of g and £l’j can be specified independently, (23.37) requires that the bulk

modulus K = (ﬂ + % /4) and shear modulus y be positive. These conditions require that Young’s
modulus E > 0 and that Poisson’s ratio be within the range

—l<v< % (23.40)

Note that for negative v a bar that increases its length due to uniaxial tension will also increase
its cross-sectional area. Although some materials have been fabricated recently with v < 0,
the practical limits on v are

0<v<049

Cork is a material with v =~ 0, a desirable property for use as a stopper in wine bottles. Rubber
is nearly incompressible, v = 0.49. Steel and aluminum have Poisson’s ratios of about 0.28
and 0.33, respectively.

23.3 More Linearized Elasticity

The linearized equation of motion with no pre-stress (23.23) is
do ij

— + ppb!) =
X, Pob; = Po

(321,1/
or?

Substituting (23.31) for an isotropic material, assuming the elastic constants are independent
of position (homogeneous), and neglecting the body force yields the Navier equations

0%u 0%u; 0%u;
A+ p)——— + ! !

= pn— 23.41
oxox;  Moxax, ~ "o (@341)
or in coordinate-free notation
2 0211
A+ wVx(Vx -u) + uvxu = poﬁ (23.42)

As a simple example of solutions of this equation, look for displacements of the form
u,=fi(m-X—cr) (23.43)
These are solutions for which the displacement is constant on planes with unit normal n
traveling at a speed c. Hence, they represent plane waves. Substituting (23.43) into (23.41)

yields

A+ wn; (mf]') + ufj = poczj;” (23.44)
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where (...)" denotes the derivative with respect to the argument. Forming the scalar product of
(23.44) with n; yields

c=c, = G+2m/n

c; 1s the bulk or dilatational wave speed. In seismology, this is called the primary wave speed.
The displacements are orthogonal to the wave front. Similarly, forming the scalar product of
(23.44) with vectors orthogonal to n yields the shear or transverse wave speed

c=cs=Vu/py

for which the displacements are parallel to the plane of the wave. Since ¢; > cg, the dilatational
wave arrives before the shear wave and the difference in arrival times can be used to infer the
elastic constants.

23.3.1 Uniqueness of the Static Problem

Solutions to elasticity problems can be obtained in any number of ways. Having obtained a
solution, it is important to know that there is no other solution to the same problem. Here we
will show that this is the case. Actually, we would like to know that any slight change in the
problem formulation leads to solutions that are close in some sense. This can be shown, as
well, but is more involved and we will therefore restrict focus to uniqueness.

Thus we will consider a static problem satisfying the equilibrium equation

%% +pob) =0 (23.45)
ox; " Po% = '
the constitutive equation (23.24), the strain displacement equations
_L(2m % (23.46)
=2 \ox, " ox, '

and boundary conditions. The boundary conditions may be of several types:

Specify the traction t everywhere on the boundary.

Specify the displacement u everywhere on the boundary.

Specify the traction t on some portions of the boundary and the displacement u on all other
portions of the boundary.

Specify one of each pair #;u; on some portion of the boundary and either t or u on all other
portions of the boundary.

There are other possibilities but those above cover most situations. Assume that there are
two solutions that satisfy (23.45), (23.24), (23.46), and the boundary conditions and let their
difference be denoted by Au;, Ac;;. Because both solutions satisfy (23.45)

9% _ 23.47
Sl (23.47)

1
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Forming the scalar product of Au; with (23.47) and integrating over the volume leads to

0A0'U
v aXi

Rewriting the first term as

Au; = — AC;i——
i 9X, ox, i X,

L

then using the divergence theorem, Ac;; = Acj;, and (23.46) yields

/Aalegﬁ dv = /Atl-Aul- da
v a

The right hand side vanishes for any of the boundary conditions specified above. Because both
solutions satisfy the same constitutive relation (23.24)

/Aele,jklAekl dv=0
v
Because of (23.37), Cyy is positive definite, and the integrand can vanish only if
Ag; =0 (23.48)

establishing that the stress and strain are unique. The displacements are not unique but (23.48)
requires that the difference have the following form:

where the B; and A;; are constant and Aj; is antisymmetric. Thus, the displacement fields can
differ by a translation and rigid rotation. Specifying displacements on a portion of the body
rules out this possibility.

