AV ®
< L XX

Yaiw e

THEORY OF PLATES
AND
SHELL

NEW AGE }

S.S. Bhavikatti

NEW AGE INTERNATIONAL PUBLISHERS




Thispage
Intentionally left
blank




THEORY OF PLATES
AND
SHELLS



Thispage
Intentionally left
blank




THEORY OF PLATES
AND
SHELLS

S.S. Bhavikatti

Emeritus Professor
Department of Civil Engineering
BVB College of Engineering and Technology, Hubli
(Formerly Professor and Dean NITK—Surathkal,
SDM College of Engg. and Tech.—-Dharwad, and
Principal, Rao Bahadur Y. Mahabaleshwarappa Engg. College, Bellary)

Pullishing Globally
NEW AGE INTERNATIONAL (P) LIMITED, PUBLISHERS

New Delhi « Bangalore * Chennai * Cochin « Guwahati « Hyderabad
« Kolkata « Lucknow * Mumbai
Visit us at www.newagepublishers.com



Copyright © 2012, New Age International (P) Ltd., Publishers
Published by New Age International (P) Ltd., Publishers

All rights reserved.

No part of thisebook may bereproduced in any form, by photostat, microfilm, xerography,
or any other means, or incorporated into any information retrieval system, electronic or
mechanical, without the written permission of the publisher. All inquiries should be
emailed to rights@newagepublishers.com

ISBN (13) : 978-81-224-3492-7

PUBLISHING FOR ONE WORLD

NEW AGE INTERNATIONAL (P)LIMITED, PUBLISHERS
4835/24, Ansari Road, Daryaganj, New Delhi - 110002
Visgt usat www.newagepublisher s.com



Preface

Plate is a flat surface having considerably large dimensions compared to its thickness with supports
along few edges and is subjected to transverse load. For civil engineer common example of plate is a
slab. At undergraduate level students are taught design of slab by approximate methods or by using
moment co-efficients given in the code, without going through how they are obtained. At the post-
graduate level theory of plates is taught to structural engineering students to understand actual
load transfer in plate by elastic analysis. It involves forming and solving fourth order differential
equations.

Shells are curved plates. The analysis of shells involves additional complexity. A design engineer
should understand mechanism of load transfer and internal forces developed in the shells. Shells are to
cover large area free of columns and architects prefer them for their aesthetic appeal. A structural
engineer has to learn theory of shells to design economical shell structures with more confidence.

In this book theory of plates and shells is explained. The analysis is restricted to classical method
only. Finite element method is the numerical method suitable for the analysis. Author has covered the
shell analysis by finite element analysis in his seperate book. A number of commercial packages are
available for the analysis by finite element method. But it is necessary that design engineer should have
basic knowledge of load transfer and internal forces that develop, which is possible by going through
classical theory. For validating the results obtained by finite element packages, classical theory for
commonly found standard cases is essential.

The book is essentially based on the lecture notes of the author taught to students of M.Tech.
(Industrial Structure) at NITK Surathkal and M.Tech. (Structural Engineering) at BVB College of
Engineering for over 40 years. The author hopes that the book will be quite useful as a textbook for
M.Tech. students to gain confidence in taking design of plates and shells.
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Chapter

1

Introduction to Plates

Plate is a flat surface having considerably large dimensions as compared to its thickness. Common
examples of plates in civil engineering are

1. Slab in a building.

2. Base slab and wall of water tanks.

3. Stem of retaining wall.

A plate may have different shapes e.g. rectangular, triangular, elliptic, circular etc. as shown in
Fig. 1.1.

N
Nl

Fig. 1.1 Shapes of plates

A plate may have edge conditions like free, simply supported, fixed or elastically supported as
shown in Fig. 1.2.

Beam
/

Fig. 1.2 Edge conditions



2 THEORY OF PLATES AND SHELLS

In this chapter the coordinate system selected is clearly explained first and then various forces to be
considered on an element of plate are explained and sign conventions are made clear. At the end a brief
introduction is given to different theories available for the analysis of plates.

1.1 COORDINATE SYSTEMS

In the analysis of plates, cartesian coordinate system with right hand rule is used. According to this
when thumb, index finger and middle finger are stretched to show three mutually perpendicular direc-
tions, thumb indicates x-coordinate direction, index finger shows y-coordinate direction and middle
finger indicates z-coordinate direction. Figure 1.3 shows different orientation of x, y, z directions. The
equations derived for plate analysis with cartesian coordinate system with right hand rule hold good for
all these orientations. The commonly used orientation is that shown in Fig. 1.3(a), since slabs are
usually subjected to downward loads and the analyst is interested in downward deflections.

X

v
<

‘<'\

(c) / (@)

X

Fig. 1.3 Different orientation of coordinates with right hand rule

For the analysis of circular plates, polar coordinate system shown in Fig. 1.4 may be used advanta-
geously.

» Reference axis

z is downward direction

Fig. 1.4 Polar coordinates for circular plate
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1.2 STRESSES ON AN ELEMENT

In cartesian system an element of size dx x dy x dz is selected at a point (x, y), distance z below the
middle surface [Refer Fig. 1.5(a)]. The stresses acting on the element are shown in Fig. 1.5(b), in their
positive senses. Note that the sign convention used is that a stress on positive face in positive direction
or on negative face in negative direction is positive stress. It means the direct tensile stress is positive.
For shear stresses, the positive senses are as shown in Fig. 1.5(b).

» X
I
i § S,
I X T,
S P
| i — T
i /——> o,
I
! T

|/ : ___________________ _;x Ty
/ v
v 3
y 4 (jy Tyz
(a) An element at point (x, y, 2) (b) Stresses on the element

Fig. 1.5 Stresses on an element

1.3 TYPES OF THEORIES OF PLATES

The theories that are available for the analysis of plates are
1. Thin plates with small deflections.
2. Thin plates with large deflections and
3. Thick plates.

1.3.1 Theory of Thin Plates with Small Deflections

This theory is satisfactory for plates with thickness less than 2—10th of its lateral dimension and having

deflection less than %th of its thickness. In this theory the following three assumptions are made:

1. Points on the plate lying initially on a normal to the middle surface of the plate remain on the
normal to the middle surface of the plate even after bending.

2. The normal stresses in the direction transversal to the plate can be neglected i.e. Take G, T,.,
T,. =0.

3. There is no deformation in the middle surface of the plate. This plane remains neutral during

bending.

Assumption 1 means shear deformations are neglected. This assumption is generally satisfactory, but
in some cases e.g. in case of holes in the plate, the effect of shear becomes considerable and hence
corrections to the theory of thin plates are to be applied.

Assumption 2 is valid for thin plates, since the stresses are zero in z-direction at top and bottom of
plates, as they are free edges. There may be small variation inside the plate at any depth z, but it is
negligible.
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Assumption 3 holds good if the plate is thin. However in actual structure when the plate bends, small
forces may develop in the middle surface. This inplane stress in the middle of plate reduces the bending
moment at any other point. Hence neglecting this force is an assumption on safer side.

1.3.2 Theory of Thin Plates with Large Deflections

If the deflections are not small in comparison with its thickness, strains and stresses are introduced in
the middle surface of the plate. These stresses are to be considered in deriving equilibrium equations.
Inclusion of these stresses results into non-linear equations. This is called geometric nonlinearity. When
this non-linearity is considered, the solution becomes more complicated.

1.3.3 Theory of Thick Plates

The first two theories discussed above become unrealistic in the case of plates of larger thicknesses,
especially in the case of highly concentrated loads. In such cases thick plate theory should be used. This
theory considers analysis as a three dimensional problem of elasticity. The analysis becomes lengthy
and more complicated. Till today the problems are solved only for a few particular cases.

QUESTIONS

1. Draw an element of plate in Cartesian system and show the stresses acting on it in their positive senses. Make
the sign convention clear.
2. Briefly write on the following theories of plates to bring out differences among them.
(a) Thin plates with small deflections.
(b) Thin plates with large deflections.
(c) Thick plates.



Chapter

2

Pure Bending of Plates

As the title suggests, in this theory stress resultants produced due to bending moments only are consid-
ered. In other words, deformation of the membrane due to external loads is ignored. Naturally, in this
type of bending, middle surface remains neutral surface. In this chapter, some of the properties of bent
surface are discussed and expressions are derived for stresses and moments in terms of single unknown
deflection ‘w’.

2.1 SLOPE IN SLIGHTLY BENT PLATE

Figure 2.1(a) shows the plan view of an element and Fig. 2.1(b) shows sectional view of slightly bent
plate.

(o] » X
—»| dx |<;
mb----———-- X V) e M n
(x,y) Y Ty

y

Fig. 2.1 (a) Plan view of element

middle surface
/_ before deformation
| |
m [~<C N P 2 n
\\‘\\\\ w wrdw .77
== —~ Ju— _/ -

j x_ middle surface
0, after deformation

Fig. 2.1 (b) Sectional view of element
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Consider an element of size dx x dy at point (x, y) in the middle surface of the plate. Figure 2.1(b)
shows the middle surface of the plate cut by plane mn parallel to xz plane. Then,

Slope along x-axis=0, = a_w ...eqn. 2.1
ox
Similarly if a plane parallel to yz plane is considered,
Slope along y-axis=6, :a—w ...eqn. 2.2
dy

Let aa’ make an angle o with x-axis (Refer Fig. 2.1(a)). The difference between the deflections at
a and a’ is due to slopes in x and y directions. Let it be ‘dw’.

Then, dw = 0, dx + 0,dy

=——dx+——dy ..eqn. 2.3

Slope along aa” which is in ‘n’ direction is given by
dw _dwdx owdy
on Ooxon dydn
ow ow .
Za—xCOSOC+—ySlIlOC. ...eqn. 2.4

Let the maximum slope be at an angle o to x-axis. Hence
i(d_W)
dao\ dn

(—sinocl)+?)—wcosoc1 =0

o=a,

ow

ox

_ 9w/dy
= Iw/ox ...eqn. 2.5

Putting eqn. 2.4 to zero, we get the direction of zero slope. Let it be o,. Then

tan o,

or

ow ow .
0=——cosa, +—sina,

ox dy

tan o, =————— ...eqn. 2.6

From eqns. 2.5 and 2.6, we get,
tano -tanol, =—1.

It means the direction of zero slope (0,,) and the direction of maximum slope (o) are at right
angles to each other.



Pure BENDING OF PLATES 7

Expression for Maximum Slope:
The value of maximum slope

_ow

~on

=0,

ow ow .
=——cos0, +——sina,
X 0

ow ow
=| —+—-tano, |coso,
( dx  dy ]

_ a_w+a_w ow/dy) 1
ox dy dw/ox Jsecq,

2]
ox dy 1
Iw/dx J1+tan® o
BEE)
ox dy 1

ow/dx 2
/ 1+(8w/8y)

ow/dx
BEGIE:
_ ox dy ox
ow/dx (aw)2+ aw 2
ox dy
aw) (awY
=\ ox +a_y ..eqn. 2.7

2.2 CURVATURE OF SLIGHTLY BENT PLATE

The curvature of a bent surface is numerically equal to the rate of change of slope. If the curvature is
considered positive when it is a sagging surface (Refer Fig. 2.2), the curvature in x-direction

:i:_i(a_w]:_az_w ...eqn. 2.8
r, ox \ ox ox2

1 . .
where — is radius of curvature.

Ty
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Similarly, curvature in y-direction
=== ...eqn. 2.9 !

5>
V‘y ay 6,

Fig. 2.2 Positive sense of curvature

Curvature in any direction

Consider a direction n which makes angle o with x-axis. Then from the definition of curvature,

1_ 9w

r, on’

ow dw ow .
From eqn. 2.3, o =gcosoc+a—ys1noc
j i—icosoc+isinoc
l.e. an - ax y

L P (o)

r, on’ on\ on

(8 0 . ](aw ow .
=—| —coso.+—sina || =—cosa+—sina

0x dy 0x dy
w5, 0w ., 0%w . w .
=—| —-cos” o+ —sin” oL + coso. sinoL + sinQL- coso
ox> dy> 0xdy X 0y
. 1_ 2w
Noting that, . o2
1 0%w
and r, ayz
1 2
and taking — = , we get
r 0xdy

Xy

2

sinoL.cos o
rn rx r, X y

1 1+cos2o0 1 1—cos2o00 1 .
=— +— ——sin2a
r 2 r 2 r

x y xy

11 1 1 1)cos2a 1 .
= —+—|+|——— |————sin20
2{r, 1, r. r 2 r

Y x y xy

...eqn. 2.10
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If ‘¢’ is the direction at right angles to ‘n’ direction, the direction ‘¢’ is at oL + 90° to n-direction. Hence

1
— can be obtained by changing o to o + 90 in eqn. 2.9. Thus

rl
1 1(1 1 I(1 1 1
—=—| —+— |[+=| ——— |cos(20.+90) ——sin2 (. + 90)
o 2\, ry 2\ r, ry Fey
LY G N Y 0 S cosZoc+isin20c
2\ r, r, 2\ r, r, Ty ...eqn. 2.11
Adding eqns. 2.10 and 2.11, we get
I 1 1 1
=t ...eqn. 2.12

T T Ty ry

Hence we can conclude, the sum of curvatures in any two mutually perpendicular directions in

a slightly bent plate is constant.
Twist of the surface w.r.t. n and ¢ directions:

It is given by,

r - onot - on

nt

1 9%*w i(a_w)
ot

Now from eqn. 2.4,

a_w —a—wcosoc+a—wsinoc
on  dx dy
i —icosoc+isinoc
on  dx dy
from the above expression by changing o to

Since t is the direction at right angles to n, we get »

o+ 90.

ie. 5—%COS(OC+90)+%Sin(OL+90)

J .
=——sino +——coso
ox dy

Rl :i(a_W)
r on\ ot

nt

]( ow . ow ]
——sino +a—cosoc

0 .
=| —cos0 +—sinQ
ox dy ox y
*w . 2w w Pw .,
= ——-sinocos 0. +—-sinocos o + cos” oL — sin” o,
oxdy 0xdy

ox? dy
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r. r 2 r

1 1 )sin2 1
= [— ——J Sm o +—(cos2 o, — sin® oc)
x My xy

...eqn. 2.13
re o) 2 Ty q

(1 leinZOL 1
=|—-— +—-cos2a

2.3 PRINCIPAL CURVATURE

. S . . . 1
The two mutually perpendicular directions ‘n” and ‘#’ with respect to which twist of the surface — =0,

Vot

is called the direction of principal curvatures. Hence from eqn. 2.13, we get the direction of principal
curvature ‘o’ as

tan20 = ——— % _ ...eqn. 2.14

It can be shown that in the direction of principal curvatures, the curvature is maximum/minimum.
For this proof, differentiate eqn. 2.10 with respect to . It gives,

11 1 1
E[———J(—sinZoc)><2——200520c =0

2X —

which is same as eqn. 2.14.
Thus we find the planes of principal curvatures are the planes of extreme curvatures also.

Magnitude of Principal Curvatures
For such planes,

1
27
;
tan200= ———=
T
rx }"y

Referring to Fig. 2.3




Pure BENDING OF PLATES 11

1 1 1

I, N -

r r. r

sin2o = i T and cos20 = al

72
1 1Y 4 1 1V 4
reon, rxzy S rxzy

1
Substituting these values in eqn. 2.10 and noting this as —, we get

) 12
1(1 1 1 1 1 4
=—|—+—|+5||——— | +—= ...eqn. 2.15(a)
2\ r, ry 21\ r, n Ty
If we take (Ref. Fig. 2.4) N
2 N {L
A RS
11 X
P \¢
reor, \ * 2
cos20., = 7 By
2
<) R T
2/r Fig. 2.4
and sin2a, = / =

1/2
1Y, 4
rx ry rxzy

) 1/2
(1 1] 1(1 1] +4
_ || === — ...eqn. 2.15(b)
e ny 21\ "y Ty

we get,
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It may be noted that 20, and 20, differ by 180° i.e. o, and o, differ by 90°.

The equations for principal curvatures are similar to those obtained for finding principal stresses.
Hence Mohr’s circle can be used to determine principal curvatures also. Figure 2.5 shows Mohr’s circle
for principal curvatures.

Twist

A l
Iy

/_\
=
x| =
Z

~—

» Curvature

€ 1 1
P 20 r r

Fig. 2.5 Mohr’s circle for curvatures

2.4 DISPLACEMENT—STRAIN RELATIONS

Let,
u — displacement in x-direction
v — displacement in y-direction and
w — displacement in z-direction.
u,v and w are considered positive when they are in positive directions of the coordinates x, y and z.

u+—dx
||

ox
a b
h V+ —dx

:\\ }/‘ ——‘——‘——_~~"“‘— ~-——— b’

\
\
by \\
\ \
\ \
C \ \
\ \
ou’ I | d !
V+<=—dy \ \
ay v \ \
— C,‘~\\ \\
S~ao \
~—~__ \
Ju T~ \
u+=—dy ~~__ N
ady ~<__ N
~< \

Fig. 2.6 Deflected shape of element
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Consider an element of size dx x dy as shown in Fig. 2.6. Note that the original element abcd is
deflected to the position a’b’c’d’. In the figure a’b’c’d’ is shown such that the deflections increase in the
increasing directions of coordinates. Thus

(u, v) are deflections at a’.

(u + a—de, y +ﬁdx) are deflections at b’.
o0x o0x

u +a—udy, v +&dy are deflections at ¢’.
dy dy

-. Change in length of the element in x-direction =u+ %dx —u= a—udx.
X X

*. Strain in x-direction

_ Change in length in x-direction

Original length in x-direction

du
dx  ox
Similarly, strain in y-direction
v+ @ -dy—v
)
g dy dy
Shearing strain
YXy = q)l + ¢2
av au
Ddx —-dy
_Ox dy
dx dy
ou dv
= — 4+ —
dy dx
Thus strains are given by the expressions
_du
*oox
_»
Yy
ou v

and Yy =a—y+— ...eqn. 2.16
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2.5 STRAINS IN TERMS OF w

Let a point at distance z from middle surface be displaced as shown in Fig. 2.7.

rotated normal

-~
~<_

rotated middle surface

Fig. 2.7 Displacement u in terms of w

From the figure, it is clear that

ow
=70 =—7-~
" e ¢ ox
- O L
Similarly, y Jy
_ou__ Ow
Toox ox?
v Fw
y ay ayZ
_ou v
and Vo = y " ox
9w 0%w

_Z 0xdy oc 0xdy

2
y 0w
0xdy
Thus,
3 ——zaz—w
* ox?
9w
g, =—7—
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_ 0w
and Vay = 722 Axdy ..eqn. 2.17

The above expressions for strains €, and €, may be derived considering the
curvatures also.

Referring to Fig. 2.8,

e = Final length — Original length

X

Original length

(rx + z)G -r0

Similarly & =—2—
Fig. 2.8 Strain €, from
curvature consideration

2.6 STRAIN-STRESS RELATIONS

Consider the element shown in Fig. 2.9, which is subjected to stresses G,, 6, and T,,. In the figure
stresses are shown in their positive senses.

Taking moment equilibrium condition about z-axis passing through A, we get

T, dy h dx — T, h dx dy = 0, where h is thickness of plate.

T, =T, (1)

Oy

Fig. 2.9 Stresses on an element
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From theory of elasticity, we know

and €, =—((Sy —ucx)

where E - Young’s modulus
and W - Poisson’s ratio.

1
From eqn. 3, ue, :E“(Gy —ch)

Adding eqns. (2) and (4), we get

£, +UE, =l(1—u2)0x

E
G = E (8 e )__ Ez 82w+u82w
or X 1_“2 x y I_HZ ax2 ayZ
Ez ’w 9w
Similarly, 0y=—1_“2 Ho2 +ay2
Ty =0V,
here G = Modulus of rigidity = E
where G = Modulus of rigidity —2(1+ )
_E
o 2(1+u)7*y
E 9’w
= 27—
2(1+u)  9xdy
___Ez Ow
(1+u) oxdy
__Ez(l—u) 0’w
1-p? oxdy
Thus,
G - Ez [9*w 9w
* 1-p? | ox? dy*
G - Ez lJE)ZW 9’w
y l_uz axz ay2
. Ez 0*w
and Txy__l_uz (l_u axay

..(2)

..(3)

..(4)

...eqn. 2.18
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2.7 EXPRESSIONS FOR MOMENTS

Let,
M, = Moment per unit length acting in x-direction.

M, = Moment per unit length acting in y-direction.
and M, = Twisting moment per unit length w.r.t. x — y directions.

Sign convention used: Positive forces in positive side of z-coordinate produce +ve moments.
It amounts to taking sagging bending moments as positive moments. These moments may be repre-
sented by any one of the way shown in Fig. 2.10.
Note carefully:
M,, is moment per unit length on face x in y-direction.
M, is moment per unit length on face y in x-direction.

Myx
( ¢ r/l r 7
S NN N
My
M‘/
o A A o A ad
< N \ \ N
Myx
(a)
M,
My
M,
MX
M,
M,, /“M
y
M

(b)
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xy

(c)
Fig. 2.10 Sign convention for moments

The twisting moments are positive when they are as shown in Fig. 2.10 (Positive shear acting in
positive direction of z produces positive twisting moment).

h/2
Now, M, = [ ozxlIxds
—h/2
" Ez (0°w  9*w
= j - 5 - +HH— zdz
o 1-u ox dy

E (2w W [2 T/ ’
= — -|— —_
1-p? [axz " dy” ] 3 1w

B [azw azwj

= +U
2(1-p?)lax? T oy?
2 2
= | I
ox dy
ER’ i
where D = oy 18 flexural rigidity of plate.
12(1-p7)
*w 0w
Similarly M, =-D (Hax—z + yj
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Now, M _ = j’c zX1xdz

Thus,

3w 9w
M =-Dlu—+— ...eqn. 2.19
y (H ax2 ay2 ] q

0w

oxady

M, =-D(1-p)

2.8 MOMENT IN ANY DIRECTION

Let ‘n’ be the direction making angle o in clockwise direction to x-direction as shown in Fig. 2.11.
Consider the element of size dx x dy and thickness h. Now we have to find expression for moment in
n-direction in terms of known moments M,, M, and M,,.

0 » X

dx

Fig. 2.11 Element considered
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Now consider the stresses acting on the triangular element as shown in Fig. 2.12.

i: dx >

Fig. 2.12 Triangular element with stresses on its sides
Noting that 1,, = T,,,

> Forces in n direction = 0, gives
G,hdt=0G,hdycoso+0o,hdxsinao+1T,hdysind+T, hdrcos o
Throughout dividing by A.dt and noting that

dx . dy
— =sino and — = cosa, we get
dt dt

- 2 .2 . .
G,=0,-C0os" 0L+C, sin” 0L+ 1T, cosOSinOL+ T, sino-coso
_ 2 2 .
=0,C0s" 0.+0 sin” 0. +2T,, sino- cos o
1+cos2a 1—cos2a .
=0, |——— |[+0,| ——— |+ 1T,,sin20
2 Y 2 w

o, +0 6,—0

=T Yy x2 >0 200+ T, $in 20,

From equation of equilibrium
YF, =0, we get

T,.hdt =—0  hdysino.+ G hdxcoso.

nt

—T,yhdxsino+ 1T, hdycosa

T, =—0,C0S0SIN0L+ G Sin0L-COSOL+T,, (0052 o —sin’ oc)

n

-0, +Gy .
=——sin200+ T, cos20
2 xy
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h/2
j o, X1xdzXz
—hj2

<
I

h/2
6,+06, 0,-0, _
+ cos20.+ T, sin2a |zdz
w2 2 2

M, +M, M,-M, ]
= 5 + 5 cos20.+ M sin2a ...eqn. 2.20

hj2
M, = jrxyxlxdzxz

Similarly, nt
-2

-M_+M
=%Sin20€+Mxy CcoS20L ...eqn. 2.21

2.9 PRINCIPAL MOMENTS

The planes on which twisting moment is zero are known as principal planes of moment. From eqn.
2.21, if o is the direction of principal planes, we get

-M,+M,
0= Tstoc1 +M,, cos2a,
M,
ie. tan20 —m ...eqn. 2.22

It can be easily proved that moments on principal planes have extreme values. For moment M, to
have extreme value, necessary condition is,

oM, 3
dol [g=o’
M.-M, )
ie. ——2(-2sin20a) + M 2cos20’ =0
2 y
ie. tan20/ = ~— which is similar to eqn. 2.22.
x My

Thus o, = o i.e. the moments on principal planes are extreme values. It can be shown that the
magnitude of principal moments are

2
M_+M M_-M
M, = x2 yil:( x2 yj +Mfy]

1/2
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The expressions are similar to the expressions for principal stresses. Hence for moments also Mohr’s

circle can be drawn. Figure 2.13 shows Mohr’s circle for moments.

e

Twisting moment
A M

Xy, max

(M, M)

2014

0 » Moment

My, M)

M

Xy, max

Fig. 2.13 Mohr’s circle for moments

QUESTIONS

. Prove that in a slightly bent plate under pure bending, the directions of maximum slope and zero slope are at

right angles to each other. Find the expression for maximum slope.

Prove that the sum of curvatures in any two mutually perpendicular directions in a slightly bent plate is
constant.

Derive the expression for curvature in a slightly bent plate in any direction under pure moment and then
determine the expressions for

(a) principal curvature direction.

(b) values of principal curvatures.

Show that planes of principal curvatures are the planes of extreme curvatures also.

Derive the expressions for strains in a plate in terms of single displacement ‘w’.

State the strain-stress relations and strain-displacement relations in terms of single displacement ‘w’. Hence
establish the expressions for stresses and moments in terms of ‘w’.

Derive the expression for moment in any direction and then determine:

(a) Principal planes for moment.

(b) Value of principal moments.

At a point in a plate, the moments are as shown below:

M, =90 kn-m M, =50 kn-m M, =30 kn-m

Determine

(a) Direction of principal planes.

(b) Maximum/Minimum moments.

(¢) Maximum twisting moment and its direction.



Chapter

3

Small Deflections of Laterally
Loaded Plates

Plates are usually subjected to lateral loads and bend in both directions. The bending moment and shear
forces vary from point to point. Hence, the moments and shear forces on negative face and positive face
of an element will not be same. However, the element will be in equilibrium under the action of these
stress resultants and the load on it. In this chapter, the equilibrium equation is derived and the boundary
conditions to be considered are discussed.

3.1 STRESS RESULTANTS ON A TYPICAL PLATE ELEMENT

Figure 3.1 shows a typical element and the stress resultant on it. Stress resultants on negative faces (at
x and y sections) are noted without superscripts while the stress resultants on positive faces (at x + dx
and y + dy) are shown with ‘+’ sign as superscript.

N 4

1
1
1<
1
1
o<
\\
N
o
3
o
<
Y
><'

Fig. 3.1 (a) Position of element

Consider the moments in x-direction.
on negative face moment = M,
on positive face moment = M}

. ... oM
If the rate of change of moment in x-direction is L then
X

M
Mj[:Mx+a £ dx
ox
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Q

y

T e XV//
\MXY/W 4 (\' / / |

Fig. 3.1 (b)) Moments on element (c) Vertical shears on element

Similarly the relations of stress resultants on positive faces with negative faces may be written. Thus,

oM oM
+ _ X + _ Yy
M =M, + o dx M7 =M, + % dy
oM oM
+ _ Xy + _ X .31
My, =M + o dc My =M, +Wdy eqn
00, 0
0f =0, +——rd Q;=Qy+—ayy dy

Note that all stress resultants are per unit length.
Apart from these stress resultants, load of intensity ¢ per unit area is acting on the element in the
downward direction. Hence, total downward load on the element.

=qdxdy ...eqn. 3.2
3.2 EQUATIONS OF EQUILIBRIUM

Three independent equations of equilibrium can be written for the element—one considering the forces
in z-direction and two moment equilibrium for the moments in x-direction and y-direction
Consider X F, = 0. It gives

Ofdy—Q.dy+ QFdx —Q,dy + gdxdy=0

200, 20,
ie. o, + dx |dy—-Q.dy+| Q, + dy |dx—-Q,dy+qdxdy=0
ox dy
Simplifying and then dividing throughout by dx dy, we get
90, 90
ox + ayy +g=0 ...eqn. 3.3

Equilibrium equation,
>M, =0, gives
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Midy—M dy+ M dx—M ,dx-Q; dyd?—Q dy%zo
oM IM,,
M, +—=dx |dy—M.dy+| M, + dy |dx— M dx
ox Y dy Y
20 ) dx dx
- Ldx |dy-——-Q,.dy—=0
( o )
Simplifying and neglecting small quantity of higher order, we get
oM
L+ =0
ox dy
. aMx + aMyx — Q
ie. o Jy x ...eqn. 3.4
Similarly moment equilibrium in y-direction, gives
aMxy BM _o,
I ay = ...eqn. 3.5
Substituting the values of Q, and Q, as shown in Eqns. 3.4 and 3.5 in equation 3.3, we get
3*M a M, azMxy °M,

+ +q=0
8x2 axay axay 9y’ 1

M, oM, oM
ie. ~+2 t—==9
ox 0xdy dy
But we know (Refer eqn. 2.20)

2 2
M, =-D a—+ ow
ox? ay

2 2
M. =—p| 2 W+a—
Y ax dy>

9w

0xdy

and M :_D(I—H)

Xy

Hence, equation of equilibrium is

otw otw otw o'w 9w
-D LT _oap(1-p)—2 —plp-Z Y S
[ ox* 8x28y2 J (1-1) 0x’ay’ [M ox’ay* oy’ J 1

4 4 4
ie.  -p|9 .o 82W2+82V _—
ox* 0x“dy” dy
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o*tw 'w  d*w ¢
ie. Tt ot o=,
0x ox“dy- dy° D
9> 9% \[*w Pw) ¢
ie. Rl R
ox~ dy” )l dx” dy D
2 2
Denoting 8x_2+§ by V we get
VZ V2 :i
(72)- 4
or V4W=% ...eqn. 3.6

Equation 3.6 is known as Equation of Plates or Lagrange Equation for Plates.

3.3 EXPRESSIONS FOR VERTICAL SHEARS

From equation 3.4,

oM
Qx :%4__”
ox dy
’w  w
M, =-D| 2+ 22
But x [axz " ayz J
9*w
M_=-D(1-
and Xy ( !-l) xdy
9w 9w 1w
=-p|Z% 4 ~-D(1-p)— 2
O ( x> axayzj : oxdy>
3 3
-D 8_w+ a w
ox®  oxoy’
d (0w  %w
= — e —+ RS
ox | ox? dy?
d (o2
- p2(v
= (Vw)
Similarly
0,=-D2(v?w)
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Thus Q, = 02 (v?w)
ox
0
0, = —Da—y(Vzw) ...eqn. 3.7

3.4 BOUNDARY CONDITIONS
(a) Fixed Edge: If the edge x = a is fixed (Ref. Fig. 3.2)

ow
w=0and —=0
o ...eqn. 3.8
(b) If edge x = a is simply supported.
w|x=a =0
and Mx|x:a =
9’w 9’w
; -D| —+u—;|=0
le. [axz ayz ]

2
w
But along x =a, 8_2 =0, since the edge is supported throughout.
y

Hence, the boundary condition is

0w

ox>

X=a
Thus, the boundary conditions are
Wiy =0 and Pw_ 0
x=a Py ...eqn. 3.9
(c) Free edge at x = a
If the edge x = a is free,
M,=0,M,,=0and Q,=0.