23.3.2 Pressurized Hollow Sphere

As an example of the solution of a linear elastic boundary value problem consider the hollow
sphere subjected to internal and external pressure shown in Figure 23.1. The sphere is subjected
to a pressure P, at radius r = b and a pressure P, at radius r = a. Obviously the displacement
depends only on the radial coordinate r = 4/X; X,. This problem is, perhaps, more naturally
solved in spherical coordinates. Nevertheless, solution in rectangular Cartesian coordinates
presents little additional complications by noting that the components of a unit vector in the
radial direction are X;/r. Consequently, the Cartesian components of the displacement must
have the form

Xi
= —u(r) (23.50)



190 Fundamentals of Continuum Mechanics

Figure 23.1 Internally and externally pressurized sphere.

where u(r) is the displacement in the radial direction. Because we have focused on rectangular
coordinates we will use this approach.
The boundary condition at r = b is

X;/b)o;; = —Py(X;/b) (23.51)
andatr =ais

—(X;/a)o; = P(X;/a) (23.52)

where the minus sign in (23.51) occurs because the pressure is in the negative radial direction
and that in (23.52) because the normal to the boundary is in the negative radial direction. The
derivatives of (23.50) needed for substitution in (23.41) are calculated as follows:

ou; o XX\ XX

where «'(r) = du/dr. Calculating the other derivatives in similar fashion and substituting in
(23.41) with zero right side gives

X.
(A + 2y)7'{r2u”(r) +2rd (r) = 2u(r)} =0

and, consequently, the term {...} must vanish. Looking for a solution of the form #" reveals
that

u(r) = % + Br
T

where A and B are constants. The first term gives a strain that is purely deviatoric and the
second a strain that is a uniform dilatation.
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The stress components calculated from (23.31) are

A 3XiX;

where A and B have been redefined to absorb the elastic constants. The radial component of
stress, o, is

X;0iX;

by

0, = —— = B - =
r2 r

Substituting into (23.51) and (23.52) and solving for A and B gives

313
a’b

P P03
and

(Pua® - P,b?)
b — 3

Because A and B are independent of the elastic constants, so is the stress field, a consequence
of the all-traction boundary conditions. The hoop stress o, can be calculated by taking the
trace of (23.53), noting that it is invariant and must equal o, + 20, in spherical coordinates.

Exercises

23.1 Derive (23.9) directly from (23.8) by regarding the strain energy as a function of the
deformation gradient, i.e., W = W(F), and computing

ow__ ow %y
oF 0E;; OF ,,

mn

23.2 The constitutive equation for an elastic material with a strain energy density function
W can be expressed as (23.8) where Sij is the second Piola—Kirchhoff stress and Ej;
is the Green—Lagrange strain. For an isotropic material W can be expressed in terms
of the invariants of the Green strain or, equivalently, the invariants of the Cauchy
deformation tensor C = F” - F. Thus, W = W(I,, I,, I;) where the invariants I; and
I, are given by (7.9) and (7.10) and I5 is given by the result of Problem 7.3.

(a) Show that the second Piola—Kirchhoff stress Sis given by

S=2{W] —11W2—12W3}I+2{W2—11W3}C+2W3C‘C

where W; = oW /0I,.
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23.3
234

23.5

23.6

23.7
23.8
23.9
23.10

(b) By using the relation ¢ = |F|"'F-S-F’, show that the Cauchy stress o is
given by

o = 2|B|"2{I,W51 + (W, — I, W,)B + W,B - B}

where B = F - F7 is the Finger deformation tensor.
(¢) Use the result of Problem 7.4.a in (b) to show that

o =2|B|7 /2 {(I3Ws + LWL+ W\B + W,[;B™'}
Derive (23.19) and (23.20).

Show that the difference between the linearized versions of the Cauchy stress and the
Kirchhoff stress (23.20) is negligible if the volume strain is small.

A constitutive relation for heat conduction is Fourier’s law

g = oT
i~ RS

a.Xj
where q is the heat flux vector, T is the temperature, and K is the thermal conductivity
tensor, a material property.
(a) If the heat flux can be expressed in terms of a scalar potential function G,

_ 0G

ql aT,l
where T,; = 0T /0x;, what condition does this impose on K, the thermal conduc-
tivity tensor? In this case, what is the number of independent components of
K?

(b) If the x;x; plane is a plane of material symmetry, determine the reduced form of
the conductivity tensor.

(¢) If, in addition, the x;x, plane is a plane of material symmetry, again determine
the reduced form of the conductivity tensor.

(d) If the material is isotropic, determine the form of K.

Show that material symmetry with respect to 60° rotations about the X5 axis reduces
(23.27) to (23.28). Verify that such a material is symmetric with respect to any rotation
about the X5 axis.