The above three boundary conditions were expressed by Poisson. But Kelvin felt that there is some-
thing wrong, since when at all other edges two conditions are found, how there can be three edge
conditions in this case.

Kelvin and Tait pointed out that the last two conditions are not independent. They can be combined
to give a single realistic condition.

Referring to Figure 3.2, twisting moment on an elemental length dy is M,, dy. This moment may be
replaced by two vertical shears of magnitude M,, separated by dy. This change will not alter the be-
haviour of the plate. Kelvin and Tail pointed out that the actual boundary condition is at any point on
free edge, vertical shear plus vertical shear due to replacement of twisting moment must be zero. Now,
vertical force at any point due to M,,

_ +
_Mxy_Mxy
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oM, oM,
=M, + dy—-M,, =———dy, downward.
dy dy

Fig. 3.2 Contribution of twisting moment to vertical shear

*. Total vertical shear

oM xy
V.dy=0.dy+ dy

dy
v =0 oM,
=Q +
X X ay
i 2 2 3
Z_Dia_;ua_vzv _D(l_u)a_wz
| ox\ox®  dy 0xdy

3 3 3
J°w aw:|_D(1_u)8w

The real boundary condition is

Thus, at free edge the boundary conditions are, Mx|x=u =0 and Vx|x=a =0 ...eqn. 3.10

(d) If edge x = a is elastically supported.
Figure 3.4 shows this case, in which edge x = a is supported elastically by a beam. Let flexural
rigidity of beam be B and torsional rigidity be G.
We know, for the beam,
4

d . .
B —Zv = Load intensity
dy
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One boundary condition is,
deflection of beam = deflection of plate

B =v|._,

X=a

*w 3w
=-D|——+(2-
l: ox’ ( M) oxdy> :|x=a

The second boundary condition may be written by considering the torsional rotation of elemental
length of beam. Referring to Figure 3.3,
Let M, be twisting moment in the beam. Twisting of the

beam is due to moment M| _ in the plate. From moment
equilibrium condition, we get,

Mz, dy —My,dy =M dy

oM
ie. My, dy +—2dy + My, dy = Mxdy
dy M,
oM
T _ _ M,
dy
2 2 2
iG.aw ZDa_W_H_La_W, dy
dy\  oxdy ox* 9y’
since w is same for both beam and plate. /
3 2 2
y Gaw:Davzv+M8v2v
e axay ox ay
Thus, for plate with elastic support on beam, the boundary My,

conditions are,

4 3 3
a_w - a_w + (2 _ u)a_w Fig. 3.3 Torsional rotation of edge beam
oyt ox’ 0xdy” atx=a
P P P ...eqn. 3.11
G =D +1
and 0xay? ox? 0y*

3.5 CORNER REACTION

Consider the corner x = @ and y = b in which the edges x = a and y = b are discontinuous. If we resort
to replacing twisting moment in the last element along the edge x = a, we find there is an upward force
oM ,

of i
dy

, corner. Similarly if we replace twisting moment in the last element along y = b, we find there
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oM

M
3 X corner. Thus, at corner x = a, y = b, there is net upward force of 5 o
X y

is an upward force of

oM .
corner plus 2= corner. Since M,, = M,,, we can conclude at the corner there is net upward force of
X
oM , . . s . .
2 Y Hence, at discontinuous corners, lifting takes place. To take care of this phenomenon, in
X

R.C.C. slabs corner reinforcements are provided.

b /
/
/
/
/
/
/) 2M,,,, corner
/I 3
/
. v
S 1S | <A
v %x, corner
y M dy

vz corner
X

Fig. 3.4 Corner reaction

QUESTIONS

1. Derive the biharmonic equation for slightly bent thin plate.
2. Discuss the boundary conditions at free edge.
3. Explain why there is tendency of uplift at corner if two adjacent edges of a plate are discontinuous.
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4

Fourier Series of Loadings

It is difficult to solve the biharmonic equation of the plate, if the loading is considered as it is. However
satisfactory solution can be obtained easily if loading is expressed in a series of equivalent sinusoidal
loading form. Such loading is called Fourier series loading. Though the loading is expressed in the
infinite series, first term itself gives 95 percentage of deflection and 90 percentage of moment. Hence,
Fourier series solutions are used in the analysis of plates and shells.

4.1 FOURIER SERIES OF LOADS ON BEAMS

A given loading is considered as a sum of series of sinusoidal loadings. The peak values of sinusoidal
loadings are so selected that if a number of such terms are added original loading is obtained. The
Fourier equivalent terms for a given loading are given by,

m» (a) Given load e

(b) Ist term

(c) lind term

(d) llird term

(e) IVth term

(f) Sum of I, I, Il and IVth terms
Fig. 4.1
f(x)= Zam sin e where
" L
5 ...eqn. 4.1
mmx
a, =— X)sin dx.
w = [ FC0sin="
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where L is span of the beam.

Figure 4.1 shows the addition of such loadings to get original loading f(x).

THEORY OF PLATES AND SHELLS

To get reasonably good loading, it may be necessary to take 20-25 terms in Fourier series. But
deflections can be obtained reasonably well (within 5 percent) with the first term itself. Similarly
bending moments can be obtained reasonably well with 3 terms. Hence, this approach has been suc-

cessfully used for the analysis of plates.

4.2 FOURIER SERIES FOR UDL ON BEAMS

Expression for equivalent Fourier series is derived in this article for uniformly distributed load acting

on a beam of span L (Refer Figure 4.2).

/— go/unit length

LNCONCONONONONCONCONONONONCONCONCONONONCONCONCONCONONONCONCONCONONON

Fig. 4.2 UDL over entire span

In general for any loading g(x), Fourier equivalent is

mmnx

q(x)= i a,, sin

m=1

mmx dx
L

oL
where a, = —Jq(x) sin
Ly

In case of uniformly distributed load,
q(x) = qo

2 L mmx
a =— sin dx
"L j QoS0

0

_EL[_ COS@T
Lmnl % L J

_ 2o
mm

—cosmm + 1]

4q,

.. For odd values of m, a, =—- and for even values of m, a,, = 0

mT

oo

4q, . mmx

Log(x)= z ——sin

m=1,3, .. MT L

...eqn. 4.2

...eqn. (4.3)
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4.3 FOURIER EQUIVALENT FOR UDL OVER A SMALL LENGTH

38

Let load intensity be g over a length u with its centre of gravity at & acting on a beam of length L as

shown in Figure 4.3. It is required to find Fourier equivalent load for this.
In general

q(x)= 2 a,, sin m:x

m=I

|<7 u —:|/— go/unit length

VAVAVAVaYA

<—§4>‘

&
<

Fig. 4.3 UDL over a small length

mmx
L

where

oL
a,, =z'([q(x)sm dx

In this case,

g(x)=0 for x=0to§—%
u u
= for x=C—-—tog+—
90 x=§ > £ >

=0 for x=§+g to L.

E-u/2 Etu/2 L
ang{ J. Odx + _[ sin 2 gy + J. de]
L 4
0 E—u/2 E+u/2
) |: L inr+u/2
=—-qy| ———cos——
L 0 mT L E—u/2
2 (& +u/2 T —u/2
__qo—[—cosm (E" uf )+co e (é uf )}
L o L
(0 2sin i sin i
mm 2L

v
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< 490 . mnC . mmu . mmux
qg(x)=Y mosm Lgsm T ..eqn. 4.4

m=1

4.4 FOURIER EQUIVALENT FOR A CONCENTRATED LOAD

Figure 4.4 shows a concentrated load P at distance & from left support acting on a beam of span L.

] !

< L r|

Fig. 4.4 Concentrated Load P

Its Fourier equivalent may be obtained from expression 4.4 by treating it as the case in which total
load remains the same while u tends to zero. Thus, we have to substitute

P =qyu
and u— 0.
As u— 0, sin i = i
2L 2L
< 4q, . mn& mnu . mnx
u)= sin sin
q) Wg‘l mmn L 2L L
— 2P
Le. q(x)= 2 Tsin e -sin i ...eqn. 4.7

m=1

4.5 FOURIER EQUIVALENT FOR HYDROSTATIC LOAD

Figure 4.5 shows hydrostatic load varying from 0O intensity at x =0 to gy at x = L

X
qx
L Yo

AT

x
v
—

A
-
v

Fig. 4.5 Hydrostatic Load on a beam
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Its Fourier equivalent is
mmx

q(x)= i a,, sin

m=1

L
2 . mMTX
where a, = —Jq(x)sm dx
L 0 a
) X
In this case q(x)=q, A

= ——sin dx
™ LY L a
0
20, L
=%jxsm dx
L a

Noting that if # and v are the functions of x

Iuvdx = ujvdx—jjv%dx

. . m
and taking # = x and v = sin

, we get
2610 I . mnx . mnx }
=——| x| sin dx—| | sin X 1X dx
"ot L J L J j L
_ 5 L
2qy| L mmx L . mMTX
=—-|x—|—cos—— |-——| —sin
L[ mm L m°m L 0
2, 12 r .
=% ——cosmn+ﬂ(s1nmn)}
L~ | mm m°m
2 . .
:ﬂ(—cosmn), since sin mm = 0 for all values of m
mm
2 m
=ﬂ(—1) +l, since for odd values, —cos mm = 1
mm

and for even values, — cos mm = —1.
.. Fourier equivalent for hydrostatic load is

— 2 m+l .
q(x)=2mi12(—1) . sm%.

m=1

35

...eqn. 4.8
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4.6 FOURIER EQUIVALENT FOR TRIANGULAR LOAD WITH PEAK VALUE AT
MID-SPAN

This type of loading is shown in Fig. 4.6.

/vm

A
< x ;i T

7'y
-
_v

Fig. 4.6 Triangular load with peak value at mid span

. mTX
The general form of Fourier expression is g (x)= Zam sin 3

L
2 . mnx
a, =— x)sin .
where m L{q() 7
Now, for x=0to L2,
2q,x
(x) =220~
1 L

Due to symmetry, it is obvious that
12

L
Jayax=2 | q(x)ax.
0 0

. . ommx . MAX . mmx
Noting that stm L dx—xJ-sm 3 dx—_”sm 3 dx

, L2
L ( mnx) L . mnx
=| x—| —cos + sin
L 0

—siann, since cosan =0 ...eqn. 4.8(a)



FouRIER SERIES OF LOADINGS 37

8q, . mm
a, =———sin—
" omin? 2
- 8610 . T . mnx
Xx)= sin—- sin ...eqn. 4.8(b)
q(x) mz;‘l 7 S0 7

4.7 DOUBLE FOURIER SERIES EXPRESSIONS FOR LOADS

The loads acting on a plate of size a x b (Refer Fig. 4.7) are to be expressed in Fourier series involving
sine functions in x as well as in y directions.
It is required to find

oL 0|« a o y
q(x,y)= 2 Zamn sin%sin%ﬂy
m=1n=1
- . Ny b
Let gm(y)zzamn SlnT
n=1
- . mmx
q(x,y)="Y g, (y)sin
m=1 a v
y
2% . mmnx Fig. 4.7 Typical plate of size a X b.
8m(¥) =—jq(x, y)sin——dx
4%
- . AT
Since, 8m(¥)= Zamn SIHTy
n=1
b
2 . nmy
Ayun ZZ_([gm (y)SlIl b dy
b ~a
202
= —j—fq(x, y)sin mnx ~sinn—nydxdy
b 040 a b
4 4% mmx nmy
ie. Qn =—jjq(x,y)sin -sin—-=dxdy ...eqn. 4.9
ab 00 a b

4.8 DOUBLE FOURIER FORM FOR UDL

For uniformly distributed load,
q(x, y) = qo

4 ab
Ay =—”.q0 sin ~sinn—ny~dxdy
ab o a b
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a b
4
) [_ a Cosmnx} [_ b Cosnny}

ab | mmn a JoL nmw b 1y
4
= q02 [—cosmm +1] [-cosnm +1]
mnm
For even values of m or n, a,,, = 0.
4 16
For odd values of m and n, a,, = ‘102 X2X2= ‘102
mnm mnm
16g, . mnx . nm
Cl(x, y) =22 ‘102 sin m -sin i ...eqn. 4.10
mnm a b

4.9 DOUBLE FOURIER FORM FOR UDL OVER SMALL AREA

Figure 4.8 shows a plate of size a x b subject to udl g, over a small area u x v with its centre of gravity
at (€, m). Now, it is required to find Fourier equivalent for this load.

la 94|
I a >

z —Uu—p
4 qyz
b fe——t—>

[P
<

Fig. 4.8 UDL over a small area

For this load,
qlx, y)=0forx=0to & —u2 and forx =& + u2 to a
=0fory=0ton—-vR2andfory=m+v2tob

=qgoforx=&—-uRto&+uRandy=m-v2ton +v2.

mix

ab
4
a,., =—“.q(x, y)sin sinn—nydxdy
ab 00 a b

4 E+u/2 n+v/2
=— q, sin
ab .

nxsinnTnydxdy
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=— 05 ———C08S——
ab | mn a Jeypl nm b -
4%){ mn@+wm)_“)mn@—m0q
mnm? a a
{ nm(n+v/2) nTc(n—v/Z)}
cos —cos
b b
4
= q02 -2sin g -sin i -2sin R -sin iy
mAT a 2a b 2b

- w— 16
q(x,y)= z z q02 sin it sin s -sin nmy sin o -sin mrx sin ey ..eqn. 4.11

ol o] MAT 2a a 2b b a b

4.10 DOUBLE FOURIER FORM FOR CONCENTRATED LOAD

Let P be the concentrated load acting at (§, 1) on plate of size a x b as shown in Fig. 4.9.

.

p

0

!
i

b |e— c—»

Fig. 4.9 Concentrated Load P at (§, n)

Double Fourier expression for this load can be derived from eqn. 4.11 by letting

P = qyuv
while letting # and v to tend to zero.
Since, u and v tend to zero,
. MTU My
sin =
2a 2a

an 2b 2b
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164 mny nwy . mMRG . Amn . mMux - . Ay
g(r. =3 Y 00 . 5 .

-sin -sin -sin -sin
m=1n= lmnﬂ: 2b a b a b
. NMmn ., MAX . AN
ie. q(x,y)= Zz—sm -sin -sin - S1n Y ...eqn. 4.12
o a a b a b

4.11 DOUBLE FOURIER EQUIVALENT FOR HYDROSTATIC LOAD

Let loading vary linearly from zero to g, in x-direction and be constant in y-direction (Refer Fig. 4.10).

QO%
Mqo
X
0 Go—
— X B X <&
A 4
b <
v N
N )
v a o
y
Fig. 4.10 Hydrostatic load on plate
. mUxX . nx
q(x,y)= zz a,,, Sin ~ sin 22
a b
=—|q(x, y)sm s1n—dxdy
where .[ J. b
44% x| mmx nmw
=—Ijq0—sin -sin—ydxdy
ab 0y @ a b

From eqn. 4.8, we know
2% 2
_JMSin@dx :ﬂ(_l)m“.
a

mT

2 2q b nmy
<40 m+l [ .
a -1 sin——d
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_4q, (D" [_icos”_“y}b
mmb nw 0

_ 46]0 (_1)m+1 [

5 —cosnm + 1]

mnmw
= 0 for even values of m

8 1 m+1
= M for odd values of n.
mnT
m+l1
S & 8¢, ()" mmx . nmy
q(x’ y) = Sin -sin . 4
mz;ln:%,,,, mnT? a b eqn. 4.13

4.12 DOUBLE FOURIER EQUIVALENT FOR TRIANGULAR LOAD WITH PEAK
VALUE AT MID-SPAN

Figure 4.11 shows the loading.
X %

X

'_
N

o]

S

A

A A A A A A A A A A A

< a =I

v
y

Fig. 4.11 Triangular load with peak value at mid-span

In this case
2
q(x, y)=ﬂ forx=0to &
a 2

and the loading is symmetric

a af2
[a(x wdx=2 ] q(x, yydx
0 0
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ab
o ——jjq(x, y)sin sm—ydxdy
00
al2 b
4 2
=— 2_[[ qoxsmmnx sin nydxdy
ab 0o @ a b

a

. mm
smm—- [—cosnm+1]

mznn3

=( for even values of n.

32q,

. mmx
=—5 zsm for odd values of n
m°nm 2

C  J32qp . mm . mmx . nly
C](X,y) = sin—sin .sin )
mz=l n:%,m 7/’12””'53 2 a b

QUESTIONS

1. Derive single Fourier series equivalent for the following type of loads on beam of span L:

(a) Uniformly distributed load over entire span.
(b) Uniformly distributed load over a small length u with its centre of gravity at x = &.
(¢) Concentrated load P at x = &,
(d) Hydrostatic load of maximum intensity gqat x = L and zero intensity at x = 0.
(e) Triangular load of intensity g, at x = L/2.
2. Derive double Fourier series expressions for the following loads:
(a) Uniformly distributed load over entire plate.
(b) Concentrated load P at (&, m).

...eqn. 4.14



Chapter

Navier’s Solution for
Rectangular Plates

A French engineer Navier presented a plate theory as back as in 1820. His theory holds good only for
rectangular plates, simply supported along all the four edges. His paper was the beginning of looking
for trigonometric series solutions for the analysis of plates. Navier’s method is explained in this chapter
for a simply supported rectangular plate subject to uniformly distributed load over entire plate. It is then
extended for the plates subject to any other load.

5.1 NAVIER SOLUTION FOR RECTANGULAR PLATE SUBJECTED TO UDL

The uniformly distributed load g, may be expressed in its equivalent Fourier series load as,

- 16q, . mmx . nm
qg(x,y)= Z 2 610 sin n -smn y.
m=1,3,... n=1,3,. mmt a b

In this problem, the solution for w should satisfy the equation,

4 4 4
Viw=L e Ow , dw dw_4q

p e 8x28y2 8y4 D ...eqn. 5.1
and the boundary conditions
w=0 at x=0 and xX=a
w=0 at y=0 and y=>b
M.=0 at x=0 and x =a, and
M, =0 at y=0 and y=b.
. NT
Hence, let w= z zcmn sin - SlnTy ..eqn. 5.2
m=1n=1

This form of deflection w satisfies all boundary conditions. But it has to satisfy the plate equation
also. Now,

o oo 4
X . T
8 el el a b
84 S m*n® n’n® | mmx . nmy
3 Z ZCmn S~ sin -sin
ax =t a b a b
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' & 't . mmx . nmy
and — = ZZCmn 7 sin -sin p
ay m=1n=1 b a
Hence, if equivalent Fourier loading is considered, the plate equation reduces to
- m*nt  2mPn’nt ntnt | ommx . nmy
z ZCmn T+ S5t |sin -sin
m=1 n=1 a ab b a b

Comparing term by term, we get
C,., = 0 for even values of m or n.
For odd values of m and n, we get

4_4 2.2 4 4_4
m'n 2mn'm n'w 16
Cmn{ il + }— 9o

at a’b? b* _mnnzD
4 2 4 4
16
ile. Cmnn—[m4+2m2nza—2+n f: j|= q20
a b b mnm”D
16g,a* 1
Cmn_mnnﬁD 2 2
m +—2n2
b
16g,a* & 1 1
w= 904 z 2 _— sinmrcx_sinnny ...eqn. 5.3
0 D mn( 2 jz a b
2 2
m +—2n
2 2 b
0 0
sz—D(a—VZH af}
y
_{mzn2 nznz}
16gga* & > 1 2 2 :
= 6160a 2 Z — a b2 sin X sin ey
D 2103, =13, TN 2 a b
. n=13,... ) )
m +—2n
b
2
2 24
oo o + Un
. 16¢,a> " 2
ie. szq—ga z 2 — b zsinmm-sinnny ...eqn. 5.4
T m=l3..n=13. MU0 g2 a b
m +—2n
b
2, 2
- 16gya° & & wmen
Similarly, My=6q—2a z 2 € b sinnnx-sinnny ...eqn. 5.5
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Thus, expressions for all other stress resultants (M,,, Q,, Q,, V,, etc.) may be assembled easily.

For square plate a = b,

16 & | 1
w= q60a z Z J— 5 sin mmx sin niy ...eqn. 5.6
D i3 o113 MR (mz +n2) a a
M, = qg,a Z 2 1 mz -Huz,l 5 sin mnx -sin ey -eqn. 5.7
T 213, n=1,3,.. M (m” +n”) a a
16g,a S 1 wm?+n? | ommx nmy
= — sin sin ...eqn. 4.8
T A L e
16610a4 - - 1 1 . MW . AN
Weentre =% —— ————————sin—sin—
cne 1p m=123 n=§,... mn (2 +n2)2 2 2
16g,a* 1 1 1 1 1
T % 2 2 12 ot PP RRPCICEER
D | 1x1(1+1)" 3x1(3°+1)" 1x3(1+3°)" 3X3 (3°+3%)
4
_16g,a [1_ N SR B }
n°D L4 3x100 3x100 9x324
g4’
chntre, exact = 000406 g
16 1 gya* 4
The first term gives Weeppe = — X — 2% _ 0004160610~
T
Thus, first term gives M x 100 = 102.48 percent of total deflection
0.00406

In other words, first term gives only 2.48% erroneous result and it is on safer side.
Consider moment at centre of square plate taking p = 0.

16g.a> & s 1 m? . mm . nNx
M =M_ = 9o z z ————sin——sin—.
T lis nes (2 4 2 2 2
=13,.. n=1,3,... m-+n

1 16g,a® 1 16gya’

First term =
1x1 (1+ 1)2 at 4 nt
16¢,a* 16¢,a*
Second term = — ! 1x9 o qaa =— 3 qaa
3x1 (32 n 1) T 100 g
2 2
Third term = ————1_1040a” _ _ 1 16goa”

1x3 (1)(32)2 n? 300 xt
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2 16gpa° 5 16gya°

5%262 @t 3380 nt

Fourth term =

1> 16¢,a° 1 16g,a”
5x26 nt 3380 rt

It may be observed that convergence is not that fast as deflection w. Hence, to get results within
1.1 percent errors only, we have to take at least 3 terms.

5.2 NAVIER SOLUTION FOR ANY LOADING

Navier solution for simply supported rectangular plate subject to any loading can be easily found, if the
load is expressed in the double Fourier form as

- . mMAX . nT
q(x,y)=3.> a,,sin—- sin
m=1n=1 a b

Fifth term =

If we select

w= iicm sin m;tx -sinn—zy

m=1n=1

all boundary conditions are satisfied. Then from plate equation we get

C = a,,a
mn ) 2
Drt m2+nz—2
b
- - a, a* mmx nmy
w= Z 2 i sin -sin
22 a b
m=1,3,... n=1,3,.., 4 2 s a
n'Dlm”+n —
b

Thus, if load is expressed in double Fourier form solution is readily available. Depending upon the
loading, rate of convergence may slightly vary.

QUESTIONS

1. Derive the expression for deflection in a slightly bent simply supported rectangular plate subject to uniformly
distributed load over entire plate. Use Navier’s method. Determine the expressions for moments M,, M,, M,,
and shears Q,, O, and V, and V,.

2. The Fourier equivalent load on a plate of size a X y is

q(x,y)= z Zamn sin 25 sin 2

m=1n=1 a b
Derive the expressions for the following, if the plate is simply supported along all edges.
w, M, M, M,,, Q,, Q,, V, and V,.



Chapter

Levy’s Solution for Rectangular
Plate Analysis

Navier’s method is slow because it consists of summation of terms in two directions. Levy suggested
a method in which summation of the Fourier terms in only one direction is required and the boundary
conditions at the other two opposite edges are satisfied by closed form function. As series solution is
in only one direction, it is converging faster than Navier’s solution. This method is directly applicable
for a plate with at least two opposite edges simply supported and the boundary conditions on other two
opposite edges are any. The analysis is little bit lengthy but with only a few terms sufficiently accurate
results can be obtained.

In this chapter, first application of Levy’s method to simply supported rectangular plate is explained.
Then its extension to rectangular plate with various end conditions is explained.

6.1 ANALYSIS OF RECTANGULAR PLATE SUBJECTED TO UDL BY
LEVY’S METHOD
The Fourier equivalent load in x-directions corresponding to uniformly distributed load is

4 . mMmXx
g= Y ogin
m=1,3,... M a

Let the deflection function for a plate of size a x b be,

mmx

w= z Y, sin
m=1 a
where Y, is a function of y only.
It satisfies the boundary conditions at x =0 and at x = a (i.e. w=0; M, =0 at x =0 and x = a).
Now we have to select Y,, such that it satisfies the boundary conditions at y = 0 and y = b and also

the plate equation V* =<
YD

o*w mi*n* | mmx
Now, = ZYm ——sin
ox a a
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” azY 122444 a4Y
where Y, = ayzm and ¥, = ayf-

.. The plate equation for this case is

- 4_4 2.2 o
mm m-m Commx 1 4q, . mnx
E Y -2 Y +Y"" |sin =— Z 20 gin——
4 m 2 omoom D mmn a
m=1\ a a m=1,3,...

Comparing term by term, even terms on left hand side vanish and for odd terms, we get;

4_4 2 2
” 444 4
MRy My e 1 30

4 Tm T2 T T D mn

...eqn. 6.1

When the above equation is solved there will be four constants of integration and we have got four
boundary conditions i.e. two at y = 0 and two at y = b. Hence, the problem can be solved.

Solution of the equation:
It consists of particular solution and complementary solution.
Particular solution:

The equation 6.1 can be written as

-2
Y B 4q, mn? 32
m, particular — mnD 2

-2 -2
4q, m*m? a

= 2 1-——9
mnD\ ¢ m°m

da-a* 2
= "%t (1+2 ‘;282+...J
m D mm
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Complementary Integral:

The repeated roots are

2 _
3 -0°=0
a

mmn

I=+2
a

Hence, the complementary integral is
mn -mn mmy —mmy

m, y mmy
Y,=He® +H,e® +Hzye“® +H,ye

Since, H,, H,, H; and H, are arbitrary constants to be determined from boundary conditions, let us
select some other arbitrary constants A,, B,, C,, and D,, such that,

A +C A, —C
Hl _m m , H2 _m m
2 2
B,+D, -B,+D,
H3 ZT”’!TC andH4 =————"mn
A, +C, ™= A -C, %
Hence, Yy, =—t—"¢a m —Sm 4
2 2
B, +D,, mmy = -B,, +D, mmy R

+ e ¢ e ¢

2 a 2 a

mmy —mmy mmy —mmy

:Ame”+e“ +Cme“—e”
2 2
muy  —mmy mmy  —mmy

+Bmmny_e” —e ¢ +Dmmny e +e ¢

a 2 a 2

Thus, Y, =4, cosh LA B, MY Ginh 2
a a a

+C,, sinh m:y +D,, m:y cosh m:lcy ..eqn. 6.2

It is convenient to select the origin of the coordinate system x, y at the point of symmetry as shown
in Fig. 6.1.
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b/2
—% 0 > X
f
v
y
Fig. 6.1
It may be observed that,
mmy  —mmy
mm e 4 +e ¢
cosh 2 =
a 2
—mmy - mmy
e ¢ +e ¢ mm
and cosh{—mn(—y)} = = cosh 24 .
2 a
mmy . . .
Thus, cosh is a symmetric function.
cosh My sinh MY
a
A A
i) mmy
a a
(a) Variation of cosh m?ny (b) Variation of sinh any
Fig. 6.2
Similarly,
muy _ny
. . mT ed —e ¢
sinh 77 =

a 2

THEORY OF PLATES AND SHELLS
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—mmy - mmy
. mm(— e ¢4 —e @ . . mT
and sin ( y) = = —sinh 22
a 2 a
. mmy \ . . . . . _ mm
Hence, sinh (_y) is antisymmetric function. Figure 6.2 shows the variation of cosh Y and
a a
., mm
smh—y.
a
. . mmy . . mmy . ) MT mmy | .
Similarly, it may be observed that Y inh 2 is symmetric term and Y cosh 2 is anti-
a a a a
symmetric term.
Hence, when symmetric load acts, there cannot be antisymmetric terms in deflection.
i.e. For symmetric loading, homogeneous solution is
M mwy . . mmn
Y, =4, cosh i +B, Y Sinh ...eqn. 6.3
a a a
Similarly for antisymmetric loading, homogeneous solution is
mwy . . mn mm MT
Y, = Cm Y sinh a +D,, Y cosh Y ...eqn. 6.4
a a a a
The arbitrary constants are to be determined using boundary conditions.
Thus we have
Y= Yparticular + Yhomogeneous
For udl, since load is symmetric
4qoa4 mmy mmy . _ mmy
Y, =———~—+A, cosh +B sinh )
5.5 m m
m D a a a
Redefining the arbitrary constants, let us take
q at[ 4 mmy mmy mmy
Y, =2— s T4, cosh +B, sinh
D |m’n a a a
- . mmx
and hence w= 2 Fpy = Yy sin
m=1,3,...
The boundary conditions are
aty=+b2, w=0 (1)
and M, =0
: ’w 9w
ie. -D (—2 t— =0
ox” dy yu?
2
0*w

but 8_2 =0, since it is supported all along y = +b/2.
X
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Hence, the second boundary condition is

pI oy ()

From first boundary condition for all odd values of m,

% +A,, cosh mith +B, sinh mib _ 0

m’m 2a 2a 2a

m7h

o mmnb ! o
Substituting o, for , the first boundary condition is

4
— 5 tA4,cosha, + B, 0, sinho, =0 ..(3)
m’n

, o dy , . !
Now. Ym:_m:[Amm_nsmhm_mBmm_nsmhm_mBmm_’wm_ncoshm_ffy}m
dy a a a a a a a D

4
o . T T T

=Mm—[(Am+Bm)smhm Y B I cosh y}
a

D a a " a

dYy 4
Y = —2’” - -m—n[(Am +B, )m—ncosh my +B, (m_n cosh—mny +_mny m—nsinh—mny ﬂ
dy D a a a a a a a a

4 at mznz[
D 4’
. From boundary condition (2), we get

(A, +2B,,)cosh L B, M Sinh mTCyJ
a a a

(A, +2B,, )cosh mb +B, mitb sinh b _ 0
a a a
ie. (A, +2B,) cosh o, + B, o, sinh ¢, =0 . (4)
Subtracting eqn. (3) from eqn. (4), we get
4
2B, cosha,, ———==0
m’n
2
or B, =—

5
m°T” cosho,

Substituting this value of B,, in eqn. (3), we get

4
— 5 +4,cosha, +——

o, sinho,, =0
mn m°T” cosho,,

A, cosho, =-

— [2+0a, tanha,, |
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2

A, =——F———|2+0,tanha,,
mSTcScoshocm[ ]
. 4
a 4 2(2+ 0o, tanho T 2 Ty . Ty | . mm
Sw= z 9o S5 ( S Sm m)coshm y-i— G m ysmhm 24 s1nm al
mo13.. D |m’n m’n” cosha,, a m’n’cosho, a a a
= 4q.a” 2+0, tanho T 1 Ty . . mmy| . mmx
Thus, w= z ?05 1- m m cosh 22 4 MY ginh 2 |sin 2
m=1,3,.. M1 D 2cosha, a 2cosho,, a a a
...eqn. 6.5

The above expression for deflected surface is fast converging and hence only a few terms give
sufficiently accurate results. The main reason for fast convergence in one of the series is already
summed up.

6.2 PHYSICAL MEANING OF PARTICULAR AND COMPLEMENTARY
(HOMOGENEOUS) INTEGRALS

Consider a beam of span ‘a’ subject to uniformly distributed load g, over its entire span. Hence its
deflection is given by

otw
Do

Expressing the load in Fourier form,

o*w i 44y . mmx
— 1 —
4
ax m=1,3,... mmn a

4q . mmx
w= z 9 .sin
5.5
m=1,3,...m T D a

This is same as the first term in deflection expression for plate which is due to particular integral.
Hence, physical meaning of particular integral is, it gives deflection of the plate which has free bound-
ary conditions at edges y = £b/2. In other words, particular solution is due to cylindrical bending of the
plate. Hence, the complimentary integral gives effect of boundary conditions. Thus, for plate

w=w; + w,
where w, — deflection of strip unaffected by boundary conditions at y = +b/2
and w, — effect of boundary conditions at y = +b/2. (Complimentary integral contribution).

6.3 CONVERGENCE STUDY

a
Maximum deflection occurs at middle of plate i.e. at x = 3 and y = 0.

Weentre = Weentre of strip FWeentre due to complimentary integral

‘We know,

5 qpa’

Weentre of strip = 384 D
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oo

5 q0a4 2+a, tanho, . mn
chmre T oA Z A
384 D

m-13.. 2cosho,,
For a square plate,
mnb  mmn
a=b o, =——=—
2a 2

_ 5 gpat 4qya

w= [0.68562 —0.00025 +...]
34 D D

4
= 0.0040620%_
D

It may be observed that second term in the series is less than 0.04 percentage of first term in the
series. Hence, the first term itself gives more than 99.96 percentage accuracy.
On the same lines moment expressions also may be studied. Study of bending moment values for

b
different Z ratio shows:

1. For b > 3, the calculation for a plate may be replaced by those for strip.
a

2. If b =2, the bending moment at middle of the plate is over estimated by 18.6 percent by strip

a

theory. Hence, many codes recommend design of slabs treating them as one way slabs if b > 2. Note
a

that by this approximation error is on safer side.

6.4 COMPARISON BETWEEN NAVIER’S SOLUTION AND LEVY’S SOLUTION

From study of the above two methods the following points may be observed.

1. Navier’s solutions are simple while Levy’s solutions are lengthy.

2. To get satisfactory results more terms in series should be considered when Navier’s method is
used while Levy’s method gives satisfactory results with few terms only.

3. Navier’s solution is applicable for plate with all four edges simply supported whereas Levy’s
method holds good for a plate with two opposite edges simply supported and other two having
any conditions.

4. Levy’s method can be extended for the analysis of plates with any edge conditions whereas it is
not possible to use Navier’s solutions for plate with boundary conditions other than all four edges
simply supported.

QUESTION

1. Derive the expressions for deflection for a simply supported rectangular plate of size a x b. Use Levy’s
method.



Chapter

Rectangular Plates with
Various Edge Conditions

In general, we come across plates with various edge conditions. Some edges may be free, some fixed
and some other clamped. It is possible to extend plate theory to all possible combinations of edge
conditions. In this chapter, method of analysing plates with various combination of edge conditions is
discussed. First, a case of a plate with all edges simply supported and subject to moments f;(x) and f5(x)
along edges y = 0 and y(b) is presented. Then using this solution with other solutions is discussed for
getting solution for plates with different edge conditions.

7.1 SIMPLY SUPPORTED PLATE SUBJECT TO MOMENTS ALONG y =0 AND

y=b
Figure 7.1 shows a rectangular plate of size a x b simply supported along all four edges and subjected
to moments f;(x) along y = —b/2 edge and f,(x) along the edge y = b/2.

 C [
P U U N WU N
fi(x)

b/2 £,(%)
/ alalalatala
I< a ;I

Fig. 7.1 Plate subjected to edge moments
For this case the deflection function w should satisfy the plate equation
o*w o'w  dtw ¢

+2 + ===0
ax4 axzayz ay4 D ...eqn. 7.1
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and also the following boundary conditions.

2
w =0 and —W:O for the edges x =0 and x = a

ox*
w=0aty==b/2 ...eqn. 7.2
0°w
_D[a_zj . :fl(x) ..eqn. 7.3
V)=t
2
0’w
and _D(ayz j , =, (x) ..eqn. 7.4
y=2

In this case as ¢g(x, y) = 0, particular integral is zero. Hence, Levy’s solution is

. mTX
w=2Y, sin
a

Ty . 2 . T L
" T Ginh - y-i—Cmsmhm y+Dm cosh

i1 i1
where Ym = Am cosh ey +B ey
a a a a a a

If fi(x) and f,(x) are not the same, it is possible to split the case into a symmetric case of loading
Si(x)+ £ (x) Ji1(x) = fr(x)
2 2

if fi(x) is a uniform moment of 80 kN-m and f5(x) = 60 kN-m it may be split into a symmetric uniform

80+60 =70 kN-m and an anti-symmetric uniform moment of 80-60

and an anti-symmetric case of loading as shown in Figure 7.2. For example,

=10 kN-m. Hence

moment of

. . . . MTX ) .
it is better to study the analysis for a symmetric moment 2. E,, sin and for an anti-symmetric

a
moment X E,, sin I
A A S S - Il el al il il e
| U W W W | P N W W W QQQQQQ
80 kN-m 70 KN-m 10 kN-m
= +
60 kN-m 70 KN-m
ATAIATAYS AIATATAYS. ([ ( (¢
o o FFF A A
10 kN-m
General case Symmetric case Anti-symmetric case

Fig. 7.2
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(a) Symmetric Moment Case

Figure 7.3 shows this case.
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Y E, sin e

_.|

o
=
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e
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v
y

Fig. 7.3 Plate with symmetric edge moments

Since, the loading is symmetric, the anti-symmetric terms in deflection expression must vanish i.e.

C,=D, =0.

m

T my . /1 . ywe
w:Z(Amcoshm Y4B, " sinh 2 y)smm
a a a a

The boundary condition w = 0 at y = +b/2 gives

0=A, cosh mitb +B, mith sinh b
2a 2a 2a

mnh

Substituting o, for , We can write

0=A, cosha, + B0, sinha,, (1)
0
Now LA zm—n(Am sinh 22 4 B, sinh LA B, MY cosh 2 )sin Uy
dy a a a a a a
2 2,2
8_v2v = z m 7; (Am cosh 2 B, cosh Y B, cosh Y B, MY sinh )sin U
dy a a a a a a

2.2
T T T Ty . Ty \ . mux

:zm_z(Amcoshm y+ZBmcoshm y+B n ysmhm y)smm
a

m
a a a a a

Hence, boundary condition

M, =2Em sin

at y = +b/2 means

mTmx
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Comparing term by term,

2.2
T .
-p= -—(A,, coshay,, +2B, cosha,, + B, sinho., )= E,
a
a2
or A, cosho, +2B, cosha, + B0, sinha, = _TEm ..(2)
m°n°D

Subtracting equation (1) from equation (2), we get

2

2B, cosha,, = __2a >—E,
m-n D
2
B —_ a’k,
" 2m2n2Dcoshocm
From eqn. (1)
A, =-B, 0, tanho.,,
Substituting the value of B,,, we get
2
a’E
Ay, =—F5— o, tanho.,,
2m"n"Dcosha,,
ad & E mwy mmwy . | mmwy | . mux
w=—7 2 " o, tanh o, cosh - sinh sin ..eqn. 7.5
2n°D =y m” coshal, a a a a

Particular Cases:
If moment is uniform along edges y = +b/2, fi(x) = M,,

- 4M
M, = 2 0 jn 7T

m=1,3,... mm a
4M
ie. E, =—2
mT
2Mya® & 1 - N
= 30 z 3 ((xm tanha,, cosh MY Y Ginh 772 | gin 2
n°D 3. m cosha, a a P P
Along middle line i.e. at y = 0,
ZMOa2 > 1

. mmx
-, tanh o, sin

Wl =0 —
y= 3 3
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If a is very large compared to b,

tanha,, =0, and cosho,, =1.

mmx

2Mya® « 1 .
wl y=0 = —3(21 2—3 chn sinh
T m a

2M0a2 1 m*n*h® | mmx
3—2_3'—8111
D m

T 4a® a

—S1m

B Mb* Z 1 . mmx
2nD m a

(b) Anti-symmetric Case

Consider the anti-symmetric case shown in Fig. 7.4 in which

< a >
!

/- /-

e s
(U U N U N

—>|—g —>|

b/2

(

N

Iy

CCC

v
y

Fig. 7.4 Plate with anti-symmetric edge moment XE,, sin——
a

mmx

fi(x)==f,(x)= Y E;, sin

Since, it is anti-symmetric case, symmetric terms in general solution must vanish.

ie. A,=B,=0.
Hence, w= ”;2; (Cm sinh m;ty +D,, m;ty cosh m:;y)sin m;r.x
From boundary condition, w| y=+p2 =0, we get
C,, sin mzth +D,, mrh. cosh mitb =0

2a 2a 2a
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ie. C,sinho,, +D, o, cosho,, =0 ..(3)
d < . .
Now 2o z [m_n(cm cosh 222+ D,, cosh UL D, MY inh T ﬂ sin 27
ox =l a a a a a a
’w & min’ . mn _mm T ny | . mmx
_v2v= 2 i 5 (Cm +Dm)s1nhm i +D,, sinh +D,, Y cosh 22 |gin
b — a a a a a
< m’n? mmy mmy mmy mmx
= z 3 [ (Cm +2D,, ) sinh +D, cosh }sin
oa a a a a
.. azw ’
From boundary condition —D—- = ZEm sin
dy yzig

2 2
-pT [(Cm +2D,, )sinh mab D, M osh mnb} =E

a 2a 2a 2a

ie. (C,, +2D,,)sinho,, + D, 0, cosha,, =————E,
n“D
Subtracting equation (3) from equation (4) we get
2 -7
D —— a’k,
" 2m’n’Dsinha,,
Hence, from equation (3), we get
2 -7
a’E o
TN -cothat,,
2m*n"Dsinho,
2 oo ’
E . o T Ty | . mm
w= a2 — [(xm cotho,, sinh 2 — T osh 2 y}smm Y ..eqn. 7.6
2n°D , -y m”sinha,, a a a a
The following differences in equation 7.5 and 7.6 may be noted:
In symmetric case In anti-symmetric case
tanh o, - coth o,
cosh a,, - sinh o,
i . T
cosh ey N sinh Iy
a a
. T 10
and sinh 22 - cosh 22 .

a a
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(c) If Moments at y = —b/2 and y = b/2 are Different
If the moments applied along edges y = —b/2 and y = b/2 are different, they may be split into a
symmetric case and an anti-symmetric case as shown in Fig. 7.2. Let,

. . ;. MIX
and anti-symmetric moment be £, sin

a

symmetric moment be E,, sin . Then obviously

solution for such case is

.. m
2 o SIN

E T my . T
w= a2 >y —4 . (ocm tanh o, cosh 2 - 2 inh yj
271: D m=1 m

cosho,, a a a
E, . mT T o
+—" (ocm cotho,, sinh 2 — Y cosh 2 y) ..eqn. 7.7
sinho,, a a a

If the bending moment is acting only along the edge y = —b/2, moment along edge y = b/2 is zero.
, N . . . S
Then symmetric moment is ) and anti-symmetric moment is also ) -

7.2 RECTANGULAR PLATE WITH TWO OPPOSITE EDGES SIMPLY SUPPORTED
AND THE OTHER TWO EDGES FIXED

Figure 7.5 shows a typical rectangular plate considered. The plate is subjected to udl g.

- 1
(LSS S
b/2
l Y%
TO » X
b/2
L /S
v
y

Fig. 7.5 Plate with edges y = +b/2 fixed

This problem can be solved by Levy’s method applying boundary conditions at y = +b/2 as w =0
0

and 2¥ =0. However, here it is solved by superposition of an appropriate edge moment case on the
y
simply supported case. The value of moment to be applied at the edges is arrived from the consideration
that when the two cases are combined slope at fixed edges should be zero.
Figure 7.6 shows how given problem can be split into two cases. The solution for case I and case 11
clubbed with the condition that
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ow, dw

oWy | OWs
dy  dy

gives the solution for the given case. Thus, the deflection for the given case is
w = Wl + W2.

b
=Q0aty=+—
Y 2

A A A

[
NN .

Y% +

AVAVA VA WE'
v U U R

Case Il

Case |

Fig. 7.6 Splitting the case shown in Figure 7.5 into two cases
From equation 6.5, we know for case I,

= 4g.a” 2+0,  tanho o 1 o wl | m
wm= 2 dol|1- = m cosh o + Y sinh 2 |sin 2
m=1,3... m’ D 2cosha,, a 2cosha,, a a a
J o 4qpa’ 2+o, tanho, .  mm
= )y T T - N m inh 20
Iy ,A5.m D a 2cosha,, a

sin ey + ! ey sh mny sin ey
2cosho, a 2cosho, a a a
) da-.a° S 1 2+0, tano 1 1 . mm
M = qf > — —Mtanhocm +—tanha,, +—a, [sin—>
dy|._.b wD 5 m 2 2 a
y,ia m=1,3...
2qya’ 1 . mm
=q+ > —4[0cm —tanho,, (1+0, tanhocm)]sm oy
©D ,is.m a
w, for this case is given by equation 7.6. Thus,
2 oo
E T Ty . Ty | . mux
W, = a2 TR [ocmtanhocmcoshm Y Ginp y}smm
2n°D L3, m” cosho, a a a a
ow, a < E, mm

. T
=— 3 -—[ocm tanhol, sinh
dy 2n’D,S3. m°cosho,, @ a

yeen

. . mmy mm mmy | . mnx
- smh—y My cosh _y} sin
a a a
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ow, a <« E . mmx
—= = —=| o, tanho.,, tanho,, —tanho,, —a,, |sin
dy yotpy 21D mzlzg m [ J a
= 2:ch m%yﬂ%”[tanh o, (ocm tanho,, — 1) - ocm]sin m;cx

The condition to be satisfied is

y=t y=t5
. LAY I
ie. Jy y=i§ Jy y=i§
2q0a3

i L[ocm —tanho,, (1 +a, tanhocm)]sin UL

ie.
n'D m=1,3,.. 1N a

=3

2nD m=1,3,...

Comparing term by term and rearranging we get for all odd values of m
- 4q,a® o, —tanha, (1+0., tanho,, )

" m*m® a, —tanho,, (o, tanhor, —1)

Hence, the bending moment along fixed edges are

< . mmx
M|y=ib/2 = Z E, sin
m=13,... a
4q,a> ¥ 1 o, —tanhao, (I+tanho, ) . mux
= —_— sin
e m® o, —tanho,, (o, tanho, —1)  a

For a square plate maximum value at midspan may be obtained by substituting

. mnb mn
a=bie., 0,=—"—=—.
2a 2
and x=al2
) n—tanhm(l+mtanhm)
4qya 2 mmn

E . mmx
—’"[tanh o, (o, tanh o, —a,, )] sin
m

63
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. T
Noting that tanhz =0.9175

tanh%c =0.99984

and for all other higher values of m,

tanhan =1.0, we get

4g,0a° 111
My, = 2008 [—0.57236+O.03692——3+—3——3+..}
n $ P 9

=-0.06973 ga*

Note that the first term itself gives about 6% extra moment. Thus, even if only one term of the series
is considered there is only 6% overestimation.

Deflection study
Consider deflection due to edge moments only.

.. m
2 w E, sin
a ___a_

Wy =

=— 3 [ocm tanh o, cosh
2n°D .3, m” cosho,,

muy _mmy mny}
a a a

At centre of plate y = 0 and x=a/2.

. mmu
a2 w E, sin—
=— —2[ocm tanho,, —0]

w
2, centre 2 2
2n°D .3, m” cosho,

Substituting the value of E,,, we get

. mT
2 o0 2 sin—
_a 2 4q,a ) ocm—tanhocm(1+0cmtanh0cm)><oc anha
W), cente = 2 3 3 2 h h 1 m tann o,
2n*D 5% 7*m® m?cosha,, o, —tanho, (o, tanhor, —1)
4 sin i
_2qa i 2 o, tanho, o, = tanho,, (1+a,, tanho,, )
oD 5% m’ cosha, @, —tanha, (o, tanhor, —1)
mT m—1
Noting that sinT =(-1)"2 , we can write
m-l
_2gya* & (-2 o, tanho,, O, —tanho, (ot,, tanha,, +1)
W2, centre z 35 X

D 5. m cosha, o, —tanha, (o, tanhor, —1)
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For square plate: a = b i.e.0,, = an

Hence, we get

2

2
W, conre = 2% (~0.328+0.000378 —......
D
4
=-0.002142%
D
For plate with udI,
goa’
=0.00406 "2

Wl, centre

4
w=w, +w, =(0.00406 — 0.00214) L2

4
—0.00192 0%
D

Note that second term of the series contributes very little. Thus, it is a fast converging series.
Using total solution (w = w, + w,) it is possible to assemble all stress resultants.

7.3 RECTANGULAR PLATE WITH ALL FOUR EDGES FIXED

Figure 7.7 shows a rectangular plate with all four edges fixed and subjected to uniformly distributed

load.
}47a/2 —> —a/2 —P

VAV A A A A A A4

|

o
=
N

_>|4_
N
x

Yo
b/2

—

S

v
y

Fig. 7.7 Fixed plate subject to ud! g,
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] ™
*H =X+ X } {
> +K\ {-\ X
Ty i
" D
AVAVAVAVA " <«
I T v | U ¢ |
Y (w,) Y (w,) Y (wy)

Fig. 7.8 Equivalent of fixed plate
The given case may be split into the following three cases (Refer Fig. 7.8).
Case I: A simply supported plate subject to udl.
Case II: A simply supported plate subject to symmetric moment along y = +b/2.
Case III: A simply supported plate subject to symmetric moment along y = +a/2.

Thus,
wW=w;+ w, + ws.

For first two cases, we have already solution available. To have convenient coordinates, it is better
.. . . a . .
to keep origin at centre of the plate. It may be achieved by replacing x by x — 3 in the solutions already

found for case I and case II. Then to get the solution for case III, interchange x and y in the expression
for w,. Thus, expression for w;is also obtained. Then the boundary conditions to be satisfied are

(awl +aw2 +8w3j _o
W Ay )y,

(awl +8w2 +8w3j 0
ox  O0x  Ox Jy—iap

and

From these conditions functions E,,” and E,,” may be found.
w = w; + Wy + Ws3

After finding w, stress resultants may be assembled.

7.4 RECTANGULAR PLATE WITH ONE EDGE SIMPLY SUPPORTED,
OTHER EDGES FIXED

The plate is ABCD as shown in Figure 7.9. For this first analysis may be made for a plate of size
a x 2b fixed along all edges subject to anti-symmetric loading.
This case is shown in Figure 7.10. Now along edge AB, due to anti-symmetry

w=0and M, =0.
Thus, it satisfies required boundary condition along AB. Hence, the required solution is obtained for
the case considered.
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Fig. 7.9 Plate with three edges fixed and one simply supported
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Fig. 7.10 Equivalent of plate shown in Figure 7.9

7.5 RECTANGULAR PLATE WITH TWO ADJACENT EDGES SIMPLY SUPPORTED
AND OTHER TWO FIXED

This case is shown in Figure 7.11. This case may be solved from the analysis of a fixed plate subject

to anti-symmetric load of size 2a x 2b as shown in Figure 7.12. It satisfies the required boundary
conditions along edges AB and AC.
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Fig. 7.11 Plate with two adjacent sides fixed and other two simply supported
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Fig. 7.12 Equivalent of plate shown in Figure 7.11

7.6 RECTANGULAR PLATE WITH TWO OPPOSITE EDGES SIMPLY SUPPORTED,
ONE EDGE FIXED AND ANOTHER FREE

This case is shown in Figure 7.13.

Fig. 7.13 Plate with two opposite edges simply supported, one edge fixed and other free
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For this case
w = Wl + W2
where w is particular solution and w, is complementary solution.

4goat & 1 . mmx
_—qo z —smm

w, =
We know 1 oD e s P
. mnx
and Wy = ZYm sin g
4

a T Ty . T ., mm mm mm
where Y, = 9o |:Am cosh iy +B,, Iy sinh iy +C,, sinh 4 +D,, 24 cosh y}

D a a a a a a

The boundary conditions to be satisfied are
At x=0andx =a
0%w
w=0and —5 =0
ox

mmnx

Hence, by taking series in the form of sin the boundary conditions are satisfied.

a
The following boundary conditions help to get the constants A,,, B,, C,, and D,),
w=0aty=0
ow
—=0aty=0.
dy Y
2 2
AN ) (RN
ox~  dy
3 3
a—g”+(2—u) azw =0aty=h
dy 0x-dy

Hence, the total solution is obtained.

7.7 RECTANGULAR PLATES WITH THREE EDGES BUILT IN AND FOURTH EDGE FREE

Figure 7.14 shows this case. Such cases commonly appear in the design of water tanks and counterfort
retaining walls.

L LSS /777 )
TN AN
v AN
q - q + ; v P
v o
v AN
___________________ " P
Fig. 7.14 Plate with three edges Fig. 7.15 Equivalent for plate shown in Figure 7.14

fixed, fourth free
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The analysis may be treated as the analysis of a plate of size a x b with three edges fixed and fourth
edge free, subject to given loading (Ref. Figure 7.15) plus the solution for a plate with edges x = 0 and
X = a subject to symmetric moment with the conditions slopes at x = 0 or x = a in x direction are zero.

7.8 RECTANGULAR PLATE CONTINUOUS IN ONE DIRECTION

Consider the analysis of continuous plate shown in Figure 7.16. The end plate 1, may be treated as a

simply supported plate subject to moment ZEml sin along the continuous edge. The intermediate

mTmx

plate may be treated as a simply supported plate subject to moment ZEm] sin at one edge and the

. mmx
moment X E, sin
a

at the other edge. The third plate is treated as a simply supported plate with

. mmx .
moment 2 E,, sin at the continuous edge.

A
o
v
A

ap

I l—>x1 l—»xg l—vxS

v
A
QO
@
A4

\z Yo Y3

Fig. 7.16 Continuous plate in one direction

To get E,, and E,, the conditions to be satisfied are
1 2

8w1| _ aw2|
Wl o M| _« (1)
1 2 )
aﬂ _ Ow;
and ayZ =2 ay3 _ %
272

It may be noted that if @; = a, = a3 = a it reduces to problem with only one unknown E,,.
One can find deflections first and then assemble coefficients for moments.

7.9 RECTANGULAR PLATES CONTINUOUS IN BOTH DIRECTIONS

This case is shown in Fig. 7.17. Slabs are usually simply supported along outer edges and continuous
over beams or walls and are subjected to downward load. Any panel in the slab may be approximated
as one of the six panels shown in Fig. 7.18. For these cases method of finding edge moment and stress
resultants have been already discussed.
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Fig. 7.17 Rectangular plate continuous in both directions
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Fig. 7.18 Standard Cases

At common edges moments may slightly differ, but average moment may be approximately taken as
final moment.

To get design moment at centre of the plate we know the panel should be loaded with live load and
the adjacent panel should not be loaded. The solution for this case is obtained as an appropriate
standard case with g, + p/2 load plus a simply supported plate with p/2 load where ¢, is dead load and
p is live load.

The second part considered is appropriate since if we consider a load of p/2 applied in the checker
bound form as shown in Figure 7.19, each panel behaves as a simply supported case. Hence, final
moment at centre of span
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= Moment at centre of span in standard case with a load of (g, + p/2)
+ Moment in simply supported slab with load of p/2.

Fig. 7.19 Checker bound loading

QUESTIONS

1. Analyse a simply supported rectangular plate of size a x b if it is subjected to
(a) Uniform symmetric moment at y = +b/2.
(b) Uniform anti-symmetric moment at y = +b/2.

2. Discuss the extension of Levy’s method for the analysis of a fixed plate subject to ud! g.

3. Discuss the analysis of continuous plate to get maximum moment at mid-spans. Assume continuity is in both
directions and the plate is loaded with dead load ¢, and a live load of p per unit area.



Chapter

Circular Plates Bent
Axi-symmetrically

Circular plates are commonly used as base slabs of circular water tanks and as footings for circular
columns. Usually they are subjected to uniform loads and have axi-symmetric edge conditions. Hence,
the bending is axi-symmetric. In this article after deriving equation of equilibrium for axi-symmetric
bending of circular plate, number of standard cases are analysed and at the end it is pointed out how
several cases can be analysed by suitably combining standard cases.

8.1 CO-ORDINATES AND ELEMENT

For the analysis of circular plates polar coordinate system is more convenient. Figure 8.1 shows a
typical circular plate of radius ‘a’ with polar coordinates for an element of size rd0 x dr; located at
distance r from centre of plate and making angle 6 with a reference axis. Downward direction is
positive z-coordinate direction.

v

Fig. 8.1 Circular plate and polar coordinates

Figure 8.2(a) shows the moments M,, Myand M,q acting on the element and Figure 8.2(b) shows the
shear forces and the load intensity g,q acting on the element, where
M, = radial moment per unit length
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M, = Circumferential moment per unit length
M, = My, = Twisting moment per unit length
Q, = radial shear per unit length
and Qp = Circumferential shear per unit length.

Fig. 8.2 (a) Moments on the element Fig. 8.2 (b) Forces on the element

All the stress resultants have been shown with their positive senses. The sign convention used is, a
stress resultant is positive when it is acting on positive face in positive direction of coordinate or when
it is acting on negative face in negative direction. It may be noted that forces on positive faces differ
from these on negative faces and their relation is obviously as given below:

M
M+=M,+a = dr

or

M,
MgzMe+a—e de

00

or ...eqn. 8.1
oM
M+ =M+ ro 4o
ro 0 + 20
0 =0, + 90, dr
or
0
s =0y +—2-d
G =Co* 5

It may also be noted that ¢, is load intensity. Hence, total down load = g, dOrdr = q,q rdrd®
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8.2 AXI-SYMMETRIC BENDING OF PLATE

If the boundary conditions and loads are axi-symmetric the plate bending also should be axi-symmetric.
In other words, the condition of a strip represents the condition of the plate. Hence, in such bending
twisting moment is zero and there is no variation of any force or moment with respect to 0. It means
My,, M4 and Qg are zero. Thus in axi-symmetric bending a typical element is subjected to M,, My and

Q, only.

B
B’ ¢
¢ +dd dé
dé
> r
0 A B

z

Fig. 8.3 Axi-symmetrically bent plate

Figure 8.3 shows shape of axi-symmetrically bent plate. The radii of curvatures of points at distance
r meet at B and those at points r + dr meet at B’. Since, bending is axi-symmetric B and B” are on a
vertical line through centre of the plate. Let slope of bent plate at radius r (i.e. at A) be ¢ and that at
r+dr(i.e. at A”) be ¢ + dd. Hence, radius of curvature AB makes angle ¢ with vertical through centre
O and A’B’ makes angle ¢ + d¢ with vertical through O as shown in the figure.

ow . )
Slope at A = —a— , since as r increases w decreases.
r

ie. o= ow ...eqn. 8.2

Cor

Curvature of the middle surface in the diametral section rz is,

L1 _do_ ow ean. 8.3
AC r, dr o’ e

n
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The second principal curvature is in the 0-direction. It may be observed that the normals such as AB
for all points at radial distance r form a conical surface with B as apex. Hence, AB is the radius of
principal curvature in 0-direction. Thus,

ro=AB.
From Figure 8.3, it is clear that,
r=AB - ¢ =ryd
.. Second principal curvature is
1 ¢ 1low
o T ror ...eqn. 8.4

Hence, the expression for M, is given by

M, =D(i+iu)

T Ty
_ ’w W ow
=-D 87+7¥ ...eqn. 8.5

Similarly

n

low  o*w
=-D 7§+“87 ...eqn. 8.6

M, =D[£+i)
r, re

Equilibrium of the element

As stated earlier in axi-symmetrical bending any element is subjected to M,, My, Q, and applied load
intensity. Figure 8.4(a) shows the section and Figure 8.4(b) shows the plan of the element at (7, 0).

0,
M, 4 [q M;
0 avaYaYa¥a \ _£
( s
\ vo:/

Fig. 8.4 (a) Sectional view (b) Plan view
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Now, M =M, +BM
or

M,
My =M, +aa—ee-de

" dr

= My since, there is no variations w.r.t. 0

99, dr

O =0+ or

From equilibrium condition XM, = 0, we get

M
(M, + aa r dr)(r +dr)d0 - M,rdo — 2(Medr)sin?
r

0
—(Qr 92 dr](r + dr)deﬂ - Q,rdeﬂ =0
or 2 2
Since, d0 is small quantity we can take sin@ = ?

Neglecting small quantity of higher order, we get

M
M, drdo+ aa “rdrd®—Mydrd®—Q,rdrdd=0
r

Throughout dividing by r dr db, we get

oM, M, M
r _r__e_Qrzo
or r r
o ’w U ow
Substituting M,=-D 52 o
-

2 2 2 ’
_D(a L J W_ﬂa_W]_D(a W+Ea—wj —l(—D)(Ma >

or* rorr s2or) r\or? ror

83_w+£32w u ow 182w+£8w ’w 1 ow [

o ror? sPor ror? sror " r? _rzg D

Pu 10w 1aw_ o

o’ ra’ for D

e 8{1 a( awﬂ 0,
e. B I DAL |
or| ror\ or D

The above equation is known as plate equation for axisymmetric plate bending.

77

...eqn. 8.7
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Example 8.1. Analyse a circular plate of radius ‘a’ supported throughout at its outer edge and subjected

to uniform moment M.

Fig. 8.5 Example 8.1

Solution. The plate equation is

0 1a(aw) 0.
o

or| ror\ or D
In this case, O, = 0.
0|19 ( 8wj
—|——=—|r—1|=0
orlror\ or
19 o
——(r—w) =C|, where C|is a constant.
ror\ or
o( ow
ie. 5@5):(/‘1’
Integrating both sides again, we get
ow r?
yr— =
or
c C
w_Cr &

or 2 r

=C, > +C,, where C, is a constant.
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2
Cr

Integrating both sides once again, we get w =

that in the above form instead of C,log r it is written as C,log r/a, since,
Cyog r/a=C,logr—C, log a

79

r .
+C, log—+C;, where Cj is a constant. Note
a

and C, log a is a constant. Hence, it just alters the arbitrary constant C; which is yet to be determined.