Show that an isotropic material imposes the additional relation (23.30) on (23.29).
Derive (23.33) and (23.34).
Derive (23.35) and (23.36).

Determine the modulus M for uniaxial strain
o1 =Meyy

where €1, is the only nonzero strain component and determine the ratio 6,5, /0.
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23.11

23.12
23.13
23.14

23.15

A state of plane strain exists if £33 = £93 = €53 = 0.
(a) Show that for plane strain

033 = V(o + 0)
(b) Show that

1+v
6aﬂ= E {Gaﬂ—\/(o'l]‘l'ﬂzz)}

where a, f = 1,2.
Show that for an isotropic material the strain energy can be written as (23.39).
Show that the conditions K > 0 and u > 0 require £ > 0 and (23.40).

In the solution for the pressurized sphere take » — o0, P,, = 0,anda — oo but maintain
the product a®P, = m as finite. Specialize the stress and displacement fields for this
case. This is the singular (since the stress and displacement become unbounded)
solution of a center of dilatation.

The spherically symmetric solution can also be used to solve the problem of a spherical
inclusion, a special case of a more general solution by Eshelby (1957). Consider an
infinite material in which a spherical region of radius r = a undergoes a transformation
strain which would correspond to an increase of radius to a + £ya in the absence of the
constraint of the surrounding material. This transformation is assumed not to change
the elastic properties of the region. Depending on the application, this strain may
be due to a phase transformation, injection of fluid, increase of temperature, etc. It
is desired to determine the actual strain undergone in this region in the presence of
the constraint of the surrounding material. Eshelby (1957) solved this problem by
an ingenious procedure of cutting, transforming, and reinserting the inclusion. The
procedure is outlined in this problem.

(a) Remove the spherical region of radius a from the material. Due to phase trans-
formation etc., the region increases its radius to a + gga without stress. Show that
€¢ is one-third of the volume strain.

(b) Determine the pressure p, that must be applied at r = a to restore the radius of
this region to a. Because the inclusion is its original size, it can be reinserted
without causing stress. But the material now contains a force layer at r = a
corresponding to

o (a) =0 (a)+p,

where the plus and minus signs indicate that boundary is approached from r
greater than or less than a. Using the appropriate solutions inside and outside
of a, the condition above, and continuity of displacements show that the actual
strain of the inclusion (region r < a) is

_ A+2u/3

A+2u £0

and that the pressure in the inclusion is 4ue.



194 Fundamentals of Continuum Mechanics

23.16 Consider the same problem but take the point of view that transformation of the
inclusion causes a spherical dislocation, that is, a radial displacement discontinuity

ut =u" +eg

Show that using this condition and continuity of radial stress yields the same result as
the preceding problem.

Reference

Eshelby JD 1957 The determination of the elastic field of an ellipsoidal inclusion and related problems. Proceedings
of the Royal Society of London A 241, 376-396.
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e—¢ identity, 34, 43, 108, 155

Adjugate, 43

Almansi strain tensor, 123, 125
Angular velocity, 108
Anisotropic material, 182

Base vectors, 21, 22, 24, 47, 50, 57, 64
Basis, non-orthonormal, 36

Biot strain tensor, 123

Body force, 71, 153

Cartesian components, 24
Cauchy deformation tensor, 113
Cauchy stress tensor, 156, 163, 178, 181
Cauchy stress, rotationally invariant,
178

Cauchy tetrahedron, 75
Cayley—Hamilton theorem, 59
Cofactor, 42
Compatibility, small strain, 133
Components

cross product, 31

scalar, 22

tensor, 21

triple scalar product, 33

triple vector product, 33

vector, 21, 22
Configuration

current, 97, 111

reference, 97, 111

Control volume, 146, 150, 153
Coordinate-free representation, 22
Coordinate system

Cartesian, 21

cylindrical, 66

orthonormal, 47
Cubic material, 185
Curl, 65, 148
Current configuration, 97, 105, 111, 118
Cylindrical coordinate system, 66

Deformation gradient tensor, 111, 129, 158,
179, 180
Deformation tensor, 116, 117
Density, 71, 169
Derivative following a material particle,
100
Determinant, 32, 58, 98, 131
cofactor, 41
column expansion, 42
row expansion, 41, 42
triple scalar product, 33
Deyviatoric tensor, 80
invariants, 81
Direction cosines, 48
Displacement gradient, infinitesimal, 129
Displacement, single-valued, 135
Divergence, 65, 147, 150
Divergence theorem, 139, 146, 150, 153,
155, 162, 189
reference configuration, 156
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Dual vector, 108