The form log r/a is convenient to apply boundary conditions.

To determine the three arbitrary constants C,, C, and Cj;the following three boundary conditions are

available.
%—W =0atr=0
B
w=0atr=a
and M.=Matr = a.
From boundary condition 1, we get
0_C2
0
This is possible if and only if C, =0
S C2 = O
From boundary condition (2), we get
C 2
0= f +C5, since C, =0.
c.-_ G
: 4
cr’ Ca®
Hence, w=——_"__
4 4
G2 o)
From boundary condition (3),
2
-D a w +£a_w =M
or* ror) _
D 1[ 2+£(—2r)}=M
r
D
_%[1 + “] =M

(1)

..(2)
..(3)
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ie. ...eqn. 8.8

~. At any point,

Similarly, My=—(n+1)=M.
Thus in this case at any point
M,.=My=M. ...eqn. 8.9

Example 8.2. Analyse a circular plate of radius ‘a’ carrying udl g, if its outer edge is having fixed
support.

Solution. Figure 8.6 shows such plate.

bbb beddbd

* ! + [Note - Q,value will be —ve]
Q, : Q,

Fig. 8.6 Shear is fixed plate subject to udl ‘q’
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The shearing stress Q, is given by
2nr Q, + g = 0

qr .
0, = Y [Note: It is upward at outer edge.]

8[18( awﬂ -0, _qr
or| ror\' or D 2D

la(aw) qr “C,

*. From plate equation, we get

ror\ or 4D
) 8 aw qr

ow  grt Clr2
r— =14
Jor 16D 2

w_qr’ Cr G

he or 16D 2 r
_ar
64D 4
Boundary conditions to be satisfied are,
ow
—=0atr=0
o (1)
ow
—=0atr=a
o ..(2)
and w=0atr=a ..(3)
From boundary condition 1, we get
)G
0
This is possible only when C, = 0.
From boundary condition 2,
qa3 Cia .
= +—, since C, = 0.
16D 2
2
C, =99
8D
4 2 2

_ar _4at o

64D 8D 4
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Hence, from boundary condition (3),

THEORY OF PLATES AND SHELLS

4 4
L e
64D 32D
_ga"
3 64D

gr _qazrz N ga*

Thus, w=
64D 32D 64D
. q (2 2\
w= r’—a
()

Maximum deflection is at centre of the plate, where r = 0.

w o =19
T 64D
3 2
Now, Mw_ar_gar_ qr (2 —a?)
Jor 16D 16D 16D
q 9*w : 3qr? B qa’ _q
an or> 16D 16D 16D
Hence,
°w U ow
M, =-D Ladid
r (arz r 8rj
=_D[L(3r2 )+,
16D

4

(3r2 - az)

...eqn. 8.10

Fig. 8.7 Variation of M, and M,
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= %[—Srz +a’ - urz + uaz]
. q
i.e. M, =E[a2 (1+p)-r2(3+y)] .eqn. 8.11
. q
Similarly M, =E[a2 (1+u)—r2 (1+3u)]

Variation of M, and My are as shown in Figure 8.7.
Example 8.3. Analyse a simply supported circular plate subject to udl ‘q’.
Solution. This plate may be analysed by solving plate equation with the boundary conditions w = 0 and

0w ow
>-=0atr=a, apart from the condition P Oatr=0.

-
However, here it is solved by superposing solutions for a fixed plate subject to udl g and a plate

supported at outer edges subjected to edge moment (Refer Figure 8.8).

g/unit area

AN\N

>,
/

C
\M

Fig. 8.8. Example 8.3

2

- . —qa .
The end moment in fixed plate is 99 1f the two cases together are to represent given case, the
condition to be satisfied is
2
o=m-94
2
. a
Le. M= @ .
8

Hence, for the given case,
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g (2  2) qa’ 2 2
la>-r*) +8><2D(1+u)(a )

2
:Lw-ﬂ)[az_m da }

I+p

ie. w q (a2 —rz){s-i-—ua2 —rz} ...eqn. 8.12
I+

Similarly,

a®(1+p)-r2 (3+p) |+ M

2
a2(1+u)—r2(3+u)]+%

Q

2 e Rl e

1 1 1

2(1+p+2)-r* (3+p)]

=L3+w)a®-r?) .eqn. 8.13(a)

—_
@)}

Me ZMGI +M92

2

q qa
:E[azaw)_rz (”3“)]+T

:%[a2(1+u+2)—r2(1+3u)]

= [ 3ru)a® —r (143 .eqn. 8.13(b)
Note:
1. If u=0,
Weenre i1 SiImply supported plate

_ 4
64D
= 5 times deflection in a fixed plate.
2. M, cenwe in simply supported plate
3 4
=3 X M, cenwe In fixed plate.

a’x5
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Example 8.4. A circular plate of radius ‘a’ is having a concentric hole of radius b and is simply
supported along its outer periphery. Analyse the plate if it is subjected to

(a) Uniform moments M, and M, as shown in Figure 8.9.
(b) Uniform load Q, along its inner edge.
Solution.
(a) Uniform Moments M, and M,
Moment M, is acting along inner periphery and M, along the outer periphery as shown in Figure 8.9.

. T

I
I
|< a >l
| I

Fig. 8.9 Example 8.4(a)

In this case, there is no load. Hence, O, =0
Hence, plate equation reduces to

9 li(ra_wj 0
orl ror or )|

Clr2
w =

+C, 10gL+C3
a

The constants of integrations C;, C, and C; are to be determined by using boundary conditions.

M.=M, at r=a (D)
M.=M, at r=05b ..(2)
and w=0 at r=a ..(3)
’w U ow
M. =-D +——
Now, r (arz - arj
w_Gr G
or 2 r
. Pw_C_C
a ot 2
Mr =_D Q_Q_FM_C‘]_FM_C‘Z
2 42 2 r?
C C
=] S-S 0-w)|

From boundary condition (1), we get
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C C
M, =—D[71(1+u)——§(1—u)} ()
a
From boundary condition (2),
C C
M, =_D[71(1+u)——22(1—u)} (5)
b
1 1
M, =M, =-DC, (l_u)|:b_2_a_z:|
a’ —b*
- _DC2 (1_“)|: azbz :|

M, -M,)a*h* 1
My =-p| S (g ¢ MY
2 D(1-p)(a®-p*) b
I M, -M,)a’
==-D ﬁ(1+u)+(2—l)a
_2 D(az—bz)
C, (MQ—Ml)a2
DL(1+p)=—2—"1" _u
5 (1+m) ) M
M,a* —M,a* + M,a* — M,b*
=T 2 b2
M,a* — M,b*
R
c - 2(Mya® — M,b?)

D(l +u)(a2 —bz)
From boundary condition (3),

0= Cla2

+C,

C1a2 M2a2 - Mlb2

4 ap(ep)a?-p?)

or 37
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Thus,
2
=Clr +C210gL+C3
a
- 2 (M,a® - M,b?)
where | = 5 (1 " u) ([12 )
_ My -my)a’p?
D(1-p)la® -»?)
Co- Mya® — M b’
and 3 2D(1+u)(02—bz)
Note: If M, =0
2M1b2 M1a2b2
€= 2 _p2 62 = 2 .2
D(1+u)(a ~b?) D(l—u)(a —b?)
C.—_ M,a’b*
and 3 2D(1+u)(az_b2)
2Mb° r’ M,a’p’ r M,a’b’
- X—+——————log— - ——
D(1+p)(a®-p*) 4 D(-p)a*s* “a 2D(1+p)(a®-p?)
_ Mlbz(”z—az) N Ma a’b* gr
2D(1+u)(a2—b2) D( M) 22 a
1 Mlbz(az_rz) + M,a’b’ gr -
ie. - ...eqn. 8.
2D (1+u)(a> -p*) D(1 u) 2% Ca 4
a_w_ Mlazbz r l- u 1
o pl-p)a—p)|a T+n 1 .eqn. 8.15

(b) Uniform Load Q, Along Inner Edge
Figure 8.10 shows this case

Qo

I
|
—
I
I

|
—> b |je— T

A
[
—v

Fig. 8.10 Example 8.4(b)
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Solution: If P is total load applied,

P = ZTCbQO
At radius r shearing force per unit length of circumference is
P
Q= 2nr

a2
or|lror\ or)| 2mrD

li( aw)_ P logL+Cl
a

7ar rar " 2mD

0 ( aw) Pr r
~ Sl AL RS P
Le. or rar 2nD ga 1

ow P | r ro 1 i| C,r?
AL S A P LY P U
or 27:0{ g Iz 2 2

2 a r

2 2 2
_L[r_ gi_r_}Clr .,
2nD| 2 a 4

ow_ P [r r r} Cr C,
- - i T
or 2mD[2 “a 4

pr’ Cr’
== [log£—1}+ Z +C210g£+C3

8D a
The boundary conditions to be satisfied are
M.=0 at r=b»b (1)
M.=0 at r=a ..(2)
and w=0 at r=a ..(3)
2
Now, M, = —D(gTv; +%3_v:]

M, P[l r 1 1}+ﬂ_i+up[lloL_l}r“ClJr“Cz

=——| —log—+——— =
D 2mpl2 BT 4 2 T2 o2 Ba a2 T2
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From boundary condition (1), we get

P b 1 uP( b 1) C, c,
0=——/|log—+— |+——|log——— |+ —(1+u)——=(1-
4nD(Oga 2) 4nD Oga 2 2( D) bz( w) (4
From boundary condition (2),
P 1 up( 1) C, C,
O=—X—+—— — |+—(1+u)——=(1-
4np’ 2 4nD\ 2 2( ) a2( W) (5

Subtracting (5) from (4), we get

P b P b 1 1
0=——>I>Nog—+ loge—-C, (1- —_———
4D ga u41tD ga 2( M)(bz azj
P b a’ - b*
=——(1+u)log——C, (1-u)——
4TCD( “) ga 2( u) a2b2

__ P 1+p @’ b
274D 11— ¢% — b2 & -(6)
Substituting it in eqn. 4, we get

P b 1) upP b 1) C P a* b
0=— f1og2 42 |+ 2 [10g2 L |+ S (14 ) (14 log 2
41tD( & 2) 47:D( &, 2) 5 ()= “)cﬂ_;ﬁ &,

2

BTN 2 PV Ul DL LI 1o
(1+u)— TED|:10ga(1+;,L) RS loga+2(1 u)}

P b a*-b?-d*
=——I|—(1-u)+log—(1+
4“D{ (=) g“( ) (a® -5?) }
P |1-n 2 b
C =- - log—
1 4TED|:1+M az_b2 ga:| (7)
From boundary condition (3),
Pa? Ca?
0=—2(0-1+—L 4+,
8D
a*> Pd’
C=-C—
4 8nD
2 _ 2
:Pa 1 ! l‘lxl— log—
81D 1+ 2 a?-p* “a

Particular case

. . . b
As b approaches zero, it becomes a plate with central concentrated load. In this case, b2 log— = 0. Hence,
a
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2
¢ =——L 171 ¢ o andc3zpi[1+“—“j

4mD 1+ gnD | 21+u
2 2 2
W=Pr (logi—lj— P 1 ur_+Pa 1+ll u
8nD a 4nD 1+pn 4 8nD 214+pn

2 _ 2 _
- r210g1}+Pr PPl PO PO
8nD al 8mD 1+pu2 ) 8nD 214+pn
I 2(1+p)+1-
P ] gog (g2 ) R LR
8nD a 2(1+p)

P [ 2 r 3+H 2 2
= | r2log— _
snn | Oga+2(1+u)(a ' )}

8.3 CASES OF PRACTICAL IMPORTANCE

By suitable superposition of above cases many cases of practical importance can be solved. Some of
these cases are shown in Figure 8.11.

|

—
—pl

»
»
»

o
i
U

Fig. 8.11 Cases of Practical Importance
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For example, consider a simply supported circular plate subjected to a concentric ring load of
intensity P having radius ‘b’ (case I).
This may be looked as combination of the following three cases:
(/) A simply supported plate with concentric hole subject to ring load P.
(i) A simply supported plate with a concentric hole subjected to uniform moment M, along inner
edge.
(iii) A circular plate of radius ‘b’ subject to uniform moment M, along outer edge.
The condition to be satisfied is

ow, N ow,  Ows
or or or

The above condition helps in finding M,.
The above three cases are shown in Figure 8.12.

atr=>.

QUESTIONS

1. Derive the equation of equilibrium for the axi-symmetrically bent circular plate.
2. Discuss the method of analysing a circular plate subject to a ring load P. Assume outer edge of the plate is
fixed.



Chapter

The solution for a plate of any shape can be obtained, if a deflection function in single unknown can
be found to satisfy the boundary conditions. Then using the plate equation, it is possible to find the
unknown parameter. In this chapter, the analysis of the following shaped plates is presented:
1. Elliptic Plates with Fixed Edges subject to
(a) udl q.
(b) Linearly varying load
2. Equilateral Triangular Plate subject to
(a) Pure moment along simply supported edge
(b) udl qy.

9.1 ELLIPTIC PLATE WITH CLAMPED EDGES AND SUBJECTED TO UDL

Figure 9.1 shows the typical elliptic plate fixed along its outer periphery and subjected to load intensity
q,- Letits length along major axis be 2a and along minor axis 2b. With the origin of cartesian coordinates
at centre of plate, the equation of the boundary line is

Plates of Other Shapes

Yo

d
A
QO
A

Fig. 9.1 Elliptic plate with clamped edges
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+Z—2—1-0=0 ..eqn. 9.1

Along this boundary,

and —=0. (D)

ow ow
i —cos0+—-sin6=0
ie. x y ..(2)
The deflection function should be such that the boundary conditions 1 and 2 are satisfied.

To satisfy the boundary condition w = 0 along the edge it is necessary that w should have a term

2 2
X
(—2+Z—2—1] as a multiplying factor. The second boundary condition shows that even after first
a

2 2
differentiation w.r.t. x and y we should be left with a term (—2 + Z—z - 1] . Hence, the deflection func-
a

2
L . 2y . 2y .
tion ‘w’, should contain the term a—2 er—2 —1] instead only a_z +b_2 -1,

Apart from satisfying boundary conditions, the following plate equation also should be satisfied.

o*w o*w o*w _4q

: +2 + =

L ox* ox*9y* oy* D
The above equation shows that, the deflection function w should not contain any term of degree

higher than four so that left hand side also becomes constant as right hand side is. So, the power of term

...eqn. 9.2

2 2
X
(—2 +b—2— 1] should not be more than two. Hence, let

a
2
2 2
X"y
w=C|—+~-— ...eqn. 9.3
(az b? j a
It satisfies the boundary condition that w = 0 at any point on the boundary. Now
a_w =a—wcos9 +a—wsin9
on  ox dy
2 2 2 2
= 2C(x—2+y—2— 1]2—§cos6 +2C(x_2+y_2_ jz—gsine
a b a a b b
2 2

Since, at any point on the boundary x_2+y_2 —1=0, the boundary condition 3—W =0 is satisfied.

a b X
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From plate equation,

o*w o'w  dtw ¢

+ + =
ox* ox*9y* oy* D

Now,
ow xr oy 2x
S Yol MNP AN} it
ox [az b2 a2
*w _4C|3x* y°
o’ dld b
Pw _ 4Cx3x2x  24x
ox® a* a
o*w _24
ox*  a*
'w 24
Similarly, ay_4 zb_4
d'w _4C ( 2 )_ 8C
and ox*ay?  a*\b*) a*b?

Hence, from plate equation,

24 2x8 24
C[_4+ 2 2+_4}=l
a ab” b D
q 1
c=4 -
or D 24 16 24
at  a*p* b?
Thus,
2
w= 9o £+i—1
D(24 16 24) a2 b2
at  a*p? bt
4 2 2 2
or W= quz - (x_2+y_2_1j ...eqn. 9.4
D(24+1622+24Z4j .
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4
o4

w =
4

centre 2
D(24+1622+24Z4]

Particular Cases

If a = b, it is a clamped circular plate.

w _ goa* _ gpa’
cnte  p(24+16+24) 64D

Same as we got in Chapter 8.
If a = 2b,

4 4
4o _ qpa

w = B
centre D24 +16x4+24x16) 472D

Expressions for Moments

2 2
ox dy
32 Y 1) [xz 3y* 1) 9.5
=_ACD|| =+ L +22 ..eqn. 9.5(a)
H PR TR s 20t b2
3x? y2 1 j ( x? 3y2 1 j
M, =-4CD u(—+——— + +———— ...eqn. 9.5(b)
y l: PRI 20 bt Bt
Particular Cases
(a) If a = b, it is a circular plate. In this case C = 4 ! = qa4
- o "D 16 2 64
4 4 4

a a a
S Matx=0,y=0

4
ga- D 1 1
=AX——| ——+U| ——
64 D|: az u( azj:|

4

:%(1 + M), same as we got in Chapter 8.
(b) Ifa=2b
C=l 1 _4q 1
Dﬁ+ 16 + 24 D 472

4 2 4
a 2 a a
a -—— —

4 (2)
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4
qa 1 1
M =4xi_|——
X, centre 472|: az u(a/2)2:|

2

qa
=99 1144
118[ +4u]

2
a
My, centre — ?T8[4 + u]

Moment at the end of major axis (x = a, y = b)

_oqdt[(3 1 1 1
G ]

__qd’
59
Moment at the end of minor axis, i.e. at x =0, y = b,

My=_4ﬁ[u[ 1 _L]+i_i}

472 (a/2)2 a2 b2 b2
:_qa4 j.L(—3)+ 2
S| @ ()

2
qa
=99 rg_3
118[ u]

The variations of moment along major and minor axes are shown in Figure 9.2, if u = 0.

4qa2

118
a—pre—— a—>

8qa2
118

2
ga
59

Tt
¢

2
qa
118

Fig. 9.2 Variations of moments along major and minor axes
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9.2 COMPARISON OF RESULT WITH STRIP METHOD ANALYSIS
Let intensity of load taken by long strip be g, and that by short strip be ¢,. Then,

g1+ 4 =qo ...eqn. 9.6
To ensure central deflection of the two strip same, it should be,

qia* = qb*
9> =9 i
2 1 b4
In particular case of a = 2b,
g2 = 16¢,
Substituting it in eqn. 9.5, we get
g + 169, = qo
90 16
=— and hence ¢, =—
or q 17 p) 17 9

w _q (2a)4 _ 16 g, at _ q0a4
centre 384D 17 384D 408D

4
6]0612 ] The overestimation is 15.7

Thus, deflection estimated in strip method is more than actual (

percent.
Similarly central moment in case of strip method

2 2
_4 (24) —_ o 4,2 D04
24 17x24 102

Actual value as found by plate theory is

2

qa
L (1+4
118(+ m)

If u is taken as zero, as is made in strip method, we find there is overestimation of moment in strip

118
method to an extent (ﬁ - 1) X100 =15.7 percent.

9.3 ELLIPTIC PLATE SUBJECT TO UNIFORMLY VARYING LOAD IN x-DIRECTION

Figure 9.3 shows a typical fixed elliptic plate subject to a load uniformly varying load form ¢, at
X =-ato—qyatx = a.

2 2

2
. . . . . X
As discussed in the act 9.1, the deflection function should contain the term [—2 + Y 1) , so that

2
a” b
boundary conditions are satisfied.
Loading at any point is
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Fig. 9.3 Elliptic Plate subject to Uniformly Varying Load

Hence, to satisfy plate equation try the function




PLATES OF OTHER SHAPES 99

9'w —E{s 2x 24x:|_£ 30x _ 1204

= -4 X =
ot Pl A a’>  a° a*

w92 (azw] 4C[ 2} 24C

ox*9y” _w ox? a’ brl a*b?
2 2
?}—W=Cx2(x—2+z—2—1]%
y a
2 2 2
Pu_te 2 2]
b Ld® b b

ie.

*w  4Cx 6y 24Cxy
T3 2 X 2T G
» 2B b

d'w  24Cx
oy* b*

.. The plate equation is,

C= 9o

at  a** bt

2
2 2
X y
) qox[az+b2—lj

= ...eqn. 9.7
aD[lzo 48 24}

+7
at  a*v? vt

9.4 EQUILATERAL TRIANGULAR PLATE SUBJECT TO UNIFORM EDGE MOMENT

Figure 9.4 shows the typical plate. Let the uniform edge moment be M. The origin is taken at centroid
of the plate. The coordinates x and y are as shown in the figure. If we take perpendicular distance

2a
CD = a, the sides of equilateral triangles are ﬁ (Ref. Figure 9.4).
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a/3 2a/3 X

TIT T I

o

v
i A A vy

Fig. 9.4 Equilateral Triangular Plate Subject to edge moment

Equation for line AB is X +% =0 (D)
Equation for line BC i 2 1=0 2
quation for line is 243 2a ..(2)

3.3

. . . X y
d tion for line AC + -1=0 ..(3
and equation for line AC is 23 2a (3)

33
The boundary conditions to be satisfied are
w=0 atedges (1)
and M,=M at edges ..(2)
The plate equation to be satisfied is

4 4 4

aff+2 82W2+82”=1=0, since - =0 .(3)
ox ox“dy” dy- D D

The plate equation indicates that no term in w should be of degree higher than three and boundary

condition 1, indicates that expression for w must include the equations of boundary lines. Hence, let
us try

_ a x oy ) x y
W_Cl(“s)[za/s 24/343 1)(20/3+2a/3\/§ 1]
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) .
a X ¥
e (x+— | -
s (2a/3 J 4a2/27]

)
):ﬁ;@_%ﬂﬁf/ﬂ}
)

-C— PO e A LI
4a 3 9 3 9 27
9C1[ 3 2 2 2, 4 3}
= x° =3xy" —ax" —ay" +—a
4a2 Y Y 27
9C1[ 3 2 AN z}
=—72|x" =3xy" —alx" +y°)+—a
44> Y ( Y ) 27
4 4 4
I o, 9 g ana T
ox 0x-dy dy

Hence, the plate equation is satisfied.

. . . . . a
w = 0 along the edges is satisfied, since, at any point on edges either x +§ =0 or

X Y X y
- -1=0 or —+ -1=
2a/3  2a/33 2a/3  24/33
Another boundary condition to be satisfied is
M, =M
. ?*M, oM,
ie. -D o0 +u ¥ =M
2 2
M oM
Since, IM, =0,we get —D 2” =M
or’ on
M 0 J . ow ow .
or ——=| —cosOo.+—sina || —coso+——sina
D \ox dy X dy
9C 2 . . 2
= 4—2[(6x —2a)cos” o+ 2(—3 X 2y)sm0ccosoc +(=3x%x2-2a)sin oc]
a
9C

= 4—2[636(0052 o —sin’ oc) -2a (0052 o+ sin? oc) —12ysino.cos oc]
a
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:—96; [6xcos20c—2a—6ysin20c] ~-eqn. 9.8

4a
Along the boundary AB, n-direction is x-direction i.e. ¢, =0 and x = _2,

M 9C 9C

——=—|6(—-a/3)-2a|=——
= garL6(-a/3)=2a]=——
c=Ma (@)

9C

Similarly along boundary BC, n-direction makes angle 60° with x-axis. Hence, equation 9.8 reduces to

M 9c[ ﬁ}

3x—2a—-6y—
D 4a Y 2
o ¥ .S A
4a> 2a/3 2a/ 3f
_9Cx2a(-2) y
> since
4a 2a/3 2a/ 33
. b
p ..(b)
or C= @, same as in (a)
9D
Similarly, for line AC also we get
_Ma
9D
. Ma - . .
Hence, if C = oD the boundary condition M, = M along all edges is satisfied. Hence,
_ ¢ [x —3xy —a(x +y )-i—iaﬂ
442 27
ie. w= M [x3—3xy2—a(x2+y2)+ia3i| ...eqn. 9.9
4aD 27

Variation of Moments Along Line CD

Bzw_ M

a—z = 4aD [6)6 — 261]
X




PLATES OF OTHER SHAPES 103

2
8_v2v = M [-6x —24]
ay 4aD
P w M
=2 [-6
oxdy 4aD [-65]
2 2
M, =-D a—f + ua—vf
ox dy

= —%[6)( —2a+p(-6x- 261)]

M X
=2 31-n)t+(
2[ (1=p)=+( +u)}
Myzﬂ[?»(l—u)ﬁ+l+u}
2 a
o%w
M. =-D(1-
and Xy ( M)axay
y
=3M(1-p)=>.
(1-n)—~

.. The variation of moments along DC is as shown in Figure 9.5.

M

D C
B -1 +30)

(a) Variation of M,
Y-
uM
D C
(b) Variation of M,
D C

(c) Variation of M,

Fig. 9.5 Variation of moments along DC
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9.5 EQUILATERAL TRIANGULAR PLATE SIMPLY SUPPORTED ALONG ITS EDGES

AND SUBJECTED TO UDL

Figure 9.6 shows the case considered. In this the deflection function has to satisfy the following

conditions:
w = 0 along all boundaries
M, = 0 along all boundaries
o*w otw  otw
and

+2 + =
ox* ox?9y? oy’

(1)
(2

..(3)

y

Fig. 9.6 Equilateral triangular plate subjected to UDL

From the first condition it is obvious that there should be the term

Y

X y

(ng Za;Cﬁ 24

33

2af3 2 a

33

4 .
ie.aterm x® —3xy? — a(x2 + y2) +2—7a3. The other two conditions suggest that there should be some

more terms. Krieger suggested the following function.

wzC[x3 —3xy2 —a(x2 +y2)+%a3}[x2 -i—y2 —%az}

4 5. . . .
It may be noted that the term x> + y2 - 5(12 is the equation of circle passing through the corners of

the plate.
M, = 0 means

(8 0 . j(aw ow . j
— oSO +—sin ot —cosoc+a—s1noc =0

ox dy ox y

2, 5 2 2
i ——cos o +2
l.e. ax2 axay ay2

. w . 2
cososino+———sin” o, =0.



PLATES OF OTHER SHAPES 105

It may be verified that M, = O for all three sides.

Now,
otw
8—4=C[5><4><3><2x—4><3><2><1a]=C[120x—24a]
X
o*w
——5 =Cl-3x3%x2x2x +3x2x2x —ax2x2x2]
ox“dy
=C[-24x-84]
otw
8—4=C[—3x><4><3><2><1—a><4><3><2><1]
Y
=C[-72x-244d]
Vi =q/D gives
C|:120x—24a—2(24x+8a)—72x—24a:|=%
q
C(-64a)=~
(—64a) >
or S
64aD
w=—1 [x3—3xy2—a(x2+y2)+ia3}[iaz_xZ_yz} ...eqn. (9.10)
64D 27 119

QUESTIONS

1. Derive the expression for deflection in case of a fixed elliptic plate subject to udl. Show that strip method over
estimates the deflection by 15.7%, if a = 2b.

2. Determine the expression for deflection in a fixed elliptic plate subject to a load varying linearly from g, at
X =—-ato—qgpatx = a.

3. Determine the displacement function for an equilateral plate supported along its all edges and subjected to
uniform moment on the edges.
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Energy Method

As structure undergoes deformation due to applied load, the work done by the load is stored as strain
energy. Corresponding to each type strain there is strain energy stored in the structure. The different
strain energies to be considered are

1. Flexural strain energy.

2. Torsional strain energy.

3. Shear strain energy.

Shear strain energy is very small compared to other two. To make calculations simple this is
neglected.

While undergoing deformation strain energy is stored while potential energy is lost. But equilibrium
is reached with minimum total energy. The principal of minimum energy is used in the analysis. For this
a function is assumed so as to satisfy the boundary conditions and minimization of total energy with
respect to unknown parameters in the deflection function is used to determine the unknown parameters.

In this chapter, first expression for total energy is derived. Then a few plate problems are solved to
illustrate how energy method can be used to analyse the plate. This method is one of the approximate
methods, since, there can be a number of deflection functions which satisfy the required boundary
conditions. However, any function satisfying boundary conditions gives reasonably good results.

10.1 EXPRESSION FOR TOTAL ENERGY

Figure 10.1 shows an element of plate subject to the moments M,, M,, M,, and M,,. Strain energy due
to all these moments are to be assembled.
(a) Strain Energy due to M,:

dv, = %x Moment x Change of angle in elemental length

1 9*w
=—M. dyx|——~|d
2 X y ( axzj X
2
=—1an—wdxdy
2 " ox?

(b) Strain Energy due to M,:

_ 1 9%w
Similary dv, = —EMyay—zdx dy
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Myx
M,
MX
/ M
& o
Mxy + K—
/ M
/ [
\
M+

Fig. 10.1 Element of plate subject to various moments

(c) Strain Energy due to M,,:

1 L . .
dvy = Py x Twisting moment X Change in twist

1 9’w
=M dy| -2 g
2 o ( axayJ *
1 9’w
=M, LY ind
2 ¥ oxay T

(d) Strain Energy due to M,:
Similarly,

1 9’w
dvy=—M _dx| - d
dop [ 0xdy yJ
1 9’w
=——M, ——dxd
2 oxay Y
.. Total strain energy in the element = dv, + dv, + dv; + dv,
2 2 2 2
_ 1 an LY 8w+M 8w+Mx8w
2 ox* Y oy? P oxdy " dxdy
Since, M, =M,, we get
2 2 2
Total S.E. in the element = o M, 9w +M a—W+ 2M . Iw
2 ax2 y ay2 y axay
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0’ 0’
Substituting M, =-D| 5 +p =2
ox dy
’w  9*w
M, =-D|pZ 2 oY
y (“ ax2 aij
9*w
M. =-D(1-
and w (1-w) 0xdy
we get
2 2 22 2 2
Total S.E.intheelementz—2 o vzv.B v2v+u8 v2v8 v2v+u8 vzv'a vz"
2| ox” ox ox~ dy ox~ dy
*w *w ’w 9w
2 o2 el '
dy~ dy 0xdy 0xdy
R 1 a_wb ’
epresenting P
and a_wb
dy

and total strain energy in the element by dV, we get,

dv = g[w”z + 90+ 2uw” w0+ 2 (1 - u)w"z]dxdy

_ %W 39 =250 + 20”35 + 2 (1= ) w2 Jdedy

_ g[(w” +9)2 =201 = W (w"io = w'?) |dxdy
Hence, total strain energy in the plate is
D ’” .o 27 .. ’.
V= [Jov i =20 - - w'?) dvdy .eqn. 10.1

Potential energy lost may be represented as

U= —_”qwdxdy

.. Total energy of the plate
I=U+V

- %.”[(W” +19)? = 2(1 =) (Wi — w2 )]dxdy - qu-wdxdy ...eqn. 10.2

Example 10.1. By energy method analyse a simply supported plate of size a x b subject to uniformly
distributed load g, over its entire surface.
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Y% b

Fig. 10.2 Simply supported plate subject to ud!

Solution. Figure 10.2 shows such plate. For such plate the following deflection function is suitable,
since, the boundary conditions are easily satisfied:

w= ZZa"m sin m;tx sinnbﬂ

In the above expression a,,, is the unknown parameter. Total energy is given by expression §-2.
First term in total strain energy:

2,2 2,2
7o )2 _ 2 mT nTm . 2 MTX . o, NTy
J.J.(w +w) dxdy—JJamn( ) + 2 jsm ; sin P

Noting the following:

a

2
jsin ey dx = —a, for odd values of m
0 a mm

b oonm 2b
jsin—ydy =—, for odd values of n
0 b nm

a

a

. o mMTX
jsmz dx =
0 a
b

b
jsinzn—wdyz
0 b 2

7
. mMmXx . mmx

jsm -sin dx=0

0 a a

[sin™2 sin ™2 ay =0
b b



110 THEORY OF PLATES AND SHELLS

jjsm dx51 2 Iy —=dy :a_b
b 4
If sin O is replaced by cos 0 in the above expressions and the limits changed from —a/2 to a/2, exactly

same results are obtained.
Hence,

ab

2
First term—— ngZ{m s %] Y

Second term = —32 _” wW dxdy

2.2 2.2
_ 2 MT nNT . ,mix . o NNy
——D(l—u)J‘J‘amn R sin ; sin 5 dxdy

2 ab

2
2 m TC n T ab
22“ b2 4

Similarly third term

Z2(1-p) [ [w" dxdy

s m 2n? n’n® ab
DR WAL
Since, 2nd and 3rd terms are equal but opposite, strain energy is given by
2
_ n*a*abD m* n’ 2
=" g XX 2 ) Gm

Potential energy
U= —_[ _[ gwdxdy

*. Total Energy
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2
4 4 2 2
na"ab » | m° nm 4gab
= 8 Dzzamn(?-l__j -

b2

ol

da,,,

=0, gives

For even terms a,,, = 0 and for odd terms

ntab m* n’ ’ 4q,ab 1
2 D2a,,|—+—| - =0

2 2 2
a b T~ mn

164,

16g,a*

111

amn

a

This is same as Navier’s solution.

m>  n® ? a’ ?
D mn 5t D mn m2+—2n2
b b

Example 10.2. Analyse a fixed plate subject to uniformly distributed load ¢, (Ref. Figure 10.3)

e PN

— LSS

b/2 %

//////v//////
y

Fig. 10.3 Fixed plate subject to ud/

Solution. In this case, the boundary conditions to be satisfied are
w =0 at all edges

a—wzo atxz_—a and x -
ox 2 2
ow -b
—=0aty=—andy=—
dy Y75 Y

Let us select

(1)
-(2)

..(3)
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For simplicity series term is not selected. The function satisfies the boundary conditions w = 0 at all

edges.
ow Czn (— n—2m)(1+00s@)
ox a a b
a_w = C(l + cosz—m)z—n(— sinz—m)
dy a )b b
Hence, oW =0atx= +ﬂ
ox 2
and a_w =Qaty=t— b
dy 2’

Thus boundary conditions (2) and (3) are also satisfied.

2 2
4 2 2
J W:—C T (1+cos Zy)cos da

ox? a’ a
0*w 4m? ( 211:x) 2my
=—C 1+ cos cos
and ayz b2 a b

It may be observed that these curvatures are not zero at x = +a/2 and y = +b/2. Apart from these at
both opposite edges curvatures are the same. Hence, moment conditions are also satisfied.
However, it may be observed that

3
a—W—O atx=+—
x> 2
9w b
——=0 at y=%—.
and P Y 2

Thus, shear conditions are not satisfied. Still such a function gives sufficiently good results and a
designer can use them.

W ’w c 4n? G 2T 2my
Now, dxdy ab a b
First term in strain energy V
D AT
:?“.(w +17) dxdy

2
2 4 2 2Ty
=—_”C —_— os—nx(1+co ny)+i(l+cos—m)cos dxdy
a b b2 a b
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a/2 b/2 2 b/2 u ab
Noting that j _[ cos’ ——dxdy = _[ Edy = Py

—a/2-b)2 a b2

a2

2
j cos—nxdx =0 since m is even.
-al2 a
a/2 b2 b2
2 2 2

and j _[ cosz—nxcoszﬂdxdy: _[ Zcoszﬂdy:a—b

—aj2 —b/2 a b —b/2 2 b 4

First term in strain energy

DC? 16n4(ab ab) 16n4(ab ab) 16n* ab
=—|—| —+0+— |+ —4+0+— |+2———
2 | &4 2 4 pt 2 4 a’b? 4

D 2
_DC ont ab(ijxi+ab(§jxi+a—b
2 4 Cl4 4 b4 a2b2

D2 2 2
Cn{S.b 3a 1}

4DC*r* 3(a®> b?
ab 2 b2 a2

Second term in strain energy

—%2(1—u)ﬁw”vodxdy

00
len* t% 2 2 2 2
=—D(1—u)C2 62752 jjcos mcos ny(1+cosﬂ)(l+cosﬂjdxdy
ab” a b b a
bl , 161 ab
- (_ ) 2[927

Third term in strain energy

2(1- u)%jjw"zdxdy

4
=D(1-y)C’ 162:2 [[sin® 27’“ sin’ 2—Zydxdy
a
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2lé6nt a b
a’b*> 2 2
Noting that second and third terms are equal but opposite in sign, we get
V = first term only

4DC* 3((12 sz
= 1lt+—=| =+
ab 2 bz a2

U = Potential Energy

=D(1-p)C

=—quwdxdy
+a/2 b2
2 2
=- j _[ qOC(l—i-cos—nx)(l—i-cosﬂ)dxdy
—aj2 —b/2 a b
=—q,Cab
Total Energy I = U + V
4apC’nt| . 3(a’ sz
=—q,Cab+ ——| 1+ =| —+—
o ab l: 2([)2 az
1
. — =0 gives
ac " ¢F
- ab+8DCTE4 1+§ £+ﬁ
9o 2\ p2 2
2,2
a’b
or c= & 2 2
4 3(a
8Dm {1+ w7 azﬂ
qoa’b? (1+coszm)cos(l+2ny)
we a b
2 2
spCmt[1+5] © 0
AN

Maximum deflection occurs at middle of the plate i.e. when x =0 and y = 0.

W = 904

max 3 az b2
8D [ 1+ 2| =+
2\p*  a?

For square plate a = b,
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4q0a2b2 B q0a2b2

- 4
8Dn4[1+;(1+1)} 8D

wmax -

4
=0.00128 0%
D

4
Exact value is 0.00126%.

Note: The following function also satisfies all boundary conditions and hence it may be tried.

e (=TG5

in which origin is at the corner of plate. It gives w_ . =0.00133 o

for a square plate.

Example 10.3. By energy method determine expressions for w, M,, M, M,,, O,, Q,, V, and V, in the
plate shown in Fig. 10.4, if it is loaded with uniformly distributed load of intensity ¢

I I
< a >
|

|‘

P
y Free edge
Fig. 10.4 Example 10.3

Solution. In this, the boundary conditions to be satisfied are

2

w =0 and ?)—V;=Oatx:0andx:a (D)
X
aZ

w=0and —%=0aty=0 (2)
0y*

My,=0and V,=0aty = b. ..(3)
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These boundary conditions are satisfied if we select

. TX
w=Cysin—

. X
and wo= =C—cos—

Potential Energy

= —T'b[qOCy sinﬂdx dy
00 a

2b2a
y

—_q( | ==
0 |:2j|07'|:



ENERGY METHOD 117

I1=U+V
2 2 .2
D
—_gcrep Zczﬁ{n—bz +1—u}
al 6 a
1
d—=0, gives
dc
»2 2 12 ]
_4% 2 cp 20| 77 0 -
T al 6 4° i
2
qob’a a
C= =
* pr| T L (1-p)
77+ p—
6 a* " ]
B qoba2
- 242
n b
e L
6 2 t-n)
w=Cysin—
a
qoba2 . Tx
= > ) ysm;
| i)
’w 9w
MXZ—D —2+ —2
ox dy
2
=DCn—2ysin—
a a
b
= 5 ;10 ysin—
n =7+ (1-p)
6 a
’w 0w
MY _D[ a 2 a 2]
x y
Hqob
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X
=- = =COS—
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oM,
V=0t ox
_ qob-sin— qob(l—u) o T
n* b? n’ b’ a
n_6-az+(1—u)} n{6az+(1—u)}
= Zobiz_u) sin—
n b a
T 6az+(1—u)}
QUESTIONS

1. Derive the expression for total strain energy in a plate.
2. Determine the expression for deflection in the plate shown in Figure 10.5. Use energy method.

{Hint : Try the function w = csinﬂ(l - cosg—Zﬂ
a

Ll
>

Fig. 10.5
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Finite Difference Method

In this method, differential equations are replaced by finite difference equations. The plate is divided
into a grid. The deflection of intersection points of the grid lines are taken as unknowns. The plate
equation, moments, shear etc. are expressed in terms of differences in deflections of neighbouring
points. Using plate equation one equation is formed at each grid point. If any point falls outside the
plate, its deflection is replaced by those of points inside for which boundary conditions are made use.
The set of equations formed are solved to get deflection of each grid point.

In this chapter, first finite difference method Vs. classical method is discussed. Then finite difference
expressions are derived for plate equations and stress resultants. After explaining how to apply boundary
conditions two standard problems are solved and formation of equations for some more cases are
presented.

11.1 FINITE DIFFERENCE METHOD Vs. CLASSICAL METHOD

1. In classical method, exact equations are formed and exact solutions are obtained, whereas in finite
difference method, exact equations are formed but solved approximately.

2. Using classical method solutions are obtained for few standard cases whereas solutions can be
obtained for all problems by finite difference method.

3. Whenever the complexities are encountered, classical method makes the drastic approximations
and then looks for the solution. Various complexities encountered may be grouped into the
following:

(a) Shape
(b) Boundary conditions
(¢) Loading.

iy

aniiim

(a) Irregular shape (b) Irregularboundary conditions (c) Irregular loading

Fig. 11.1 Complexities in plate analysis
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Figure 11.1 shows typical complexities in the plate analysis. To get the solution in these cases
rectangular shapes, same boundary conditions along a side and regular equivalent loads are assumed.
In finite difference method, no such assumptions are made. The problem is treated as it is.

4. If material property is not isotropic, solutions become difficult in classical method. Only a few
simple cases have been solved successfully. Finite difference method can handle plates with
anisotropic properties without any additional difficulty.

Thus, classical method is good for standard cases while finite difference method is good for the
problems with complexities in shape, boundary conditions and loading.

11.2 FINITE DIFFERENCE FORM FOR DIFFERENTIAL EQUATIONS

Let ‘O’ be the point under consideration (Fig. 11.2) and ‘h’ be the mesh length. The forward points are
referred as 1, 2, 3... and the backward points as —1, =2, —3... . Thus, the deflection of point ‘O’ is
wy and at points 1, 2 and 3 the defections are w,, w,, w;. Similarly, deflections at points —1, =2, =3 are

ow ) . .
W_, W_p, w_3. The slope — at point O is approximated as

ox

)
(a—wj = Average slope at ‘O’ towards its left and right side
X /o

1wy —w_ W, — W
_ 0 L. M 0

2 h h
,3 ________
h
-2
““““ Ko
h §
I I R N e ;
A _g
h ©
L4 0 .5
3 |2 | 1 2 3 4 5 | ‘g,
a
¢—h—He—h—ple—hp— +  L-—-——~ o
h 1 N O
s ©
— 1 ——t— 7
h z
5 L
(a) Plan V y-direction

» x-direction

(b) Cross section along x-axis

Fig. 11.2
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1

ZE(Wl _W—l)

0
This finite difference form of 2 may be remembered in the form

0x

%)iﬁ[@——@] ...eqn. (11.1)

in which double circled point refers to the point under consideration.

2
Similarly, (?9_2}) at point ‘O’ may be approximated as,

X
oy _ 2 (an)
ax2 ax ax
= rate of change of slope between points 4/2 and —h/2.

l[wl—w0 _wo—w_l}

N h

w_ =2w, +w,
02

_ 2_2[@__@1 ..eqn. (11.2)

It may be noted that a—‘;} could have been taken as rate of change of slope between the points /# and

X
—h also. But in that case, as the points are far away approximation is more. Since, the slopes at middle
of the range 0 to 1 and —1 to 0 could be expressed in terms of deflections at grid points, equation 11.2

is more preferred form. Similarly

ax3 0 ax axz

o] (2]
2h axz 1 axz 1

(83wj 1 [ wy—2w, +w, W 2w+ w,
0 2h h2 h2

= ?[—w_2 +2w_; = 2w, + w2]
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:2%13[@_@__@_@1 ..eqn. (11.3)

The above expression may be derived conveniently by the following pattern operation also.

52 -2(5%)
3| 0-0-0-H0-0-0|.
- 0-0-0

c0-0-©  _
0O-@-0]
[o-0-0-0-0

Note in the above operation, first ‘O’ times second pattern is placed (second row). Then —1 times

second pattern is placed at one step backward (refer first row) and then 1 times second pattern is placed
a step forward (refer third row).

w

4

w
Using pattern operation techniques 8_4 may be derived as shown below:
X

()5
+o0-e-0lF|0-0-0)
5 |0-0-0

T 0-0-0
{O-0-0],

- 111_4[@____@} ...eqn. (11.4)

w

w
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It may be observed that odd differentiations are having anti-symmetric patterns and even
differentiation terms are having symmetric pattern.

Similarly, the differentiations w.r.t. y may be expressed by turning the patterns of differentiations
w.r.t. x by 90°. Thus,

<

—_
g
=
S
@
dby
I
xN|_.
O-©—-6

Sobe

SE
O-O-0--0O

=

.l
O-O-@-O-06

11.3 FINITE DIFFERENCE FORM FOR PLATE EQUATION
We know,

% = % [@——@} and %‘2} =%

O-O©-0
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@
@C@
@C‘C@
@C_@
©
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©
@C@
@CCQ@
@C@
@

Hence, the plate equation is,

...eqn. (11.5)

@Q@
@CCC@
@C@
@
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11.4 EXPRESSIONS FOR STRESS RESULTANTS

2 2
M, =-p| L oW
x> dy”

®
J0-0-0--
@

"l
-
©
|
S,

Similarly, M =D @ — — @
y h2

127
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0%w
M =-D(1-u)

1

=-D-pw--

_=D(1-p
a5’

It may be easily seen that,
0

___2
%—DwWW)

2h

C>_

0xdy =-D( _“)a_x

O--0
&-0-6

O-G-O

d

O-6-0

O-0-G

w
dy

J

O-0-0|4

O-W-O
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@@@
:;—’23@0‘06)
@—@—@

By rotating Q, and V., patterns by 90°, we get finite difference patterns for Q, and V.

11.5 APPLYING BOUNDARY CONDITIONS

While forming the plate equations at points close to boundary, many points fall outside the plate. The
deflections of such imaginary points should be replaced by the deflections of the points on the plate.
For this boundary conditions are to be used. In this article, the expressions for the deflections of
imaginary points in terms of real points are derived for the following boundaries:

(a) Simply supported edge
(b) Fixed edge
(c) Free edge

(a) Simply supported edge:
R
:L_"ﬂ""o 3
I
I

Fig. 11.3



130 THEORY OF PLATES AND SHELLS

Consider the point ‘O’ shown in Fig. 11.3. Since, it is on a simply supported edge
MxlO =0

o
-
9
©

Since, displacements are zero along simply supported edge, we get

W1+W3=0

. w
ie. Wy = —w;, ! ﬂ—_

i.e. displacement of imaginary point is equal to negative of that of image point.

(b) Fixed edge:
If edge under consideration (Refer Fig. 11.3) is fixed, the boundary conditions are w = 0 and aa—w =0,
X
along the edge.
ol _
ax 0
1
. Ho-0-0]-
—W; + w3 = 0
(" i

ie. Wi = Wy P \P\
i.e. in this case, displacement of imaginary point is equal to displacement of image point.
(c) Free edge:
At free edge the boundary conditions are

M,=0 and V,=0
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v
M, = 0 gives @__®
@ .
@

i, wm=Ca—(1)

| w

@)

O
O

V., =0 gives

®-
?

1magmary

-

Note carefully that double circled point is under consideration.
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Example 11.1 A fixed plate of size 4h x 4h is subjected to uniformly distributed load g, over its entire
surface. Taking grid size as & x h determine.

(i) Deflection at the centre of the plate

(ii) Moment at the centre of the plate take iL = 0.3
Solution: Making use of symmetry, there are only three unknown displacements w;, w, and w; as
shown in Fig. 11.4. Displacements are zero along the support.

A 4

< a=4h
LILLLLLLL L

x A V
/ /
/ /
/ /
A
A 3 2 3 j
/|
/ /
/ /
a=4h
7 2 1 2 L
/ /
/ /
¢ 2
/] 3 2 3 C
A
s 2
v
-

/7777777777777 777
Fig. 11.4 Example 11.1

Since, slope is zero at fixed edges, we get

OD-@-0| -

wW_1 =W
i.e. displacement of imaginary point is equal to displacement of image point. Keeping these points in
mind, plate equations can be written for the points 1, 2 and 3. The plate equation is

©
©-0-0
O-0-@-0-0
O-0-O
e
o,
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Hence, the plate equation at point 1 is

4

9ol
h4
ie. 20w, —32w, + 8wy = L0
D
The plate equation at point 2 is,
gh’
20w, — 8wz — 8wz — 8w + 2wy + 2w, + Wy + Wy = D
n
ie. 8w, + 26w, — 16w; = a_
The plate equation for point 3 is,
4
9ol
20w; — 8wy — 8wy + 2w + Wy + Wi + W3y + Wy = D

%h4

ie. 2W1 - 16W2 + 24W3 =
Solving above three simultaneous equations, we get

40h4

w, = 0.4607

h4
W, = 0.3090‘]07

%h4

and wy = 0.2093

4

. qoh qot"
Thus, deflection at centre = 0.46077 = O.OOIST

Moment at centre

133
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D
= —h—z[(—2—2u)wl +Uw, +w, +Uw, +w2]

h4
=D 2.6%0.4607+2.6 x0.3090] L
h? D

= 0.3944 goh? = 0.02465 goa*

Example 11.2 Analyse a simply supported plate of size 4k x 4h which is subjected to ud! g,. Take grid
size h x h and determine.

(a) Central deflection
(b) Moment at the centre if L = 0.3.

Solution. Due to symmetry there are only three unknown grid point displacements as shown in
Fig. 11.5. It is to be noted that

1. Displacements of points on boundary = 0

2. Moment about boundary = 0.

3 2 3
2 1 2
3 2 3

Fig. 11.5 Example 11.2

ie. _
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Since, displacements are zero about boundary line this condition gives displacement of an imaginary
point is equal to negative of displacement of image point.
Keeping these two points in mind, plate equation is written for the three grid points.

4

h
For first point, 20w, —4 X 8w, + 4 X 2w, = 9o ...(1)
qoh’
For second point, 20w, — 8w; — 8w, — 8wz + 2w, + 2w, + (—wy) + w, = OD
h4
ie. — 8w, + 24w, — 16w, = 20 .2
For point three,
‘]0h4
20W3_8W2_8W2+2W1_W3_W3+W3+W3= D
. CIoh4
ie. 2wy — 16w, + 20w; = D ...(3)
Solving simultaneous equations 1, 2 and 3, we get
h4
w, = 1.0313 L
h4
wy = 0.75 102
D
h
and wy = 0.5469 L0
qoh”
Thus, deflection at centre = w; = 1.0313 OT
4
= 0.0645 1%

Moment at centre, if L = 0.3 is given by
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D
= —h—z[(—2—2u)wl +Uw, +w, +Uw, +w2]

= —h%[—z.swl +2.6w, |

=[-2.6x1.0313+2.6 x0.75] g, h*

=0.7314gyh* = 0.0457 gya*

Example 11.3 Formulate finite difference equations for the plate shown in Fig. 11.6. Take grid size
h x h.

LLLLLLL LS

A #
7 -
7 -
pd
; 1 > Pz
g %
g %
g %
L
A 3 4 5 L
N e
N e
N e
A 6 7 8 -
N e
N e
N e
e

S

Fig. 11.6 Example 11.3
Solution. In this problem, deflections of all interior grid points are different. Hence, eight separate
equations are to be written. Noting that all edges are fixed
w = 0 at points on edges

and deflection of imaginary point = Deflection of image point.
Keeping these points in mind the eight equations are written.
For point 1,

QOh4
D

20W1_8W2_8W3+2W4+W1+W1+W6:

40h4
D

22W1 - 8W2 - 8W3 + We =

(D
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For point 2,

ie.

For point 3,

ie.

For point 4,

ie.

For point 5,

ie.

For point 6,

ie.

For point 7,

For point 8,

i
20w, — 8wy — 8w+ 2ws + 2wy + Wy + Wo = 3)
QOh4
8w + 21w, + 2w3 — 8wy, + 2ws + wy = D
h4
20W3 - 8Wl - 8W4 - 8W6 + 2W2 + 2W7 + 2W5 + W3 = qOD
qoh”
—8w; + 2w, + 21w; — 8wy + 2ws — 8w + 2w, = 2
h4
20w, — 8w, — 8ws — 8wy — 8w+ 2w + 2wy + 2w = %T
h4
2w, — 8wy — 8wy + 20w, — 8ws + 2w — 8w + 2wg = %D
QOh4
20ws — 8wg — 8wy + 2w, + 2wy + ws+ wy = D
40h4
2W2 + w3 — 8W4 + 20W5 + 2W7 - 8W8 = D
QOh4
20w — 8wy — 8wy + 2wy + Wy + Wg + Wy + Wy = D
QOh4
Wl_8W3+2W4+22W6_8W7+W8= D
qoh”
20w, — 8wy — 8wg — 8w + 2ws + 2ws + Wy + Wy = 3)
QOh4
Wy + 2w3 — 8wy + 2ws — 8wy + 21wy — 8wg = D
40h4
20W8—8W5—8W7+2W4+W8+W8+W6= D

%h4

D

2wy — 8ws + wg — 8wy + 22wg =

137
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...(6)

(7)

...(8)
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11.6 MODIFICATION OF FINITE DIFFERENCE PLATE EQUATION TO APPLY IT ON
A FREE EDGE

s === T
1 1 |
1 | |
1 1 |
1 1 \
1 | |
f====- T T
1 | 1
1 | 1
1 | 1
1 : 1
1 1
I T
1 ! !
| 1

! I
I
| | |

1
[ A 4
1 | T
1 1 |
1 1 !
1 1 !
1 1 :
- b I
1 1 |
1 1 h
1 1 |
1 1 |
1 1 |
b —— -r ————— I
1 | .
l ! .
1 : [
1
! | .

Fig. 11.7 Modifying plate equation so as to apply at point ‘O’

The plate equation for any point is

¢
0-0-
0-0-0-0-C
@——@
O,

When this equation is to be applied at point, four points fall away from the plate, one at distance 24
and three at distance & from free edge of the plate. The plate equation can be modified making use of
the boundary conditions that

<
S

o~

>

V,=0
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and M, = 0 at free edges.
Using the boundary condition V, =0

ie.

-2+pu O| 2-p
6-2pn 0| -6+2pn 4
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ie.

-0
O-W-O-W-
B-0-6
©
ols

From boundary condition M, = 0, we get

[0)]

Displacement of imaginary point = @ — @

Applying this condition to the three points which are at distance ‘4’ from free edge on fictitious plate

we get
2
()

w2+ 2u) |

2+2u

0 - Q|-
D

2+20)(=2~ 2M)

w2 2u>0 -

W2+ 2p)

¥G
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|

8 +4p+ 4y —

Gwad— >~ O

T

QUESTIONS

Derive the plate equation in finite difference form.

N =

. Modify the plate equation so as to apply it on a boundary with free edge.

3. Write plate equations in finite difference form for the plate shown in Fig. 11.8.

[Hint: Note due to symmetry w; = wy, W, = Wg, W3 = Wo]

SIS

Fig. 11.8 Question No. 3

D

5 LLLLLLLLL L ¢
/1
/1
/1
j 1 2 3
/1
/1
/1
4 5 6
/1
/1
/1
/1
/1 7 8 9
/1
/1
/1
7
A

ST

4. In the plate shown in Fig. 11.8, if the edge is simply supported, write plate equations.

[Hint: Note due to anti-symmetry w, = wq, W, = Wg, Wy = Wg]
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Chapter

12

A Folded Plate Roofs

Folded plate roof is a structure which is composed of a number of plates monolithic along their
common longitudinal edges. It may be looked as a plate folded at several longitudinal lines. The roof
unit is supported at ends by thin but deep frames. Such support may be treated as simple support
(Fig. 12.1). The end frames in turn are supported by columns. Figure 12.2 shows commonly used folded
plate roofs.

(a) Prismatic

VNN

(b) Vee-type

m

c) Trough type

\\

d) North light

Fig. 12.1 A typical folded plate roof Fig. 12.2 Types of folded plate roofs

Folded plate roofs are known as hipped plates, prismatic shells and faltwerke. By giving folds to
the plate, bending moment is reduced in the plate and considerable load is transferred as membrane
compressions. Hence, they can be used economically to cover a column free span of 20 to 25m.
However, folded plates are not as efficient as shells in transferring loads by membrane compression.
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12.1 ADVANTAGES AND DISADVANTAGES OF FOLDED PLATES OVER SHELLS

The advantages of folded plates over shells are:

1. Form work required is relatively simple.
2. Movable form can be employed.
3. Design involves simpler calculations.

The disadvantages of folded plates over shells are:

1. Folded plates consume a little more material than shells.
2. Form work can be removed after 7 days of concreting while in case of shells it may be removed
after 3 days only.

12.2 HISTORICAL NOTE

Ehler of Germany published first paper on folded plate bunkers in 1930. He assumed the joints at folds
as hinged. In 1934, Gruber put forward a rigorous theory which took into account the rigidity of the
joints and the relative displacement between them. In the course of next few years, many European
engineers made contributions to the subject—noteworthy among them being by Cramer Ohlig and
Girkman. The methods developed were based on theory of elasticity. Hence, they involve differential
and algebraic equations.

After world war II, American took interest in folded plate analysis. In 1947, Winter and Pei published
stress distribution procedure. It ignored relative displacements of the joints. In 1954, Gaafer published
a simple method for analysis, which took into account joint displacements also. Later on Simpsons
improved it and now that method is known as Simpson’s method. Girkmans method, improved by
Whitney is known as Whitney’s method.

12.3 ASSUMPTIONS

The following assumptions are made in the analysis of folded plates:
1. It consists of rectangular plates each being of uniform thickness.
2. The structure is monolithic and the joints are rigid.

3. The material is elastic, homogeneous and isotropic.
4. The length of each plate is more than twice its width.
5. In all plates, plane section remains plane even after deformation.

12.4 BEHAVIOUR OF FOLDED PLATE ROOFS

Load transfer in folded plate roofs consists of slab action and plate action.

12.4.1 Slab Action

Each slab may be assumed to bend as simply supported slab between the adjacent folds. It results into
the reactions at joints (folds). But actually the slab is continuous over folds. Hence, there are end
moments in transverse direction. Taking joint moments as unknowns, joint-reactions may be found in
terms of unknown moments. Thus, total reactions at joints if they are supported externally are the
algebraic sum of reactions due to load plus those due to transverse moments. Figure 12.3 shows slab
action of a typical folded plate roof.
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N b, - width of nth plate
{ q, - Angle made by nth plate with horizontal

Fig. 12.3

12.4.2 Plate Action

Actually there is no external supports at folds. Hence, the joint reactions found due to slab action
are reversed and applied as joint force. This joint loads get distributed as plate load as shown in

Figure 12.4.

n n+1

R
&

(n-1)

Fig. 12.4

Fig. 12.5
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Assuming each plate is simply supported on end frames, bending moment in the plate due to plate
loads can be found. This plate bending results into discontinuity at joints. Since, the joints are rigid, this
discontinuity is not possible. This has happened because longitudinal shears developed at joints are
ignored. Let the longitudinal shears developed be as shown in Fig. 12.5.

Taking longitudinal shears also as unknowns, equations are developed to find stresses at edges of
each plate. Using compatibility conditions, unknown transverse moments and longitudinal shears are
determined.

There are two different methods for the analysis of plate. They are known as Whitney’s method and
Simpson’s method. In Whitney’s method simultaneous equations are solved to get transverse moments
and longitudinal shears whereas in Simpson’s method effect of transverse moments is taken care by
moment distribution procedure while the effect of longitudinal shears is taken care by a stress distribu-
tion procedure. These methods are explained in this chapter.

12.5 WHITNEY’S METHOD

At each joint, there are two unknowns—a transverse moment and a longitudinal shear. Hence, if there
are N number of joints (i.e. N + 1 number of plates), there are 2N number of unknowns. These unknowns
at joints n — 1, n and n + 1 are shown in Fig. 12.6.

The transverse moments at joint 1 and joint N may be taken as those due to cantilever action of st
and n + 1th plate. Hence, two of the 2N unknowns are found. Thus, number of unknown reduce to
2N-2. In Whitney’s method, N-number of equations are obtained by equating stresses in adjoining
plates at common edges.

Another compatibility condition to be satisfied is at any joint the angle between the two adjacent
plates should not change. This condition may be applied from joint 2 to joint N—1 to get N—2 equations.

Thus, the compatibility of stresses and transverse rotations gives 2N—2 equations. Hence, 2N-2
unknowns, namely, M,, M5, ..., My_, and T}, T5, ..., Ty can be determined.

Fig. 12.6 Unknowns in Whitney’s method

The step by step procedure of analysis of folded plates by Whitney’s method is given below:
Step. 1: Express the loading in the Fourier form:
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mmx

4 .
X)=) —¢q,sin
q(x)=3 —qysin—
If only first term is considered,

4o ..eqn. 12.1

(x)= 4—sinE = sinE
q T I 90 I
Step 2: Assuming plates are simply supported along the folds, find reactions (Refer Fig. 12.7)

n+1

qn+1

Fig. 12.7 Load and reactions at mid span due to loads for slab action

q, = 450y + 401 by sinE ..eqn. 12.2
2 L
Step 3: To be compatible with sinusoidal loading transverse moments should vary in the sinusoidal

form. Then the reaction at joint n due to transverse moments (Refer Fig. 12.8) are

R;,,Z Mn_Mn—l + Mn_Mn+1 Sinﬂ ...eqn. 12.3
bn COS(Dn bn+1 COS(1)n+l L
Step 4: Calculate total reaction at the imaginary support along the folds.
R, = Rr,z +Rr’l’ ...eqn. 12.4
Mn+1
M”M 9\
an Mn B Mn+1
bn+1 COS¢n+1
Mnan—1
b, cos¢,

Fig. 12.8 Reactions due to transverse moment at mid span at joint n

Step 5: Actually there is no external support at folds. Hence, the joint reaction R, acts as joint load in
the downward direction. These joint loads are transferred to the plates meeting at joints causing each
plate to bend as a beam spanning between the end traverses.
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(a) R,and its components at joint n (b) Vector diagram

Fig. 12.9 Finding components of R,

Referring to Fig. 12.9, if ab represents the joint load R, its components in the direction of nth and
nth plate are obtained by traversing from a to b in the directions of nth plate and (n+1)th plate, ac
represents the component in nth plate while cb represents the component in (n+1)th plate. From triangle
of forces abc, we get

R sinE
, "L R, . T
P, =ac=——-sin(90 + =——"—c0s -sin—
n sin Y, ( ¢n+1 ) sin Y, ¢n+1 L
R sin—
” n L . Rn . Tx
P ., =cb=—=-5in(90 — = cosQ, -sin—
n+l siny,, ( ¢") siny,, O L

Similarly, if we resolve the joint load R,_, at joint n — 1, the load P, is given by

. Tx

R, sin—

L
P =— cosd,_,
sinr,_,

.. Total force in nth plate from n to n — 1 direction is (Ref. Fig. 12.5)

Rn cos ¢n+1 _

P, =P/ —-P/=
o [ siny, siny,

R . TX
e -cos(])n_l}smT ..eqn. 12.5

where v, is the angle of deviation of (n + 1)th plate from the direction of nth plate. From equation 12.5,
plate loads in all plates may be found.