Dyad, 25
transpose of, 26

Dyadic, 25, 26, 47, 57, 58, 65
antisymmetric, 27
multiplication by a vector, 26
skew symmetric, 27
symmetric, 27
transpose of, 26

Eigenvalue, 16
Eigenvector, 16
Energy
internal, 161, 162, 170
kinetic, 161
strain, 177, 178, 180-182, 186
Equation of motion, 154, 155, 162, 172, 180,
187
Equation of state, 169
Equilibrium equation, 154, 188
Eulerian description, 99, 124
acceleration, 100
scalar property, 99
velocity, 99

Finger tensor, 113
Finite rotation, 6
First Piola—Kirchhoff stress, 156
Fluid
ideal, 169
Newtonian, 171, 173
perfect, 169
Stokesian, 171
Flux, 147, 150
Flux, heat, 161, 163
Flux, momentum, 153
Forces
body, 71
surface, 72
Fourier’s law, 171

Gradient, 63

Gradient operator, cylindrical coordinates,
66

Gradient, of a tensor, 66

Gradient, of a vector, 64

Green deformation tensor, 112, 117, 129

Green’s theorem, 139

Green—Gauss theorem, 139

Green—-Lagrange strain, 122, 124, 164, 178,
179

Green—Lagrange strain tensor, 180

Heat equation, 171, 173
Hexagonal material, 184
Homogeneous material, 171, 182, 185

Identity matrix, 43
Identity tensor, 14, 27, 28
Identity, -6, 34
Incompressible material, 147, 170, 185
Index
dummy, 23, 32
free, 22
repeated, 23
summation, 23, 32
Infinitesimal rotation tensor, 132, 181
Infinitesimal rotation vector, 135
Infinitesimal strain tensor, 130, 179, 182
Internal energy, 161, 162
Invariant, 91
Invariants, 59
Inverse, 15, 43, 58
deformation gradient tensor, 113
orthogonal tensor, 48
Irrotational velocity field, 108
Isotropic material, 171, 172
Isotropic tensor, 80, 171, 183

Jacobian, 146

Kinetic energy, 161
Kirchhoff stress, 164, 181
Kronecker delta, 22

Lagrange multiplier, 79, 85
Lagrangian description, 98
acceleration, 100
scalar property, 99
velocity, 99
Lamé constants, 185
Laplacian, 65
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Left Cauchy—Green tensor, 113
Logarithmic strain, 123

Material derivative, 100, 146, 147, 149,

156
Material objectivity, 177
Material rate of change, 100
Material strain tensor, 121, 125, 164,
178

Material velocity, 146
Material

anisotropic, 182

cubic, 185

hexagonal, 184

homogeneous, 171, 182, 185

incompressible, 170, 185

isotropic, 171, 172

monoclinic, 184

orthotropic, 184

rigid, 171

transversely isotropic, 184
Matrix

identity, 43

inverse, 43
Mixture theory, 150
Modulus, bulk, 185
Modulus, Young’s, 186
Moment of a force, 34
Monoclinic material, 184
Motion, 97
Motion, rigid body, 102

Nanson’s formula, 115, 157, 163
Navier equations, 187
Navier—Stokes equations, 172
Newton’s second law, 73, 75, 153
Newtonian fluid, 171, 173

Nominal stress, 156, 158

Nominal stress tensor, 163, 179, 180
Normal, to a surface, 64

Orthogonal tensor, 16, 58
Orthogonal tensor, inverse, 48
Orthonormal, 57
Orthonormal base vectors, 47
Orthotropic material, 184

Perfect gas law, 169
Permutation symbol, 32, 41
Plane waves, 187

Poise, 173

Poisson’s ratio, 186, 187

Polar decomposition, 177

Polar vector, 108

Potential function, 135
Potential theory, 139

Pressure, thermodynamic, 169
Principal directions, 16, 79, 114
Principal invariants, 59
Principal value, 16

Principal values, 79

Principle of frame indifference, 177

Rate of deformation, 106, 124, 171
normal components, 107
off-diagonal components, 107
principal values, 107
Rate of extension, 107
Reference configuration, 97, 105, 111, 118,
129, 131, 155, 163
Reynolds’ transport theorem, 153, 155, 157,
162
Right Cauchy—Green tensor, 112
Right hand rule, 8, 31
Rigid body rotation, 34
Rotation tensor, 117
infinitesimal, 132, 135, 181
Rotation, finite, 6