Step 6: Since, the longitudinal variation of plate loads are in sinusoidal form, the plate moment also
should be in the sinusoidal form. Thus,

, I m
M, =Pn?smf ..eqn. 12.6

Step 7: The moment due to the longitudinal shears 7,_, and T, at the centre of the plate (Refer
Fig. 12.10) is

” b .
Mpn — (Tn—l + Tn )?n Sln% ...eqn. 12.7
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Lt

Fig. 12.10

. TX L .
It may be noted that M, to be in smT form, 7, also should vary in sinusoidal form.

Step 8: Total plate moment is

P’ b
M, { (T, +Tn)—"}sinﬂ ..eqn. 12.8
T 2 L
Step 9: Writing tensile stress as positive, the fibre stress in nth plate at common edge 7 is,
6 | PL b T,-T
= —— (T, +T,)2= sin T 4~ n=l gy T -.eqn. 12.9
bl w 2 L bh, L

where first part is due to flexure while second part is due to direct force (7., — T,).
Similarly, the tensile stress at the same fibre calculated from (n + 1)th plate is

6 I’
= —2|:Pn+1 o (Tn + Tn+1
bn+1hn+1 n

)bn+1 }Sinﬂ+ 7[;n+1 }: T, sin ¥ ..eqn. 12.10

n+1""n+1

To maintain stress compatibility, equation 12.9 should be equal to equation 12.10. Hence,
6 5 b,| T,-T,
i [‘Pn?*(Tn—l *Tn)ﬂﬂ—h“

n-n

12 b T. -T
_ 6 . Pn+1 = - (Tn + Tn+1) n+l + n+l n ...eqn. 12.11
byah n 2 1 byh

n+1" n+1 n+1""n+l1
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Applying the above compatibility condition from joint 1 to joint N, N equations can be assembled.
Equation 12.11 is known as Equation of Three shears.
Step 10: Rotation of nth plate and (n+1)th plate due to various causes are,
(a) Due to slab action, for applied loads

1 q,b;
n,n—1 __qn /n COS(I)n s —
24 EI
1 quubp . TX
O(‘n n+l = _H—/n*—cosq)n+l Sin——
T4 EI L

where I] = %hz , moment of inertia per unit length of plate.

(b) Due to slab action, for transverse moments

b X
=—2—|2M +M sin—
Bn, n—1 6EI,,l [ n n—l] L
_ bn+1 . T
Bn, n+l __6EII I:ZMn +Mn+1:|51n7

n+l

(c) Slope due to plate deflection:

Fig. 12.11
Referring to Fig. 12.11, let A be the free deflection of plates. Then,
A =n—-1,a
A=n-1,b=nd
Aji=n,e

Since, the joints are rigid, common edges cannot be at two different points, in other words, free
expansion of plates is not possible. Hence, joint n—1 moves to the point ¢ and the joint n moves to the
point f; which are located by dropping perpendiculars from a, b and e, d respectively. Line cf shows the
position of the plate after deflection.
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(i) To find bc:

From triangle n — 1, b, g, we get

n-1Lb  An
cosY,_; C€OSY,_;

n—-1,g

a,g=n—-1l,a—n-1,g

THEORY OF PLATES AND SHELLS

A
= An—l - .
cosY,_,
1 A
8C€=— 8 = |:An—l - - :|
siny, smy, 4 COSY, 1
bc = bg + gc
1 A,
=A, tany,_ ; +— A, -
SIHYn—l COSYn—l
(i) To find df:
= A
cosy, cosY,
dk = dn — nk
A B
" cosy,
df = dk cot v,
A
={An ——ntl }cotyn
cosy,
Now, rotation of nth plate is given by
0, =-(df - be)
1] A 1 A
=—||A, ——=L |coty, — A, tany, | —— A, — .
bn L COSYn sin 'Yn—l cos 'Yn—l
il 1 A
=—|A,|coty, —tany, | +— -l 2l _coty,
b, | siny,_,cosy,_, ) siny,_, cosY,
I 1 - sin? A A
:i An COt’Yn +— sm-y, —_— n-1_ _ : n+l
b, | siny,_,cosy,_; ) siny,, siny,
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n—1

1
=—/| A (coty +cot ———nl il
b [ "( T Y"_l) siny,_, sin'yn}

Similarly,

A A

1
0 ,=——|A_ (cot +coty )——t———m2
n+l bn+] |: n+l ( Yn+l Yn) Sin'Yn Sin’Y,H_] :|

Since, joints are rigid, the following compatibility condition should be satisfied:
(X‘n+ Bn+ en: (X‘n+1 + Bn+l + en+1 ---eqn- 1212

Equation 12.12 may be applied from joint 2 to joint N — 1 to get N — 2 equations.
Step 11: Thus, from equations 12.11 and 12.12, we get 2N — 2 equations in 2N — 2 unknowns. Solving
simultaneous equations the unknowns M,, Ms, ..., My_;, T}, T>, ..., Ty can be found.
Step 12: After knowing transverse moments, reinforcement required in transverse direction may be

found. Spacing may be increased towards end frames, since, these moments vary in the form smT.

Knowing longitudinal stresses from equation 12.9, longitudinal reinforcement may be decided. From
plate action, end shear may be found and the diagonal shear reinforcement decided. Figure 12.1 shows

typical reinforcements in a tough type folded plate.
Note: Many times instead of bending transverse steel up and down, two layers of transverse steel are
provided longitudinal steels are located so as to support transverse steel.

Shear
reinforcement \ —— End frame
/\ [3 X 3
e )><
4/4
L/2
Transverse
steel v
Longitudinal
- // steel
N (U R N N SN N N N U (R N S I _____f______VLCL

Fig. 12.12 R.C. Details of a folded plate roof
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12.6 SIMPSONS METHOD

In Whitney’s method, there is need for solving 2N — 2 simultaneous equations to get transverse moments
and longitudinal shears at folds. In Simpson’s method, solution of simultaneous equations is avoided by
going through moment distribution and stress distribution procedure. Stress distribution procedure is
similar to moment distribution. It is used to ensure the continuity of stresses calculated for plate action
neglected the effect of longitudinal stresses. This technique is in two parts—first part consists in finding
stress continuity when the joints do not deflect from their original positions and the second part allowing
joint deflections. The method is outlined below with reference to the folded plate shown in Fig. 12.13.

Fig. 12.13

Step 1: Consider a transverse section of unit length at mid span. Assuming that the joints do not deflect
arrive at joint moments by moment distribution. Calculate the reactions at the joints and apply forces
equal and opposite to these as joint loads. Resolve these joint loads into plate loads. Calculate the
bending stresses caused by the plate loads, assuming each plate to be free to bend independently. These
stresses may be referred as free edge stresses.

Next establish stress compatibility at the common edges of adjacent plates by stress distribution. The
resulting stresses in the plates are those which develop if the joints do not deflect. This solution is
referred as no rotation solution. The solution up to this point may be referred as Winter and Pei solution,
Winter and Pei are the researchers who stopped the analysis at this stage.

Step 2: The effect of joint displacements is to be accounted by considering the rotations of plates 2, 3
and 4. The first and the last plates are treated as cantilevers.

Let joint 2 deflect by an arbitrary amount A, below the level of joint 1 (Fig. 12.14). As a result of
3EJ,Ay _3EJ,Wy

it fixed end moment developed at joint 2 is , where J, is moment of inertia of the

b; b,
_ 1.3 : _Ay .
plate | =—=h" | per unit length and Voo =—=- As Ay is
12 b, 1
arbitrary, ,,is an arbitrary rotation of plate 2. Let y,, be A
such that the magnitude of the moment introduced is, say 2 -
300 units. The arbitrary rotations and the actual rotations

of the plate are clearly related by an unknown constant, D — b, —P|
say K,, such that y, = K,\,,. The arbitrary moment of
300 at joint 2 is next distributed by the moment distribution Fig. 12.14
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procedure. The resulting joint moments and reactions are found. Forces equal and opposite to the
reactions are applied at the joints and resolved along the plates as plate loads. The free edge stresses
caused by these loads are next determined. The stress compatibility at the common edges is realized by
stress distribution. The resulting stresses shall be referred as case II solution corresponding to an
arbitrary rotation of plate 2.

Step 3: Now consider the effect of an arbitrary rotation of plate 3 (Ref. Fig. 2.15). As before,

W3 = k3 3.
6EJ3A30 _ 6EJ3\|I30
b3 b,

The moment introduced at joint 2, is

Let the arbitrary rotation 3, be such that the magnitude of the moment induced is 600 units.

Distribute the moments of 600 units each at joint 2 and 3 by moment distribution procedure. Arrive
at the reactions at the joints and apply forces opposite to these at the joints. Resolve these forces into
plate loads and compute the free edge stresses. Correct them by stress distribution to secure stress
compatibility. The resulting stresses are referred as case III solution.

i A30

Fig. 12.15

Step 4: The case IV solution correspond to an arbitrary rotation y,, of plate 4. It is worked out in the
same manner as the case III solution. Again, we note that

Yy = k4 Yy ...eqn. 12.13
Step 5: The plate deflections A, are next worked out. A, consists
of the deflection corresponding to the no rotation solution plus _>| f |<—fb—>.
k, times the deflection due to case II solution, plus ks times the n ——————- |

deflection resulting from the case III solution, plus k4 times the
deflection corresponding to the case IV solution.

If edge stresses are known, the corresponding deflections may
be calculated as explained below:

Let the stresses at n—1 and nth joint be f,_; and f, respectively
as shown in Fig. 12.16. From the figure, it is clear that,

fn_l — fn n+1
2

bending stress = f;, =
Fig. 12.16
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Noting that moment varies in sinusoidal form,

2
Elaa—(f) =—Msin ==
y
M . mx
=——sin—
n- El L
i.e. mid span deflection, due to moment is
I'M
n’ El
M 21,1 .
But 7=};—”2 or M= }{b , h is depth of plate.
n
L’ 2f1
§=—2_.20b"
2 Elh,

_2L2 1 |:fn—1_fn:|

~ n? Elh, | 2
12
= ey [fn_l _fn] ..eqn. 12.14a
If closed form solution is used,
5 17
ngﬁ(f”‘l _fn) ...eqn. 12.14b

Total deflection,
An = 80+ k2 820+ k3 830 + k4 840

Step 6: From the results of step 5, the plate rotations may be calculated using the formula given below:

1 A A
wnzb—{An(cotyn+COtyn_l)— ntl __ Tnol }

n smy, smYy,

1 A A
and =— A (cot +coty J——ntl T ..eqn. 12.15
\ljn+l bn+] |: n+l ( Yn+1 Yn) Sil’l'Y”_H SiIl'Y” :|
Equating v, y; and y, calculated in Step 6 to ky,, k33, and kW, a set of three linear simultaneous
equations in unknowns k,, k; and k, are obtained. Solve the equations to get k,, k3 and k.
Step 7: Compute the edge stresses as

Jo = oy Fhody, YRS, +kafy, ..eqn. 12.16

Then the shell may be designed.
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12.7 STRESS DISTRIBUTION PROCEDURE

To ensure compatibility of stresses at common edges free edge stress distribution is to be carried out.
The procedure of stress distribution is similar to moment distribution method with appropriate carry
over factor and appropriate distribution factor. In this article, the carry over factor and distribution
factors to be used are derived.

The continuity of stresses along edge n common to the plates n and n + 1 is ensured by the appli-
cation of edge shears in longitudinal direction. When plate n and n + 1 are regarded as bending
independently, free edge stresses f, and f,,, develop, which are different from each other.

The application of the longitudinal shears at the edges has the effect of correcting the values of f, and
J,41 so that they become equal. To correct those stresses, it is not necessary to solve for edge shears. The
correction can be by the stress distribution procedure. Figure 12.17 shows nth and n + 1th plate from
one end to mid span. Let 7, be longitudinal edge shear at edge n.

{ n+1
I
1
I
I
n + 1th plate \
I
End —] _ __ _ e
frame 7/ — — — n— T
i
|
nth plate |
i
I
' n -1
Fig. 12.17
Due to longitudinal shear 7, stress in plate n at edge n is,
ToL, 1 b, T, N .
= -5 ><I— X > +—"—, where /, = moment of inertia of ith plate
_ T.0b, « 123 oD T,
2 h,b, 2 b,
AT, 4T, )
= b = a where A, = b,h, cross-sectional area of nth plate ...eqn. 12.17

Similarly, stress at edge n — 1 in nth plate
b 12 b T

n n n

"2 hb? 2 b,
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=-— An” . ...eqn. 12.18
Stress in n + 1th plate at edge ‘n’

_ o b 12 T,

2 Thbly b

=- A, =- 4, ...eqn. 12.19

Poys1Byy A

Stress in n + 1th plate at edge n + 1,

_Tby 12 7T,

2 hbiy b

2T, 2T,

_m - A ...eqn. 12.20

If free edge stresses at joint n in plate n is f, and at joint n in n + 1 plate is £, the actual stresses
are, in plate n,

f+4T”
A

n

AT,
and in plate n + 1, Jos1 = A

n+l1

But, the effect of 7, forces are to ensure stress compatibility. Hence,

4T 4T
+—n = __n
f" An f”+1 An+1

1 1
4Tn (A_-i__]:fnﬂ _fn

A +A
. AT n+l no_ _
l.e. n An A,H_] n+l fn
4Tn _ An+1
or An - An+1 +An (fn+1 fn)
4T A
Thus, the correction to edge stress at n in plate n is —%+ = ntl -
g p An An+1 +An (fn+1 fn)

Similarly, the correction to edge stress at n in plate n + 1 is

4T A

__n n — ...eqn. 12.21
A+1 An+An+1(f"+1 h)
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1

A
Thus, we conclude, if the correction to stress at joint 7 is (f,,; — f,), distribute A +A _:2

n n+l

of it to edge

n of plate and — of it to edge n of (n+1)th plate. In other words, the distribution factor is

__n
An + An+1

An
for nth edge of plate n and A+ A for nth edge of plate n + 1.
n n+1

n+l
An + An+1

4T
From equations 12.17 and 12.18, it is clear that due to 7, stress at nth edge of n plate is A—" while

n

n

in the same plate at other (n — 1)th edge is — 2AT

. From eqn. 12.19, we find the stress at edge n in

% It shows that if corrections

T
™ while that at other edge (n + 1)th is

n+l n+l1

(n +1)th plate due to 7, is
are made for stresses at edge n, —% of corrected stress should be carried over to other edge. Thus, the

carry over factor is —Y,.
Thus, in the stress distribution procedure,

o A A o . .
Distribution factors are I ntl and 1 i.e. distribution factor is inversely proportional to

+A A +A,

n n+l1

. . 1
cross-sectional area and, carry over factor is _E .

QUESTIONS

Discuss the merits and demertis of folded plate roof over shell roofs.

Explain briefly structural behaviour of folded plate roofs.

List the assumptions made in the analysis of folded plate roofs.

Give step by step procedure of analysis of folded plate roof by Whitneys method. Give the recurring equations
also.

Write short note on Simpson’s method of folded plate analysis.

Derive the equations of three shears used in folded plate analysis.

7. Derive carry over factor and stress distribution factors to be used in folded plate analysis.

bl

SN



Chapter

A shell is a thin curved surface the thickness of which is small compared to the radius and the other two
dimensions. Shells are used for roofing large column free areas. Figure 13.1 shows some of the
commonly used shell roofs.

Introduction to Shells

(a) Cylindrical
(b) Butterfly

(c) North light

~ =

(d) Conical shell

(e) Spherical dome

(g) Ellipsoid

(f) Paraboloid

Fig. 13.1 (Contd.)
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D

(h) Elliptic paraboloid (i) Hyperbolic paraboloid

W7l (o con

(/) Hyperboloid of revolution

(1) Corrugated (m) Funicular

Fig. 13.1
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13.1 CLASSIFICATION OF SHELLS

Shells are stressed skin structures i.e. the structures in which load transfer is through the skin of

structure. In shells, because of their curved shape, bending is reduced to the great extent and load is

transferred as compressive force through the membrane of the structure. IS: 2210 gives the classifica-
tions of shell on the basis of their shape and the method of generating such shapes. Table 13.1 gives the
classification of the shell.

Some of the terms used in classification of shells are defined below:

(i) Shells of Revolution: The surface generated when a plane curve is rotated about an axis is known
as shell of revolution.

(i) Shells of Translation: Shells which are obtained by moving one curve parallel to itself along
another curve, the planes of the two curves being at right angles to each other.

(iii) Ruled Surfaces: The surfaces which can be generated entirely by straight lines are known as ruled
surfaces. The surface is said to be singly ruled if at every point on the shell surface a single
straight line entirely lying on the surface can be drawn and it is doubly ruled if at every point two
straight lines lying entirely on the surface can be drawn.

(iv) Gauss Curvatures: Gauss curvature is the product of the two principal curvatures at any point on
the surface. Thus,

1 1 1
— =X —
R R, R,
where R is Gauss curvature, R, and R, are the principal curvatures.

(v) Singly Curved: A shell is said to be singly curved if its one principal curvature is zero (hence,
Gauss curvature is zero). It is also known as developable shell, since, such surfaces can be
developed from bending plane surface.

(vi) Doubly Curved: A shell is said to be doubly curved if its Gauss curvature is definite. Such shells
are non-developable.

(vii) Synclastic shell: A shell is said to be synclastic if its Gauss curvature is positive.

(viii) Anticlastic shell: A shell is said to be anticlastic if its Gauss curvature is negative.

13.2 ADVANTAGES AND DISADVANTAGES OF SHELLS

Advantages of shell structures are:
(i) Good from the aesthetic point of view
(if) Material consumption is less
(iii) Large column free areas can be covered.
(iv) Formwork can be removed early.
Disadvantages of shell structures are:
(i) Formwork is costly.
(if) Analysis is complicated.
Comments on shell structures: Shell structures become economical if a number of units are to be cast
so that repetitive use of formwork is possible. If from aesthetic point of view and from the requirement
of large column free area, if an architect prefers shell roof, a structural engineer should design such roofs.

13.3 EFFICIENCY IN THE USE OF MATERIALS

Shells are an example of strength through form as opposed to strength through mass. In a R.C. beam/
slab material is subjected to maximum stress only at extreme fibre, that too at the section subject to
(Contd. on p. 162)



Table 13.1 Classification of shells

Shells
v
Singly curved Doubly curved
(developable) (non-developable)
Gauss . . . .
curvature = 0 Synclastic Anticlastic Other special
Gauss curvature +ve Gauss curvature -ve types
v |
| | | |
Shellsof ~ Shellsof ~ Ruled Shellsof ~ Shellsof ~ Shellsof  Shellsof  Ruled Alternately - Partally - Miscel-
rev01|ution translation Surfilces revolution  translation rev|01ut10n translation surfaces Zzgzlzztliz andyanticlastic aneous
Conical Cylindrical | Conical Spherical Elliptic Hyper- Hyper- Hyper- Corrugated | Funicular
shells shells and domes, paraboloid, boloid bolic boloids of shells shells
including | cylindrical paraboloids circular of para- revolution,
north light ellipsoids | paraboloid revolution boloids hyperbolic
and butterfly paraboloid
conoid
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maximum moment. At all other portion the material is under utilised. In a column most of the material
is fully stressed and hence, the material is utilised to maximum extent. That is why we commonly find
a column of size 230 x 450 mm support 3 to 4 beams of size 230 x 450 mm. In shells attempt is made
to reduce flexure and transfer the load as membrane compression. Hence, in shells material utilisation
is improved. It results into use of thinner sections and hence reduction in dead weight. By this means
a minimum of material is used to the maximum structural advantage. Shells of double curvatures are
among the most efficient of known structural forms. Most shells occurring in nature are doubly curved
shells. Shells of eggs, nuts and human skull are common examples.
Thus, in shells strength is due to shape.

13.4 HISTORICAL NOTE

An examination of some of the old places of worship in India and abroad show that shell structures have
been in usage even though the theoretical knowledge of their structural behaviour was then meagre. But
the modern thin shells are a far cry from the massive masonry domes of the middle ages. A comparison
of the relative weights of 17th century Peter Cathedral at Rome and a modern workshop building at
Jena, Germany brings home the difference. Both these domes cover an area of 39.6 m diameter.

St. Peter Cathedral at Rome: (Ref. Fig. 13.2)

27.6m

le———396 m—— g

Fig. 13.2 Cathedral at St. Peter, Rome

Total weight = 11000 tonnes
ie. = 88.42 t/m
It requires heavy foundation.
Now at Schott Workshop, Jena, the dome built is shown in Fig. 13.3.

I# 39.6m =I

Fig. 13.3 Schott workshop at Jena, Germany
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Weight including ring beam = 364 tonnes.
Weight per metre of periphery = 2.93 t/m

One brick wall can take this load.
The above improvement was possible because of the following:

1. R.C.C. is better material compared to masonry.
2. Now there is better understanding of analysis and design.

13.5 A BRIEF LITERATURE REVIEW

The thin reinforced concrete shell had its beginning in Germany in 1920s. Two German engineers—
Finsterwalder and Dishinger—were the first two to develop a theoretical analysis applicable to R.C.
Cylindrical shells around the year 1930. An early American contribution was a paper by Scharer (1936),
which attempted a simplified analysis. Until 1940s, cylindrical shell analysis and construction domi-
nated the research field.

It was only in the mid 1930s and early 1940s that the designers began looking for other forms of
shells for roofs. Around 1935, two French engineers, namely, Aimond and Raffaile, published studies
on the properties and potentialities of the hyperbolic paraboloid. However, it was the Mexican architect
Felix Candola who promoted and popularised the hyperbolic paraboloid for roofing factories, churches,
clubs etc.

The conoid had its beginning in France. The one sheet hyperboloid appears to have been first
employed for roofing in Germany in the form of Silberkuhl shells. 1950s and 1960s have witnessed an
unprecedented spurf at activities in the field of thin shells. Many new forms are continuously experi-
mented upon and added to the growing vocabulary of the shells. With the advent of computers and
development of analysis packages, now a days the designers are more confident in going for the shell
roofs. They have even tried to optimize shell roof design and have given guidelines for choosing
dimensions of various type of shell roof.

13.6 ANALYSIS AND DESIGN

In the analysis of shell roofs, the structure is regarded as homogeneous and isotropic. However, in the
design of reinforcement, the concrete is assumed to be cracked and steel is provided to take care of the
full direct and diagonal tension.

Shell roofs of complex shapes do not always lend themselves to calculation by analytical means
using classical theory. Hence, there is growing trends towards the use of experimental investigations
and the use of numerical method like finite element analysis.

To account for the secondary effects like shrinkage and temperature, exact calculations are not
available. In tropical countries, the stresses due to temperature changes is sever. The secret of avoiding
cracks due to secondary effects lies in the provision of closely spaced small diameter reinforcement.

QUESTIONS

1. Explain the following terms with neat sketches:

(i) Shells of revolution (ii) Shells of translation (iii) Ruled surfaces.
2. What is Gauss curvature? How do you classify shells based on Gauss curvature values?
3. Give the Indian standard classification of shells.
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14

Introduction to Cylindrical
Shell Roof

Cylindrical shell roof is commonly adopted for covering large column free areas in the factories. As
stated in the previous chapter, cylindrical shell is generated when a straight line moves over a curved
surface, maintaining its position at right angle to the curve and moving parallel to itself in the projected
plane. In this chapter, the various parts and types of cylindrical shell roof are explained and design
criteria is presented. A preliminary design procedure, namely, Lundgreens beam theory is presented.

14.1 PARTS OF A SINGLE CYLINDRICAL SHELL ROOF

Figure 14.1 shows a typical single barrel shell and its various parts.

The straight line generating the surface is known as generator and the plane curve that guides the
generator is known as the directrix. The directices that are usually employed are the arc of a circle, the
semiellipse, the parabola, the cycloid or the catenary.

A cylindrical shell may or may not be provided with edge beams. The supporting members at the two
ends of a shell are known as traverses or end frames. The traverse may be a solid diaphragm, a tied arch,
a trussed arch or a rigid frame. It is usually assumed that the shell is simply supported on the traverses.
Hence, the traverse should be rigid in its plane but flexible out of plane. This is achieved to a great
extent if the frame is deep and thin. The distance between the two adjacent traverses is known as span
of the shell and the projection of the directrix is known as chord width.

14.2 TYPES OF CYLINDRICAL SHELL ROOFS

The shell roof may be a single barrel as shown in Fig. 14.2 (a) or it may be a multiple barrel as shown
in Fig. 14.2(b). Usually shells are supported on two end frames. But sometimes they may be built
monolithically over more than two end frames as shown in Fig. 14.2(c). Such shells are known as
continuous shells.

14.3 DESIGN CRITERIA

Indian standard code IS: 2210 recommends the following:
1. Grade of Concrete: M:20
2. Maximum size of the aggregates is to be restricted to 12 mm to 20 mm depending upon the
thickness of the shell.
3. If chord width is 8 m to 12 m, maximum span is restricted to 30 m.
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End frame

Directrix

Generator

|<— Chord width 44

(a) Parts of cylindrical shell roof

Cycloid

(b) Different types of directories

Fig. 14.1

If chord width used is large (say upto 30 m), span should be reduced to 8 to 12 m.
For spans more than 30 m, prestressing of edge beams is necessary.
4. Height of shell may be kept 1/12 to 1/6th span—the larger figure applicable to smaller span.
However, in case of shells without edge beam, depth shall not be less than 1/10th span.
In case of short shells depth should be at least 1/8th of chord width.
5. Semicentral angle may be kept between 30° to 40°. Restricting it to 40° has the following
advantages:
(a) Wind load effect may be ignored.
(b) During construction back form is not required for concreting.
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(a) Single barrel

N YT Y

(b) Multiple barrel shell

End frame

Intermediate frame

End frame

(c) Continuous shell

Fig. 14.2

6. Thickness of shell should be at least 50 mm to avoid the problems of leakage. Usually thickness
selected for long shells is 75 mm while for short shells (more chord width and less span) thickness
of 60 mm may be used.

Near the ends the shell is thickened to 30 percent extra. The distance of thickening from the edge

is 0.38\/; to 0.78\/; where ‘r’ is the radius of the shell directrix and ‘7’ is the thickness of shell.

The need for edge thickening are:

(a) Moments in the shells are larger at the ends.

(b) At the edges 3 layers of reinforcement are to be provided namely—Ilongitudinal, transverse
and shear. The three layers can be suitably accommodated with required cover only by making
edges thicker.
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7. Edge beam depth is automatically fixed once we select overall depth and semicentral angle.
Thickness of the edge beam shall be 2 to 3 times the thickness of the shell.

Example 14.1. Fix up the overall dimensions for a circular cylindrical shell of span 25 m and chord
width 10 m.
Solution:
Span L =25 m

Chord width = 10 m.

Let the semicentral angle be 40°.
10/2

sin40°

Then, radius of the shell=R = =7.78 m

Rise of shell = R — Rcos40° = 7.78 (1 — cos 40°)

=182 m.
Overall depth of shell should be

1 1
=—th to —th span.
12 6

25 25
=—to—m
12 6
Let us select it as 3.4 m.
. Edge Beam Depth =34 -1.82=1.58 m.
Let it be 1.6 m.
Let thickness of shell =75 mm.
. Width of edge beam = 2 to 3 times 75 mm.

Let us select width of edge beam = 200 mm.

600 mm

Edge thickening 100 mm

Thickness = 30% extra
=75+ 03 0of 75 =97.6 mm
Let us use 100 mm thickness of edges.

Distance of edge thickening: Span =25m

0.38+/rt to 0.76/rt

ie. 0.29 m to 0.58 m
Let the edge be thickened to a distance of 600 mm.
Figure 14.3 shows the section selected.

14.4 ANALYSIS

Various methods of analysis found in literature may be listed as:

a0’

Fig. 14.3

(/) Beam theory
(if) Membrane theory
(iii) Bending theory
(iv) Finite element method
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Beam theory is explained in this chapter. Membrane theory and Bending theory are taken in the next
two chapters. Finite element method is treated as out of the scope of this book. For this method, readers
may refer the books on the finite element analysis.

14.5 BEAM THEORY

This theory can be used for the analysis of cylindrical shells with span more than three times the chord
width. This theory is based on the assumption that plane cross-section remains plane even after defor-
mation. In other words, it assumes longitudinal stress varies linearly across the depth of section. This
assumption holds good fairly well for long shells. Hence, one can use it for the analysis of such shells.
This theory is relevant even today to study because it gives feel of the structural behaviour and the
designer can avoid mixing up of the sign conventions in the sophisticated analysis and committing the
blunder. This method has the following advantages:
1. It brings shell analysis within the reach of those who are not familiar with the technique of
advanced mathematics.
2. Shells with non-circular directices can be dealt with easily.
3. Shells with non-uniform thickness also can be handled without much difficulty.
4. Structural action of the shell is easily visualised.
This theory divides the shell action into
(i) beam action
(if) arch action

14.5.1 Beam Action

A long cylindrical shell is analysed as a beam with curved cross-section, supported on end frames. To
start with entire concrete section is assumed effective to determine the longitudinal stresses and shear
stresses. In the design wherever tension is found, concrete is treated as ineffective and steel is provided
to take the tension. Consider the typical cross section of the shell shown in Fig. 14.4.

s

R - radius of shell

¢, - semi central angle

2a - depth of edge beam

2b - width of edge beam
h - thickness of shell.
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Let the neutral axis be at a distance y from the horizontal axis through crown. Then,

Moment of area about the horizontal axis at crown

I Total area of shell

8
2ax2b{R(1-cos ;) +a}+ [ RdOh(R—Rcos¢) |x2
0

[2ax2b+hRp, |x2

_4ab{R(1-cost; ) +a}+R*h{o, —sino, }
- 4ab +hRo,

...eqn. 14.1

If ¢, is the semicentral angle made by the neutral point on shell as shown in the figure, then it can
be determined from the relation:

R(1-cos9,)=7. ..eqn. 14.2

Then the moment of inertia of the section about neutral axis ‘I’ is given by
I = Moment of inertia of the edge beams + Moment of inertia of the shell.

O
= %>Qb(2a)3+2ax2b{R(1—cos¢k)_7+a}2+de¢hR2(C°S¢—COS¢;z)2 X2
0

. . M . . . .
Using the expression, © =7y, stresses at any required depth can be found, in which M is the

moment. It is maximum at centre of span as it is a simply supported beam of span L subjected to
wL?
uniformly distributed load w i.e. maximum moment is = 3

Obviously bending stress is zero at neutral axis and is having maximum compressive at crown point
in midspan. This stress should be checked for bending compression. To take care of tensile stresses
provide longitudinal reinforcement to take complete tension. It may be observed that only a small
portion of shell (that is below N-A) and edge beams are in tension. Tensile force in the edge beam may
be considered equal to the tensile stress at mid depth of the edge beam multiplied by the area of the edge
beam. Reinforcement found is provided at closer interval in the lower portion and spacing is uniformly
increased towards the top.

The beam with this curved shape is to be designed to withstand shear stresses also. Maximum shear
force is equal to 1/2 the total load and occurs near end frames.

_wL
=

Vv

Maximum shear stress = %(a?), where

b = width of shell at neutral axis = 2h

ay = moment of area above neutral axis about the neutral axis
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[ Rdoh (Rcosq) - Rcos(l)n)

2

o —=

= 2R2h[sin 0—0coso, ]g

= 2R2h[sin 0, —¢,cos ¢n]
Shear reinforcement is provided diagonally at corners to a maximum length of L/4.

14.5.2 Arch Action
Consider the freebody diagram of a shell of unit length as shown in Fig. 14.5.

Unit length

Fig. 14.5 Arch action

The equilibrium of the unit length of shell is maintained by two sets of forces, namely the load w per
unit length of shell and the specific shear 6 = b—v‘;(ai) where the specific shear is defined as difference

in shear forces between the two edges of the unit length of shell.

The specific shear acting at any point in the direction of the tangent to the shell arch may be resolved
into its horizontal and vertical components. It is clear that the sum of the vertical components of specific
shear balances the vertical load on the arch and the sum of the horizontal components will be zero.

If it is a single barrel shell, it is obvious that the elemental shell arch do not develop any restraining
forces or moments at its ends. Hence, we have a statically determinate free arch for the analysis.

If it is an intermediate shell of a multiple shell, the ends will behave like fixed ends. Hence, fixed
arch analysis is necessary. The column analogy or the elastic centre method is suitable for the analysis
of fixed archies.

Example 14.2. Design a reinforced concrete circular shell with the following particulars.
Radius R=3m
Span L=15m
Semi central angle ¢, = 60°
Thickness of shell /& =75 mm
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Fig. 14.6

Loads

Self weight =0.075 x 1 x 1 x 25 = 1.875 kN/m?
Water proofing cover and occasional live load = 1 kN/m?

Total load = 2.875 kN/m?

Weight per metre run of shell

w=2.875x Rx 20, =2.875><3><2><§= 18.06 kN/m>

Maximum bending moment

2 2
% =18.06 x% =508 kN-m

Since, edge beams are not provided, a =b =0
Referring to Fig. 14.6,

R*h(¢, —sind,) R(0, —sino,)

y = =
hRO, O
3[2‘ —sin 60}
=———==0519m
3
- ¢, is obtained by the relations
Yy=R-Rcoso,
0.519 = 3(1 — cos 0,)
0, =34.2°

O
I= Zj Ra’(l)hR2 (cos(l)—cos(l)n)2 do
0

—2cosdcosd, + cos’ 0, }dq)

=2R3hq]f[l+c052¢
0
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1.
X ¢k+gsm2¢k . )
=2R°h f—2cos¢n sin¢, +¢, cos” ¢,

T Lin(2x34.2) .
—2x32x0.075| 3—2 . —2cos34.2xsin60+?cosz34.2

=0.0968m* =0.0968 x10'> mm*

-. Compressive stress at crown

M 508 x 10°
I

y=—""" " %519=2.723 N/mm? <8.5N/mm?
Y 0.0968 x 102 / /

Rise of shell= R — Rcos60 =3(1 —cos60) =1.5 m

.. The distance of lowest point from NA = 1.5 — 0.519 = 0.981 m = 981 mm
‘. Maximum Tensile Stress in shell

6
= 208XI0 081 = 5.148N/mm?
0.0968 x10
.. Tensile force per metre run of shell = 5.148 x 75 x 1000 = 386116 N
= 380M18 _ 574 mm?

st

Provide 16 mm bars at 75 mm c/c. This may be changed to 12 mm bars at 200 mm c/c near neutral
axis and is maintained in the compression zone.

Design for Shear

15
Maximum shear force =18.064 x 5" 135.48 kN

At neutral axis
ay = 2R2h[sin 0,—-0, cosq)n]

342XT

=2x3%x 0.075[sin 342 — cos’ 34.2}

=0.09234 m? = 0.09234 x 10° mm’
.. Shear strees at neutral axis
vV _
q= b—I(GY)
B 135.48 x 1000
2x75%0.0968 10"
= 0.86 N/mm?

% 0.09234 x10°
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T, = 1.5 x 0.86 = 1.29 N/mm? < T, max
Hence, shear reinforcement can be provided to take care of shear.

T 122
A, provided at N-A = 4

%1000 = 565.48 mm? per meter width

565.48
Percentage of reinforcement =——="—x100=————x100=0.754
h <1000 75 %1000
T, = 0.57 N/mm?

Thus T < Ty < Tpmax.
Hence, shear reinforcement is to be provided.
Shear force per metre width of shell
V,=1,%x h x 1000 = 1.29 x 75 x 1000 = 96750 N.
Vs = 96750 — 1. h x 1000
= 96750 — 0.57 x 75 x 1000 = 54000 N
using 8 mm bars [note it is single legged is shells] at 45°

%x 8% % 0.87 x 415 x 1000[sin 45° + cos 45°]

5= =475 mm
54000

Hence, provide nominal shear reinforcement of 8 mm at 200 mm c/c.
Arch Action
Load per unit length of shell, w = 18.06 kN

18.06 <1000 ,_
.. Specific shear qs ZW (ay)

B 18060
2x75%0.1613 x10"?

2R*h[sin ¢ — dcos60]

_ 18060 x 2 x (3000)° x 72
2x75%0.1613x 10"
= 1007.68 [sin ¢ — 0.5 ¢]

The arch is divided into a suitable number of parts for further calculation. In this case, let us divide
it into 12 parts at 10° intervals as shown in Fig. 14.7. The specific shear at centre of each part is
calculated using the above expression and is shown in Table 14.2. Specific shear force

[sin¢—0.5¢]

10
T =g A=g.X—m X775
I e T

. Net vertical force, V = w, — T, sin ¢, where w, is the vertical load on each part.

w =%=1.SOS kN =1505 N

N

and net horizontal force H=T,cos ¢
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Referring to Fig. 14.7,

Moment at crown = 2(V R sin ¢ + H R (1 — cos ¢))

Moment at ¢ = Moment at crown — X(V R sin ¢ + H R (1 — cos ¢))

In the expression for moment at ¢ summation is to be considered for the points above the one under
consideration. Table 14.1 shows these calculations.

Table 14.1 Calculation Table

Section (0] q, in N/mm?® T,in N Vin N Hin N VR sin ¢ + M in
HR(1 —cos ¢) N-m
Deg. Radians in N-m
1 5 0.0873 43.8 574.1 1455 572.0 386.96 340.5
2 15 0.2618 128.9 1687.3 1068.3 1630.0 996.1 —655.5
3 25 0.4363 206.0 2696.8 365.3 2444.0 1150.1 —1805.6
4 35 0.6109 270.2 3537.0 -523.7 2897.0 670.6 —2476.3
5 45 0.7854 316.8 4147.2 —1427.5 2933.0 —451.0 -2025.3
6 55 0.9599 341.8 4474.0 -2159.9 2566.0 -2025.5 0
> 7275
~. Moment at crown 727.5
Moment for design =2476.3 N-m
M, =1.5x%x2476.3 =3714.45 N-m
Taking effective depth =75 —-25 =50 mm

A, 415)

3714.45%10° =0.87 x415% A,, XSO(I _—__x——
100050~ 25

A
205.8= A, (1— st )
3012

or A2 —30124,, +205.8x3012=0
A, = 222 mm?
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T
Zx8?

Provide 8 mm bars at 4222 x 1000 = 220 mmc/c

The bars are to be provided on appropriate side as shown in Fig. 14.8.

12 @ 200 8 @ 220

12¢ @ 70

Ohl—— 8¢ @ 200

L 8¢ @220

— 129 @70
e ¢

12'¢ @ 200
Fig. 14.8

Example 14.3. An intermediate shell of a multiple cylindrical shell roof of span 25 m is to be built.
Each shell unit has a chord width of 8 m. Fix up overall size of the shell and design longitudinal and
shear reinforcement. Explain how analysis for arch action will be carried out and then give typical
reinforcement details.

Solution.
L=25m Chord width = 8 m

Let 0, = 40°.
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4

R= =6.22 m
Then sin40°
Rise = R — R cos 40° = 6.22(1 — cos 40°)
=1.46 m.

1 1
The overall depth of shell should be between — th to — th span i.e. in this case it is to be between

12 6
2 to 2 m. Let us select overall depth = 3.0 m.

12
. Edge beam depth = 3.0 — 1.46 = 1.54 m. Let the thickness of shell be = 75 mm.

. Width of edge beam = 2 to 3 times 75 mm. Let us select width of edge beam = 200 mm.
Figure 14.9 shows the typical section selected.

7

Half of the edge beam is assumed to take care of shell on either side
2b=0.1 orb=0.05m
2a=154mora=0.77m
.. Distance of N-A from the crown

N
U
Fig. 14.9

4ab| R(1-coso, ) +a |+ R*h(0, —sing, )
4ab + Rho,

y:

4x0.77x0.05[ 6.22(1 - cos40°) +0.77 ] + 6.22 ><o.o75[40 x & - sin40°}

4%0.77 X 0.05+6.22 X 0.075 x 40 x&

=1.05m
Let the intersection of neutral axis with shell make angle ¢, with vertical through crown [Ref.
Fig. 14.10]. Then
R(1 — cos¢,) = 1.05
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Fig. 14.10

6.22(1 — cosd,) = 1.05
0, = 33.76°

1 3 2
[=—x0.1x1.54 +1.6%0.1{6.22(1 - cos40°) = 1.05 +0.77} x2

40xm 1 ingoe

+2%6.223 x0.075| —180 22 —2¢0833.765° X sin 40° +

40 T) T cos? 33.765°

= 0.828276 m* = 0.828276 x 10'> mm*

Loads

Self weight of shell = 0.075 x 25 = 1.875 kN/m?
Occasional live load plus finishing load = 1 kN/m?
Total load on shell = 2.875 kN/m?

.. Load per metre run of shell =2.875 x 80 x % X 6.22

=24.97 kN/m
Weight of edge beams = 0.1 x 1.54 x 25 x 2 = 7.7 kN/m
Valley finishing and weight of edge finishing = 1.5 kN/m
Total load W = 34.17 kN/m

Design for Beam Action

, wL? 252
Maximum moment M = T =34.17 X T =2669.531 kKN-m

Maximum shearV = WTL —34.17% 2—25 —427.125 kN

.. Compressive stress at crown

6
5 :ﬂ _ 2669.531x10 %1.05%103

C y
I 0.828276 x 10"



178 THEORY OF PLATES AND SHELLS

=3.384 N/mm? <7.0 N/mm?

where 7.0 N/mm? is permissible stress in bending compression in M:20 concrete.
Hence, the section selected is safe in bending compression.

Tensile Stress at Centre of Edge Beam:
Distance of centre of edge beam from neutral axis:
y =Rl —cos¢)+a—-R(l-cosd,
=6.22 (1 — cos 40°) + 0.77 — 6.22 (1 — cos 33.765°)
=1.176 m
Tensile stress in edge beam at its centre

6
_M | _ 2009531107 ) 1764 10% =379 N/mm?

Guv y=
I 0.828276 x 10"

Total tensile force in edge beam
=3.79 x 1.54 x 1000 x 0.1 x 1000

= 583698 N

583698

A =3891 mm?>

reqd

st
Using 28 mm bars, number of bars required

_ 3891 —7

T 0g?

Provide 7 bars of 28 mm diameter Fe-415 steel on each face of edge beam, since, another half of the
beam has to take care of loads from the adjoining shell.
Lower portion of shell is also in tension. Height of this portion

=R(1—cosq)k)—§
=6.22 (1 — cos 40°) — 1.05
=0.405m
Maximum tension in this tensile portion of shell is at the junction with edge beam.

. M
This stress = 7 Xy

_2669.531x10°

©0.828276x 10"
= 1.305 N/mm?
Thickness of shell at junction is 30% more than shell thickness.
ie. Thickness = 1.3 x 75 = 100 mm (say)
1.305 % 100 x 1000
150

. Provide 10 mm bars at 90 mm centre to centre in the lower portion of shell. After providing 4 such
bars, in the remaining portion nominal reinforcement of 10 mm @ 200 mm c/c may be provided

[Ref. Fig. 14.11].

% 0.405 %1000

=870 mm? per metre length.

-. Tensile steel required =
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10 mm @ 200

(a) (b) Enlarged view of end beam
|« 8m »| End frame
A y
L 10 mm @ 90
4
N 10 mm @ 220
6.25
/_ 10 mm @ 200 c/c
N
12.5 v
v To be designed for
arch action
v
(c) Plan
Fig. 14.11 Typical Reinforcement in cylindrical shell
Design for Shear
Shear stress is maximum at the neutral axis in the end section. Here
ay = 2R2h[sin 0,-0, cosd)n]
. 33.765x T
=2x%6.22% % 0.075[s1n 33.765° — —00533.765}
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=0.382318 m°
=0.382318 x 10° mm?
.. Shear stress at N-A

vV, _
q= E(“ )
~ 427.125% 1000 0382318 % 10°
(2x75)x0.828276 102
= 1.314 N/mm?
4%10°
A provided =107 1000 = 392.7 mm?
200
% steel = —22 %100 =0.523
75 % 1000

T, = 0.48 N/mm?. [for M: 200 mml].
Hence, shear reinforcement is to be designed.
Factored shear force per metre length of shell
V,=1.5x 1314 x 1000 x 75 = 147825 N
Vi =V,—T.bd
V,s= 147825 - 0.48 x 75 x 1000 = 111825 N
Using 8 mm stirrups at 45°,

o _0874A.d

14

(sin o+ cos oc)

us

0.87 x415x% g x 82 x 1000 (sin 45° + cos 45°)

111825
=229 mm.

Provide 8 mm bars at 220 mm c/c.

Design for Arch Action

The intermediate shell acts as a fixed arch. The specific shear may be found at centres of several equal
parts. Horizontal and vertical loads due to specific shear may be determined for each part. The vertical
downward load due to self weight of each segment may be calculated. Then the arch may be analysed
by elastic centre method to get transverse moments at the centre of each part. Then the reinforcement
required to resist the transverse moment may be determined. The transverse moment is —ve near edges
and positive at crown. Hence, the reinforcement is on upper side at edges while it is on lower side at
crown. However, since the thickness is small sometimes one layer on upper side and another layer on
lower side are also provided.

Figure 14.11 shows the details of reinforcement.
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QUESTIONS

Draw a neat sketch of a single barrel shell and indicate its various parts.

. List the Indian standard recommendations for the design of cylindrical shell and fix up the overall dimensions

for a shell to cover an area 24 m x 8 m.

What are the advantages of beamy theory for the analysis of cylindrical shells? What are its limitations?

4. Briefly explain Leudgreen’s beam theory for the analysis of a shell with edge beam giving necessary equations
for beam action. Arch action may be explained qualitatively.

5. Design longitudinal and shear reinforcement in a circular cylindrical shell of span 24 m and chord width 8 m.
Use beam theory.

6. Draw neatly typical reinforcements in a cylindrical shell roof with edge beam.

N =

bl



Chapter

Membrane Analysis of
Cylindrical Shell Roofs

In the membrane theory, the shell is idealised as a membrane incapable of resisting bending stresses.
In other word, in this theory, bending of element of a shell is ignored and it is treated as though it is
under the forces through the skin of the shell structure.

In case of cylindrical shells bending of the element is not negligible. To get reasonably good behav-
iour of shell, the bending should be considered. Hence, one should design cylindrical shell roofs only
after analyzing by bending theory. However, we study the membrane theory first because of the follow-
ing reasons.

1. Itis useful in many practical cases in gaining some insight into the structural behaviour of a shell.

2. We see later that the membrane theory can be used as a particular integral in the bending theory.

15.1 EQUATIONS OF EQUILIBRIUM

Figure 15.1(a) shows the coordinate system selected and 15.1(b) shows a typical element subject to the
membrane forces.

Fig. 15.1
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Note:

1. The origin of the coordinate system is at the apex of the shell directrix at mid span.
2. The coordinate x is measured along the crown generator.

3. The coordinate ¢ or y is along the tangent to directrix.

4. The coordinate z is in the radial inward normal.

The membrane forces acting on the element are

1. longitudinal tension N, per unit width.
2. tension is transverse (¢ or y) direction N, per unit width.
3. shear forces N,, and N, per unit width.

Measuring ¢ from the crown and taking an element of size dx X Rdd we may note,

N,

X

NI =N +

N
NG =N, +—do
9

oN
Njy =N+ a;q) dx

+ aN(PX
Ngy =Ny, + P do
Let X, Y and Z be components of load intensity on the element.
Consider the equilibrium of forces in x-direction.
YF.=0—
N, Rdp — NRd) + N, dx — Ny, dx + X dx Rdp = 0
Substituting for N and N, we get,

N, ON g
N, +—dx |Rd)— N Rdd+| Ny, +—d¢ |dx — Ny,dx + XRdxdp =0
ox dd

Simplifying and dividing throughout by R dx do, we get
oN, 1 ON,,
ox R Jdo
Similarly F, = 0, gives

+X=0 ...eqn. 15.1

N, N,
N+ 2do |dv = Nodv+| Nyy +— 2 dx |RAQ— N o Rd,, + YRdxdg

20 X
Simplifying and dividing throughout by Rdxd¢, we get,
oN oON
_’“1’+l_¢+yzo ...eqn. 15.2
dx R do

Consider the equilibrium of forces in z-direction.
ie. YF.=0—
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. (d . d
Nydxsin (_x] + N ydx sm—q) + ZdxRd¢ = 0.
2 2

. (d d
Since, do¢ is small angle, sin (7(1)) = 7(1)

oN
(Nq) +—¢d¢j%+N¢%+2Rdxd¢=0

90
Neglecting small quantity of higher order, we get,
Ny+ZR =0 ...eqn. 15.3
Taking moment about z-axis through the centre of element, we get
dx dx Rdo Rdo
NX¢Rd¢7+N;¢Rd¢7—N¢deT—qux = =0
Substituting for N%, and N§, and then neglecting small quantities of higher order, we get,
qu) = Nq)x.
Hence, the equations of equilibrium are
N
N, +—X i x=0
ox d
oN oN ...eqn. 15.4
04— iy=0
d ox  Rdo
an Ny+ZR=0

For any given loading the above three equations of equilibrium can be solved to get the membrane
forces. N,, Ny and N.

Example 15.1. Find the expressions for membrane forces in a circular cylindrical shell roof subjected
to self weight only.

Solution.
Self weight be g/unit surface area.
Then its X, Y, Z components are given by (Ref. Fig. 15.2)

X=0
Y = g sind
Z = g cosd

From third equation of equilibrium, we get,
Ny =—ZR = —gR cos¢
From second equation of equilibrium,

N, ON,
——+—+4+Y =0
dx  Rdo
oN
—x¢+l(_gR)(_81n¢)+g51nq):0 Fig. 15.2

Jox R
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oN 0 )
ie. =-—2gsin¢
ox

Integrating w.r.t. x on both side we get,
N =—2gxsin¢ + f, ()

where f1(¢) is constant of integration.
The boundary condition is,

at x =0, N,y = 0 due to symmetry.

From this condition, we get,

0=0+ f(0).
o N,y = —2gx sin®
From equation of equilibrium (1), we have

N, 10

~+——(—2gxsin0)=0
. + R aq)( gxsmq))
ie. agjcx :%2gxcos¢

1 2
N, =E2g(%jcos¢+f2 (¢)

2

=%cosq)+f2 (q))

where f,(¢) is the constant of integration.

185

Boundary condition: Since the end frame is assumed to be simple support, at x = L/2, N, = 0

2

I
0= %Tcos(b +£,(9)

2
gL
=——=—cos
or £ (0) R 2 o0
H N =& cosd & L cos ¢
ence, = _
* R R 4
2 2
gL 4x
=—=—|1-——|cos
4R( r j ¢

Thus, the expressions for the membrane forces are
Ny = —gR cos ¢
Ny = —2gx sin ¢

2 2
gl 4x
N, =—=2—|1—— |cos
and x 4R( sz ¢

...eqn. 15.5
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Example 15.2. Determine the expressions for membrane forces in a circular cylindrical shell subject to
a snow load of py/unit horizontal area.

Solution. Load is py/unit horizontal area.
It is equal to p, cos¢ per unit surface (which can be easily seen from Fig. 15.3.)

Fig. 15.3
X=0
Y = py cosd. sind

Z = p, cosdh. cosd = p, cos’d
From equation of equilibrium (3),

N, = —ZR = —p, cos’R

= —poR cos’d
From equation of equilibrium in ¢-direction,
oN oN
_Xq) + l_q) +Y =0
dx R do
oON 1
ie. X0 +—(—p0R)2cos¢(—sin(1))+p0 coshsingp =0
ox R
oN o )
ie. =-3pycosPsin
ox

N,y =—3poxcosdsind + F| (q))
Due to symmetry, at x =0, N, =0

0=0+/(9).
Hence, Ny = —3pyx cosd sind

3
=——p,xsin2
> Po (0
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From equation of equilibrium in x-direction,

oN

a&+i—m+X =0.

ox R Jdo

oN 1 3
ie. axx +E(—Ep0)x2cos2¢=0

ON, 3pyxcos2d
o ox R

3p,

2
T%cosch +£(0)

As end frames are treated as simple supports, at x = L/2, N, = 0.

N, =

2

3py L
0="P0% o520+
o g 0820+ £(0)
or f (¢)=—3ﬂL—2cos2¢
g R 8
3py x° 3py L’
Hence, N, =ﬂx—cos2¢—ﬂL—cos2¢
R 2 R 8

Thus in this case
Ny = — poR cos® ¢

qu) :—%poxsinzq) ...eqn. 15.6
2 2
poL 4x
N, =- 3| 1——— [cos 2
and < SR ( 2 j 0

Example 15.3. Find the membrane forces in a circular cylindrical shell subject to a sinusoidal loading
. . o4g T . . .
of intensity YCOST per unit surface area acting vertically downward.

Solution. Now vertical downward load intensity

4g X .
= _COST per unit surface area
T

[Note: It is first term of equivalent Fourier series for self weight].
Load components are,
X=0
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4 X .
Y= —gcosT- sin ¢

4
Z= —gcosﬂcos 0
T L
From third equation of equilibrium,
49R X
Ny=-ZR= —Lcos—cos(b
i L

From the equation of equilibrium in ¢-direction,

ON ., 18N¢
=—+— +Y =0, we get,
ox R do
oN 1( 4 R) 4
x¢ 8 ™ . g ™ .
——+—| ——— |cos—(—sin ) + —cos—sinp = 0.
ox R L( (I)) T L ¢
oON 8
x¢ 8 L
———=——2c0os—sin
ox T L ¢
8¢ L . mx
N, =——-—sin—-sin¢ +
wo === —sin==sing+ £, (¢)

Due to symmetry at x =0, Ny, =0

0=0+f(0) ie fi(d) =0

Ny = _8¢ Lsm— sin
12 L
From equation of equilibrium in x-direction,
ON, 10N,
—r+— +X=0
dx R a¢
oN 1( 8gL
ie. —+—| - g2 smEcosq) 0
ox R T L
oN, 8 L
& smE cosd
ox m’R
_8gL L ( X )
N,=——X—| —cos— |cos 0 +
xS % L O+ 120
8 gl?

X
R cosT-cosq)—i-f2 ((1))

T

,N,=0.

X

A .
t 2



MEMBRANE ANALYSIS OF CYLINDRICAL SHELL RoOFS 189

0=0+1,(0)
8gL’

Nx=—‘g; cosﬂ-cosq)
TR L

Thus in this case,

4gR
N, = —icosEcoscb
T L
Ny = —Sg—stinE- sind ..eqn. 15.7
d N, = 8gL* cos cosd
an X R L

15.2 CYLINDRICAL SHELLS WITH PARABOLIC, CATENARY AND CYCLOID
DIRECTRICES

Intrinsic equation is that equation which relates radius of curvature and the angle. It is interesting to
note that the intrinsic equations for parabolic, catenary, circular and cycloid are having general form.

R = Rycos"
where R,—radius of curvature at crown (¢ = 0)
If n = =3, it is parabolic
= -2, it is catenary
= 0, it is circular, and
= 1, it is cycloid.

The shapes of these curves look as shown in Fig. 15.4.

Cycloid
e — ) ‘

S
==

Circular

Catenary
Parabolic

Fig. 15.4

Hence, it is possible to get membrane solution for all the above 4 cases in the general form. The
examples 15.4 and 15.5 illustrate this point.
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Example 15.4 Give membrane analysis of cylindrical shells with parabolic, catenary, circular and
cycloid subject to self weight g/unit surface area.

Solution. For self weight, X=0
Y=gsing
Z=gcosd
From equation of equilibrium of forces in z-direction,
Ny=-ZR
= — g cos ¢.R,cos"}
= — gR, cos"'¢
From equation of equilibrium of forces in ¢-direction, we have
WNso 19N

o y—o
x R 0

ON,, 1 . . .
8—x¢+E(_gRo)(n+1)COS O(—sind)+gsing=0

aNx(]) n (Vl + l)gR()

cos”" Osind + gsindo =0
e sy O e+ gsing

oN
ie. X0 +(n+2)sinop=0
ox

oN
ie. x0 =—g(n+2)sinq)
ox

Integrating both sides w.r.t. x, we get,
Ny = —gx(n + 2) sin ¢ + f1(0)
where f1(¢) is constant of integration.
The boundary condition is, due to symmetry, at x = 0, N, = 0.

ie. 0=0+/i(9) ie fi(9) = 0.
Hence, Ny =—gx (n+2)sin¢
From the equation of equilibrium of forces in x-direction, we have,
ON, 10N,
Ty 0 ix=0,
dx R Jdo
oN 1
. — 4 (—gx)(n+2)cosdp=0
l.e. ax R() COSn(D ( ) q)
. ON, gx(n+2)
i.e. i R, cos" 1 ¢
gx2 (n+2)
N, =5 o+ (0)

Y 2Rycos"
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As end frames are assumed as simple supports,

L
=—,N_=0.
at X ) x
2
gL (n+2)
Ie. 0= n—1 + f2 (¢)
8Rycos” ¢
2
gL (n+2)
f(0)=-E—
or 2( ) 8R0 COSn_l q)
2 2
_ogx (n+2) 3 gL (n+2)
N 2Rycos" o 8R; cos" o
__gL2 (n+2) (1_4x2J
8R, cos" ' ¢ I’
Thus,
N, =—gR,cos™'o
Ny = —gx(n+2)sin¢ ...eqn. 15.8
2 2
N =- gl (n+21) [1_ 4x2 j
8R, cos" 0 L

n = =3 is for parabolic, n = -2 is for catenary, n = 0 is for circular and n = 1 is for cycloid.

Example 15.5. Find the membrane forces in the cylindrical shells with parabolic, catenary, circular and
cycloid directrices due to snow load of intensity p, per unit horizontal area.

Solution. Let the intrinsic equation be R = R, cos"¢
Snow load of py/per unit horizontal area
= py cosd/per unit surface area

.. Load components are

X=0

Y = py cosd sind

Z = p, cos*0
From the equation of equilibrium of forces in z-direction, we get,

Ny =—-ZR

=-po cos® ¢- Ry cos" ¢

=—poR,cos"? 0
From the equation of equilibrium of forces in ¢-direction, we get,
ON,, 10N,

+

——+Y =0
x R 90
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oN
<y —(=PoRy ) (n+2)cos™! o (=sin¢) + p, cos osin ¢ = 0
ox  Rycos" 0
ON . .
Le. . + po (n+2)sindcos ¢ + p, cosdsind =0
ON .
Le. —==—p, (n+3)sindcosd
ox
e ) G
2
pox(n+3)
N =_0szm2¢+f1(¢).

From boundary condition, N,, = 0 at x = 0, we get,
0=0+f(0) orf,(6)=0

pox(n +3) .
———si

N n2o

From the equation of equilibrium of forces in x-direction, we have
ON, 10N,

L I
x R o

x(]):

oN 1
+

X
le. ax Ro COSn(b

From the boundary condition, N, = 0 at x = L/2, we get,

_ L_2 cos20
0=p, 5 (n+3)—R0 cos" 0 + £, (0).
r cos2¢
=—p —(n+3)—=7
12(0)==ry 8 (n+ )Ro cos” ¢

cos2¢ POL2 (n+3) cos2¢

Rycos"¢o 8 R, cos” 0

2
Hence, N =%(n+3)

X
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I’ 2 4x*
By 0 (,_a2)
8 R, cos" ¢ L

Thus, the solution is

N, =—poRycos"?¢

- +3
Ny, = PoX(ll )sin2¢ ...eqn. 15.9
12 2
N, =Pl () | 3)_cos20 (1—4"2 ]
8 R, cos" 0 L

n = =3 is for parabolic
n = =2 is for catenary

n = 0 is for circular and
n =1 is for cycloid

The membrane forces for cylindrical shells with different directrices due to self weight and snow
load are shown in Table 15.1.

Table 15.1 Membrane forces

Directrix Ny Ny N,
DL SL DL SL DL SL
. 1 1 _ )
Parabolic cos? o cost sin ¢ 0 cos*( 0
n=-3
c 1 1 0 _sin2¢ 0 5 )
atenary cosd - > —cos2¢ cos“d
n=-2
. ) 3.
Circular —Coso —cos’0 —2sin ¢ —5sin 2¢ —2cosd —3c0s20
n=0
4cos?2
Cycloid —cos? —cos’ —3sin ¢ —2sin2¢ -3 _4cos2¢
cos
n=1
gl 1 4x2 Pyl | 412
Com.mOIjl gRy PoRo 8x Do 8R, - 12 8R, - 12
multiplying

factor
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15.3 CYLINDRICAL SHELL WITH SEMI-ELLIPTIC DIRECTRIX

Figure 15.5 shows a semiellipse with major axis = 2a and minor axis = 2b. Its radius of curvature at any
central angle ¢ is given by

a’b?