Scalar product, 7, 14, 22, 24, 33, 36, 49, 57,
65,74, 83, 189
of a tensor, 28
Second Piola—Kirchhoff stress, 164, 178-181
Shear, 114, 131
Shear traction
maximum, 86
maximum magnitude, 92
Small-strain tensor, 121, 124, 130
Specific heat, 170
Specific volume, 170
Spin tensor, 106, 125
Stationary values, of normal traction, 80
Stokesian fluid, 171
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Strain energy, 177, 178, 180-182, 186
Strain tensor
Almansi, 123
Biot, 123
Green—Lagrange, 122, 124, 164, 178-180
infinitesimal, 130, 179, 182
logarithmic, 123
Stress tensor, 74, 75
Second Piola—Kirchhoff, 178181
Cauchy, 156, 163, 178, 181
first Piola—Kirchhoff, 156
Kirchhoff, 164, 181
nominal, 156, 163, 179, 180
rotationally invariant Cauchy, 178
second Piola—Kirchhoff, 164
work-conjugate, 178
Stress vector, 73
Stress,
Cartesian components, 74
dyadic representation, 74
normal, 74
normal component, 79
principal values, 92
shear, 74
Stretch ratio, 112, 130
Stretch ratio, principal, 121
Summation convention, 23
Summation convention, rules, 23
Surface forces, 72

Temperature, 169
Tensor, 13
Tensor product, 27, 59, 102
Tensor
Second Piola—Kirchhoff stress, 164,
178-181
Almansi strain, 123
antisymmetric, 15, 106
Biot strain, 123
Cartesian components, 24
Cauchy deformation, 113
Cauchy stress, 163, 181
definition, 14, 51
deformation, 116, 117
deformation gradient, 111, 129, 179, 180
deviatoric, 80

displacement gradient, 129

eigenvalue, 16

Finger, 113

fourth order, 183

Green deformation, 112, 117, 129

Green—-Lagrange, 179

Green—Lagrange strain, 122, 124, 164,

178, 180

identity, 14, 27, 28, 51

infinitesimal rotation, 132, 181

infinitesimal strain, 130, 179, 182

inverse, 15

isotropic, 80, 171, 172, 183

isotropic, fourth order, 52

Kirchhoff stress, 164, 181

left Cauchy-Green, 113

logarithmic strain, 123

material strain, 125, 164

material strain, 121

nominal stress, 163, 179, 180

nth order, 18

orthogonal, 16, 47, 48, 58

principal directions, 16

principal value, 16

rate-of-deformation, 106, 124, 171

right Cauchy—Green, 112

rotation, 117

rotationally invariant Cauchy stress,

178

scalar product, 28

second order, 18

skew symmetric, 15, 106

small strain, 121, 124

spin or vorticity, 106

stress, 74, 75

symmetric, 15, 27, 76, 79, 86

thermal conductivity, 171

third order, 66

transpose, 15

velocity gradient, 106, 162, 163
Thermal conductivity, 171
Thermal diffusivity, 171
Thermodynamic pressure, 169
Thermodynamics

first law, 161

second law, 171
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Trace, 28, 81, 131
Traction, 72, 153
normal, 84
normal component, 83, 87, 90
shear component, 83, 87, 90
stationary values, 80
Transpose, 15, 65
determinant of, 42
of a dyad, 26
of a dyadic, 26
of a matrix, 42
of a tensor product, 28
of a vector, 25
Transversely isotropic material, 184
Triple scalar product, 8, 41, 44, 115
components, 33
Triple vector product, 8
product, components, 33

Vector product, 7, 8
Vector
addition, 5, 24, 50
basis, 21
column, 25
components, 22
cross product, 7, 8, 65
definition, 50
dot product, 7
multiplication by a scalar, 5

parallelogram rule, 6
polar or dual, 108
right hand rule, 8
row, 25

scalar product, 7, 14, 24, 33, 36, 49

subtraction, 6

transpose, 25

vector product, 7, 8
Vectors

base, 21, 22, 24

coplanar, 33

non-coplanar, 36

orthogonal, 7, 32, 36

triple scalar product, 8

triple vector product, 8
Velocity, 99, 105
Velocity field, irrotational, 108

Velocity gradient tensor, 106, 162, 163

Viscosity
bulk, 172
dynamic, 173
shear, 172
Vorticity, 108
Vorticity tensor, 106

Wave speed, 188

Waves, plane, 187

Work conjugate, 164, 170, 178, 179
Work-conjugate stress tensor, 178
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