R=
32
(az sin? 0+ b* cos? ¢)

Fig. 15.5

(1) For self weight X =0, Y = g sin ¢, Z= g cos ¢
From equation of equilibrium for forces in z-direction, we have
Ny =-ZR
B a*b? cos
T 2 2. \2
(a sin“ ¢+ b~ cos ¢)

From equation of equilibrium in ¢-direction,

oN oN
w 1% y_o
dx R do
3/2
ON,, B (a2 sin” ¢ +b? cos” (])) b’ —sin¢
- ) 3/2
dx a’b (a2 sin® ¢ + b? cos? ¢) /

+ cos q)%(az sin’ o+ b* cos® ¢)_5/2 (2a2 sinpcosd + 2b* cosq)(—sin q)))}

(42 cos? & — b2 cos?
= _gsing| 1+ (?cos?9-bcos’) |

(a2 sin’ 0+ b* cos® q))
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. 3(a2 —b2)0052 o
qu) - —gxsmq)|:2 " a® sin? o+ b? cos? (1)] th ((b)

-3/2
[Note: In differentiating ¢, u = cos ¢ and v = (a2 sin® (1)+b2 cos? ¢) . Hence, di(uv) ]
X

At x =0, Ny = 0 (due to symmetry)
: fi(®) =0

3(a2 —bz)cos2 0 :l

N, =—gxsin| 2+
0 l: a’sin® ¢ +b* cos? ¢

From equation of equilibrium of forces in x-direction, we have

oN
N, +i ¥ 4 X =0.
ox R do
ON, 10N,
P =_E 90 since X =0 .

22 2 2.\ 3 .2

+b

(a sin” ¢ : 2COS <1)) 2cos 3( 2 lz) 002s ¢2 2coszq)s1n2 [0}
a’b a®sin“ o +b"cos” ¢

3 cos’ (l)sinq)Z(a2 - bz)cosq)sin(b
a’sin® ¢ + b* cos? ¢

200 3 -b2)| 5 20% .,
= COS + COS ——)—S1n
g q{ e 0= %sin” 0

ab

where o=

3/2
(a2 sin’ o+ b* cos? ¢) /

2 242 2
N COS¢|:2a3b+3(a b ){cosz¢—%sin2¢}:|+fz(¢)

o abao,

From B-C, N, =0 at x = L/2, f,(¢) may be found and on simplification we get,

2 2 2 42 2
N, = 8L [1—4;2 jcos¢{2a3b+3(a b )}[coszq)——z; sinzq)}

8 o abo.

(2) For snow load:
Let snow load be p, per unit horizontal load. Then
X=0, Y=pycos 0sind Z=p,cos’d
Proceeding on the same line as earlier, it can be shown that
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a’b? cos? 0

Ny==p
% 4% sin? q)+b2 cos? 0

0=

a’ cosdsin ¢

N _, =—=3pyx
o 0 a®sin® ¢ + b* cos” ¢

N = SpOL2 (1 4x* j b* cos® ¢ —a®sin”
x T T2 1/2
8 L (az sin” ¢ + b? cos” (1))

15.4 COMMENTS ON MEMBRANE THEORY

1. A thin shell acts partially as an arch and partially as a beam. Due to arch action (in the form of
N,) the load is transferred to edge beam and due to beam action (in the form of N,,) the load is
transferred to the end frame.

2. If the directrix choosen is the funicular curve of the applied loading (catenary for self weight and
parabola for snow load), the shell degenerates itself into a series of independent arches and beam
action completely disappears.

3. The distribution of longitudinal force N, across the cross section is not linear as in an ordinary
beam, except in the case of circular directrix under self weight.

4. The variation of N, is independent of x.

. For a shell with free edges, N, and N,, should be zero at edges. But membrane theory gives

definite values. The membrane theory fails to give good results at edges.

In actual shells, edges bend in transverse direction (to avoid these unbalanced forces) introducing

9]

transverse moment M,, and radial shear. Earlier research was to assess these edge perturbations and
superpose them with membrane values.

bl

QUESTIONS

Derive the differential equations of equilibrium using membrane forces only. Find the stresses N,, N, and N,,
due to uniformly distributed load acting on the shell surface.

Find the membrane stresses in a circular cylindrical shell subject to snow load.

Find the membrane forces in a circular cylindrical shell subject to a sinusoidal load.

What is intrinsic equation? Give it for

(a) Circular

(b) Conoid

(c) Parabolic and

(d) Catenary directrices.

Derive the general membrane solution for above type of cylindrical shells subjected to self weight only.
Comment on membrane theory for cylindrical shells.



Chapter

16

Bending Theory of Cylindrical
Shell Roofs

In the previous chapter, we have seen that membrane theory do not satisfy the edge conditions. This was
realized as early as in 1930. Though considerable load transfer in shells is by membrane action, bending
is not completely avoided. The moments and transverse shears act on the shell element. Hence, in
deriving the equilibrium equations for elements, moments and transverse shears should be considered.
Finsterwalder and Dishinger of Germany gave a bending theory in 1930. Schorer of America gave a
simplified solution in 1936. The contributions of Donnel (1933-34), Karman (1941) and Jenkins (1947)
lead to the bending theory known as DKJ theory which can be applied to circular cylindrical shells of
all dimensions. In this chapter, shell element and forces acting on it are explained, making sign conven-
tions clear. Then equations of equilibrium are derived and relations between stress resultants and radial
displacement ‘w’ are derived. As it is highly impossible to go ahead with exact relations to find the
solution, the assumptions made by various researchers are presented and the solution by Schorer and
DKIJ are presented. Statical checks to be applied are also presented.

16.1 A TYPICAL SHELL ELEMENT

A typical shell element and various forces acting on it are shown in Fig. 16.1.

The coordinate system x, y, z is same as the one selected in membrane theory.

In the figure, all forces and moments are shown in their positive senses. It may be noted that the sign
convention followed is that on positive face if the force is acting in positive direction, it is positive. At
the same time, if the force is acting in negative direction on negative face, then also it is positive force.
The moments are positive if they are produced by positive forces acting in positive direction of z. This
convention results into tensile forces and sagging moments as positive. For shears and twisting moment
one should carefully note the sign conventions used. It is obvious that in the element shown:

oN oM
NI =N _+—%dx M =M +—> dx
ox ox
ON oM
+ [0 + [0
N¢ _N¢ +a—¢d¢ M¢ —Mq) +a—¢d¢
oN oM
+ _ xo + _ xo
Ny =N+ dx My =M, + dx

ox
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(a) Shell element (b) Forces on shell element

(d) Another method of representing moments
(4 closed right hand fingers indicate direction
of moment and stretched thumb indicates axis
about which moment act)

(c) Moments on shell elements

Fig. 16.1
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. ON o . oM o

N¢X=N¢x+—d¢ M¢X=M¢x+—d¢
00 d0

Q+ =0 + an dx X, Y, Z are the load components in x, y, z

! toox directions respectively.

00

f=Q, +—2d

03 =0, + -0

16.2 EQUATIONS OF EQUILIBRIUM

Three equations of equilibrium can be found by considering force equilibrium in x, y and z directions
and another three by considering moment equilibrium. It may be noted that all forces and moments
shown on the element are in per unit length.
>, Forces in x-direction = 0 —

ON._ ON

X X0
—X+——+X=0
Fp R0 ...eqn. 16.1

Y. Forces in y-direction = 0 —

8N¢ aNm
Ny+——do |dx—Nydx+| N, + dx |Rdd
a0 ox

d¢+[ 90,

d
—qu)Rd(l)—l:Qq)dX? Q¢ +a—¢d¢]d)€7¢:| +deRd¢=0.

Neglecting small quantities of higher order and dividing throughout by Rdxd¢, we get,
oN ON, O
T e

ox RO R Y=0 ...eqn. 16..2
> Forces in z-direction = 0 —
d 0
(Qx +&dijd¢ —Q,Rdo+| 0, + &dq) dx
ox 00
-Q.dx+| N +aﬂd¢ dx@+N dxﬁ+deRd(1)—0
¥ ® " RO )
Neglecting small quantities of higher order and dividing throughout by Rdxdd, we get,

00, 90, N
O, 40,07 ) ...eqn. 16.3
dx Rdd R

Now consider the moment equilibrium conditions.
2. Moments in x-direction = 0 —
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oM, My,
M+ =5 5 ds [RAO=M RO +| My, +— 80 |dv ~Myds— 0, Rdodr =0

Simplifying we get,

M, +laMx¢—Q =0 e

x R 00 x ...eqn. 16.4
2. Moments in y-direction = 0 —

oM, 19M,
we get, o +EW— 0, =0 ...eqn. 16.5

2. Moments about z-axis = 0, gives

M an’xd PRyl Rdod dxRdd =0
oxr T % 0 x7+ ox x7+Nx¢ (I)x—Nq)xx 0=

Neglecting small quantities of higher order and dividing throughout by Rdxd¢, we get

Mq)x
R + Ny =Ny =0 ...eqn. 16.6

Thus we have got six equations of equilibrium and 10 unknowns i.e. N, Ny, N4, Ny, Oy, Qg M, My,
M,, and M,,. Hence, the problem is not statically determinate. After studying deformations all stress
resultants are expressed in terms of single displacement i.e. ‘w’ in z-direction. Then a shell equation is
derived in terms of ‘w’ only, which will be 8" order differential equation. Solution of that equation
satisfying the boundary conditions gives expression for ‘w’, using which any stress resultant can be
found.

16.3 DEFORMATION IN SHELL

Let the origin of the coordinate system be at the crown of mid-span section. Let

x — be in the longitudinal direction
y or ¢ — be in the tangential direction and
z — be in the radial inward direction.

Consider the point A with coordinates x, ¢ and z, all having positive values. Let u,—displacement in
longitudinal direction, positive in the direction of increasing x.

v,— displacement along a circle of radius (R — z), positive in the direction of increasing ¢ and

w,— radial displacement, positive in the inward direction.

Let u, v and w be the displacement of the middle surface of the point which has also the coordinates
x and ¢, but z = 0. The relations among these displacements will be derived first, considering the shell
is thin. The following additional assumptions are also made:

1. All points lying on a normal to the middle surface before deformation, do the same after defor-
mation also. In other words, shear deformations are considered negligible.

2. The stresses in radial direction (c,) is considered negligible and hence, the deformation in
z-direction is negligible. In other word point A remains at distance z even after deformation.

3. All displacements are small i.e. they are negligible compared to the radius of curvature of the
middle surface and that their first derivatives i.e. slopes are negligible compared with unity.
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In short, we are considering small deflection theory of thin shells.
(i) Relation between u, and u
Ay and A are the original positions of two points (Ref. Fig. 16.2). A, is on the middle surface
and A is at a distance z from A, on the normal to the surface. After deformation let the points
move to the positions A,” and A” respectively. According to the assumptions even now A’ is on
normal to the middle surface and is at a distance z. From the figure, it is easily seen that,
i, :u_za_w ...eqn. 16.7

ox

Ao » X axis

Bent middle
surface

v
Z axis

Fig. 16.2

(ii) Relation between v, and v
Figure 16.3 shows a transverse section through the shell. The point A, on the middle surface
is displaced by v along the middle surface to point A,". The point A which was at distance z
from A, is displaced to A” and it remains at right angles to middle surface at A,".

Fig. 16.3
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Let A” be at right angles to middle surface at A" at a distance z. Then the displacement of A may be
looked as consists of two parts:

. ” . . R-
(i) A moves to A” due to shortening of radius=v £

ow w
(ii) Then A” moves to A” due to rotation by angleR—aq) i.e. by a distance z Rd6
R-z 1 dw
vy = V—Z—— ...eqn. 16.8
ATTR R 90 can

(iii) Relation between w, and w
Since, the shell is assumed thin and displacements are considered small, we get,

Wy =W, ...eqn. 16.9

16.4 STRAIN DISPLACEMENT RELATIONS

As a next step in assembling shell equation, we establish strain-displacement relations.

—f e e
—f v e

AO BO
L] o -B(;
A, —>|/ le—
Ju
u+&dx

Fig. 16.4

Consider an element AB of length dx at the middle surface. Referring to Fig. 16.4, after deformation
let the element A,B, move to the position Ay'B,". Let A, move by distance u in x-direction. Then B,

moves by some other distance. If the rate of change of this displacement is ?, then BB’ is equal to

3 X
u
u+—dx.
ox
.. Strain €, in x-direction is given by
+ ou d.
e = Extension "7 5 7
* Original Length dx
o
ox
SOAtA,
e = ou, ...eqn. 16.10

T dx
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Referring to Fig. 16.5, the strain at middle surface in ¢-direction is given by,

av |V|

+-—do— A
. v a(]) (b v W 0
T T . 5 N
. Rd® R 7/50 /‘\ v +8_¢d¢
1o, .
R\ d¢ \
W . . Bs w
[Note: RS shortening due to radial AN
inward displacement w].
AtA Fig. 16.5
1 (dvy,
€y = —=—-w ...eqn. 16.11
TR —z( % AJ !
Referring to Fig. 16.6, in which shear deformations are shown in their positive senses, we get,
ov 1 dv ;
=t —— \
o =5y "R a0 o o
At A,
yo=Pa L M egn1612 g
T 9x  R-z 90
From eqns. 16.7 and 16.10, we get, Z
2
€ :%:Q_ZB_W ...eqn. 16.13
Toox  ox 2 Ray
From eqns. 16.8 and 16.11, we get S
g
. = lov  Z 0*w W x
0 R0 R(R-2) 0> R-Z Fig. 16.6
_lov z 0*w B w
R 99 R2(1_Zj 99’ R(l_z) ...eqn. 16.14
R R
Similarly from eqns. 16.9 and 16.12, we get
1 a_u+R—zav_(g+ z jazw
Y= R_Z790 R ox \R R-2)dxa0
2
- a”+(1—£)ﬂ—l P ) ...eqn. 16.15
RJ3O R|  |_Z |30

R(1-Z)%
R
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16.5 RELATIONS BETWEEN STRESS RESULTANTS AND DISPLACEMENTS

For stress analysis linear elastic theory is used. Hence, from Hooke’s law,

c, = _E (e, +He,) ...eqn. 16.16
1-p
G, = - (ne, +e,) ...eqn. 16.17
E
and Ty 2—2(1+M) Y xo ...eqn. 16.18

In the equations 16.16 to 16.18, by substituting the relations of strains with displacements
(eqns. 16.13 to 16.15) we get stress-displacement relations.

Now consider an element of unit dimension at middle section as shown in Fig. 16.7. At any distance
z from the middle surface the length of element in x-direction is unity but in ¢-direction, it is different.

Referring to the Fig. 16.6,

Rdp=1

or do=

Middle surface

Surface at distance - z

Ay

Fig. 16.7

Elemental length in ¢-direction at distance z from middle surface

=(R-2)do

1
=(R—Z)E
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Hence, the stress resultants per unit length are as shown below:

h/2 7 h/2
N, = | Gx(l——)dz Ny= | o, x1xds
~h/2 R ~h/2
h/2 7 h/2
Ny = _[ T"‘T’(I_E)dz Ny = _[ Toe X 1Xdz
~h/2 ~h/2
h/2 7 h/2
M, = J Gx(l——)zdz M, = J Gy X 1xzXdz
R
~h/2 ~h/2
h/2 7 h/2
M, = J Tx(b(l_E)ZdZ M, = J. Toy X 1X2Xdz
~h/2 ~h/2

In the above expressions by replacing stresses in terms of strains and then in terms of displacements,

stress resultants are obtained in terms of displacement. For example,

h/2
= - j
L
ok h'/[2
- 2
L )
o h'/|‘2
- 2
L
ok h/2
- 2
L

2

[ o

—h/2

N =

X

(-3

(e, + usq,)(l —%)dx

Z

R

ou_ dw pwov p Z dPw_ow
dox  ox> RO RR-Z 9y’ "r-z

Je
(1_

I

ou w pwov  pZ  dw  pw
dx  9x* RO R*(1-Z/R) 99’ R(l_@

| (-3

Z

R

Je

z

R

u 9w v

ox ¢ ox> an)

Now rearranging by collecting terms without z, with z and with z?, we can write

E

N =
l—uz

X

Noting that integration in the limits —

/2

—h/2

Z o

u Wav_pw ow
R ox*

dox RJd R

_Z
R

]

J

du v pdw
ox RJO R I

[( s

h
— to —
2 2
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(a)of 1is h

(b)ofzis 0
3

h
(c) of 22 is 7 Ve find

3 2
NXZLQ %_{_Ei_u_w h+h_a_w
1-p*|lox RJp R 12R 9x?

2
=E_h %4_&@_“_”} +28_w ...eqn. 16.19
1-p?\ox RJd R R 0x?

where D= is flexural rigidity

To find Ny,

/2
N¢ = J G dz
—h/2

/2

(g +ue,)dz
1wz Pw w |, [a_a_wj i
R0 R(R-Z)99> R-Z M %o

E "1 av Jul 1 R \o*w w 9*w
= J ——— U= |+—=|1- - -uz dz
1-p? ,[\R9O “dx) RU R-Z)3p> R-Z ox?

2
_h/zl_p‘

£ n2

= 2
I=u” 5

Note that
/2

1 /2 h h
I, = J. Ez[log(R—Z)]_h/2 =10g(R+5)—10g(R—5)

—h/2

=log =log 2R

h h
=log|1+— |—-log| 1 ——
g( 2R) g( 2R)

2 3 4
Noting that 10g(1+x)=x—x—+x?_x7+m
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2 3 4

X X X
logll—x)=—{x+—+—+—+...
and g( ) { ) 3 1 }

We find I—i_h2+h3_ nt +(i+h2+h3+ 1t j
¢ tm '"2R 8R? 24R’ 4x64rR* \2R 8R? 24R® 4x64R*
_h K
R 12R>

Integration of 1 results into /4 and integration of Z results into zero.

[ 2 3 3
- (mw%jmia_v;(h_h_ h zj—w(L h ]
1-p? (R3O " ox R 30 12R R 12F°

_l—uz | R 90 uax R
Proceeding on the same line all stress resultants can be obtained as shown below:

Eh | Ju W ov w| Dd*w
N,=——|—+=—-u=—|+=—
-l ox R0 ' R| Rox

N —E—h iﬂ_ﬁ_k a_u _2 W+82_W
® 1-u’|RI R Mo TR 90>
2
Y (1—;1) 1ou_ v _El—u[ du +8w]
1-p*\ 2 J{ROd odx| R* 2 \RIY 0xdd

Eh 1-u[10u ov| D l1-pu(ov 1 9*w
=T T
l-u* 2 |RJO ox

...eqn. 16.20

Eh [1 ov ou w} D[ asz
—— - |w

2 2
MxI—D a_w_i_ia_w_kiﬂ{_ u aV
ox> R? 99> ROx R?J0

D 9*w 5 9%w
M,=——|W+—+UR" —
¢ R2 [W 8(1)2 " axzj

2
M, =-D(1-p) 10w _La_“_‘_Lﬁ
R Oxdd 2R*Jd 2R ox



208 THEORY OF PLATES AND SHELLS

2
M,y =-D(1-p)| L2 1O
R 0xdd R ox

The above relations are known as ‘Stress Resultants to Flugge’s Accuracy’.

16.6 SIMPLIFIED STRESS RESULTANTS AND DISPLACEMENT RELATIONS

As it is very difficult to make use of the stress resultants to Flugge’s accuracy, researchers made
assumptions to form shell equations. Usual assumptions are (i) to consider the strains across a section
uniform (i) take the value of Poisson’s ratio |l = 0. Finsterwalder and Schorer went a step forward and
assumed M, = 0 and M,, = 0. Table 16.1 shows the simplified stress resultant — displacement relations
assumed by different researchers. It may be noted that except Holland, other three have omitted the
terms which do not figure in ‘Disk action, Plate action and Membrane action’.

16.7 DKJ THEORY

The assumptions M, = M, = 0, make Finsterwalder and Schorer theories applicable only to long shells.
Holland and DKI theories can be applied to all classes of shells. However, DKJ theory is commonly
used shell theory.

In 1933-34, Donnel developed the theory for his studies on stability of thin walled circular cylinders.
Kéarman and Tsien employed the same theory in 1941 for their investigations on the buckling of cylin-
drical shells. In 1947, Jenkins published a book in which he presented the theory developed by Donnel
and Kdrmén in the form suitable for the analysis of cylindrical shell roof. Hence, the theory in now
known as Donnel-Kdrman-Jenkins in short DKJ theory.

Table 16.1 Simplified stress resultants—Displacement relations

Stress resultant Finsterwalder Schorer Holland DKJ
ou v v v
Eh— Eh— Eh— Eh—
Ny ox ox 0x ox
e[ v S _w v w v _w
No RO R RO R RO R RO R
En(10u_ ov En(10u  ov En(10u_ ov Enf ou  dv
Nig = Nox 2 (Rd0 " ox 2 \R30 " ox 2 (Ra0 " ox 2 \Roo  ox
*w 9*w
_pZ = 5
M, 0 0 ox? ox?
_Dw _Dow pf Low, _Dow
M, R? 902 R? 992 R? 00° R? 992
1P 1 _Dw
My = Mo, 0 0 Roxd0 R ox R 9x00

In this theory (and also in Shorer’s theory) the term Q, appearing in equation of equilibrium 16.2 is
dropped, since such term do not appear in the corresponding equation of equilibrium of disc, plate or
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the membrane shell. Hence, the equation is rewritten as,

oN oON
oo 1%y,
ox R do

209

Since, in this theory, N, is taken as equal to N,, equation of equilibrium 16.6 shows M, = 0. But in

this theory M, is taken as —

R 0x9¢

ics. However, still this theory is used, since, M,, is generally small quantity.

Thus, these is clear violation of fundamental principle of mechan-

Since, Ny, = Ny, and M,, = M,,, the theory is developed below using N, for shearing forces and M,

for twisting moment.

We have, now, the following equilibrium equations.

The following are the stress-resultant and displacement relations:

and

oN
a&+l_x¢+xzo
dx R Jdo
oN oN
w 1% y_o
dx R do
d
90, ,19% No ., _
dx R Jdo
oM
M, L% 5 —0
dx R 00
oM oM
’“‘T’+l—¢—Q¢—o
dx R 0J0
ou
N, =FEh—
* ox
N¢=Eh(a_”_£]
RO R
qu):Nq)x:E_h l%{.i
2 \RJd ox
2
Mx=—Da—;V
ox
2
M, =- %a_vzv
R” 90
D 9*w
qu) Mq)x

(1)

(2

..(3)

(4

..(5)

...(6)

.(7)

..(8)

..(9)

...(10)

(11)
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Thus, we have 11 equations and number of unknowns are—

Ny, Ny Ny = 3

0,0 = 2

M, My My, = 3
u,vandw = 3

Total 11

Hence, the problem can be solved.
From equation (5),

oM 1 oM
_ My 1 9™,
Q=" "R 90
__bodw Dow
R ox*0¢ R® 9¢°
DJ(d*w 1 w
= — +_
R 30\ ax?  R? 302

D 0 (o,
=—E£(V w) (12
From eqn. (4),

_oM, 1M,
* 9x R 90

3 3
__Da_w+i(_2) a w

ox> R\ R)ox0¢>

F’x 1 Pw
=p|Zii 2"
ox®  R* oxod>
J(d*w 1 o*w
—_p—|Z2 2,y -~ 27
ax(ax2 s aqﬂ]
— 9 (v2y) (13)

From eqn. (3),

0
=—R%—&—ZR

N
0 ox 00

3% (V2w) D 92 (v2w)

=+R-D
w2 R 0p?

—-ZR
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2 2 2
_pr|? v W)+i 9 (v2) |- zr
o’ R’ 99

- DR 82+1 ” \(vo)-z
)

ox*>  R? 9¢*

=DRV*(V?*w)-ZR

= DR(V*w) - ZR (14)
From eqn. (2),

Ny _ ONy

ox RO
0 0Z
:—Da—¢(V4W)+a—¢—Y (15)

From eqn. (1),
N, _ Ny

X

ox ROo

PN, N, X

x> Rxdd ox

D*(V4w) 9%z 10y ox
= .(16)
R 90 RG> R IO ox

Thus, now we have expressed all stress resultants in only one unknown ‘w’. To form compatibility
equations consider the force displacement equations 6, 7 and 8.

du
= Ehg ...(6)
lou w
=FEh| ———-—
(w 2
1 du av
To eliminate v in the above equations:
1 9% 10w
=FEh -
(R 0 R 8x] (@)
E)N 2 2
1 o _ gl L 1 a 1 o7 ®
R 30 R aq> "R 0x90
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Subtracting eqn. (b) from eqn. (a), we get,

Wy 10N Lo 1 o
ox R 90 R ox R* 9¢°
low 1 9%u
Z_Eh{ﬁa_erFW} (17)

To eliminate u from eqn. (6) and (17):
1 o°N, 1 " o’u

R 00 R oo O

From eqn. 6,

9°N, 2 O’N 92 1 9°
o xd w u
-E { ..(d)

- — +—
From eqn. 17, > R oxdo R R 8x8¢2
Adding eqn. (¢) and eqn. (d) we get,
PNy 1 0°N, 29Ny  dw
x> R 20> R 0xd0  Rox>

Differentiating both sides twice w.r.t. x we get,

*N, 1 9N, 29N,  End‘w
+— -= =——
ox*  R? ox?09* R 9x’0¢ R ox*

- ON o*N .
Substituting the values of N , and L from eqn. 14, 15 and 16, we get equations.
¢ x ax2
*(Vviw)  9'z 1 [Da*(vtw) 'z 19 9x
DR T TR 4 L 2
ox ox" R°|R d¢ RIO" R A9>  0xdd

R + — [
R ox?9y’  9x?90°  9x?9¢ R ox*
Dividing throughout by R and bringing load terms to right hand side, we get
o* (V4w) 2 ot (V4w) o* (V4w) Eh 9*w
4 3 a2 T aaaaa 52 A4
ox R* 0x“d¢ R0 R” ox

2[_D o* (Vi)  a'z v }_ Eh 9*w

D

_a4z+ia4z+ 2 'z | 19y 2 Y L1 °x
L ox* RY 99" R ox%9¢% | R* 09’ R 0x’d0 R 9xdp’

. o*w 1Y 2 v 1 9%
ie. DV* (Vi) + En Y =V

——— +
ox* R* 09> R? 0x*9¢ R? 9xd¢’
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, v, s Eh o'w 1o, 10y 2 9 L1 9°X
ie. ———5 = = -— —
R2D 3x> D| 7 R*36° R?0x%00 R* 9xd0>
where V8= V4V#
3 i_'_ 20* N 0* 84w+i o*w N 9w
ox*  R*ox%0¢0> R*9*o Jl ox*  R? 9x?9¢0* R*0¢*
*w 498w 60°w 498w 9%w

= + + + +
ox®  R%0x%90>  R'Ox*0¢* R°0x%00° R%0¢®

Eh
Since 0=0,D = > =Eh.
I-p
.. The eqn. of shell is,
4 3 3 3
Viwe D OW _1lgs 1/ 10V 2 9V | 1 IX | g 1621
R’Iox* D R(R® 90® Rox%0) R? 9x09>

Equation 16.21 may be called as shell equation as per DKIJ theory.
The solution of the above equation for given loading gives expression for w at any point and knowing
‘w’, any stress resultant may be found.

16.8 DETERMINATION OF PARTICULAR INTEGRAL FOR DEAD LOAD

Consider the case of dead load g/unit surface area. Expanding it in the form of Fourier series we get,

Taking only first term of loading, we get,

4g ™
g=—>-Ccos—
mm L

= g’ coskx where g’ = il and k =~
mT L
Dead load components are,
X =0,Y =g sindcoskx and z = g’ cos ¢ cos kx.
Let w be in the form,
w=Cg’ cosdcoskx
Then from plate equation, we get,

g hootw L[ 4 2k° 1 11 2,5\,
VW+Eax—4—B k +F+F —E —F—Ek gCOS(l)COSk)C
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4

e @Y 84w=i{k4+£+i+

- o RPo0’ ) Rox D R* R
| 1Y n 1 4K 2

- K+ — | +—k* C=—{k4+—+—}

he ( sz R D RZ R*

Multiplying both sides by R, we get

6 4
(2R2 +1)° +h%k4}c - %[k4R4 +4K2R? +2]

K*R* +4K’R* +2

D (14 128?) 4 i*RS %RZ

THEORY OF PLATES AND SHELLS

1 2k?
R4

—+?}g'coskxcos¢

...eqn. 16.22

In an analysis problem, all terms in RHS of eqn. 16.22 are known. Hence, C is found and hence, w

is found. Substituting the expression of w in eqns. 6 to 16, expressions for all stress resultants and
displacements can be determined. These expressions are given below:

EI _,
M, :ch cospcos kx

M . = EIk*Cg’ cos ¢ cos kx

Elk

M, =M, = —TCg'sinq)sinkx

2
0, = —El(k3 +%)Cg'cos¢- sinkx

0, = EI(1 +k2jC "sin ¢ cos kx
¢ R3 R 8

N, = R(Hl —l)g'cosq)coskx

2
H, :El(k4 +%+L4)C+2
R R

where
H .
N,y =Ny :78 sin ¢ sin kx

H, ,
N, :kz_Rg cos coskx

Hl
Ehk’R

g’ cosdcos kx
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HH, ,. .
v=—%g sin ¢ sin kx

1 1
H,=——|2+
where 2 Ehk|: k2R2:|

and w = Cg’ cosdpcos kx ...eqn. 16.23

If for any particular shell if the above values are calculated, it will be found that M,, M, M., O, and
Q, values are very small (hardly 0.3 percent of final values) and N, Ny, N,, values are almost equal to
those obtained from membrane theory. Hence, we replace particular solution by membrane solution.

16.9 HOMOGENEOUS SOLUTION

For this part, the equation is,

4
Viw + Lza_zv =0
R*I ox
The solution consists of two parts as shown below:
nmx nd
w= f(q))cosT + f(x)cos—.
k

The first part gives the disturbances from the edge and the second part gives the disturbances from
the traverses. As the equation is of the eighth order, there will be eight constants in the first term and
eight in the second term. If the boundary conditions at traverses are assumed as simply supported only
first term may be considered. In that case

considering only first term of ‘w’,
— Ho™Mo _T
w = He"" cos kx Wherek—z

The equation reduces to the form,

4
or (mz _k2R2
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Substituting = Tk4
_ hR® k4:12R6k4
2 9
RN h
12
4
We get, (mZ _kZRZ) +p8 =0
or (2 _szz)“ —_p?
4
2 ,2p2
ie. [#j =—1=cos(2nn+m)+isin(2nm+m)
p
2 1252
n fR =c 2nm 1n(2nn+7r,) where n=0,1, 2, 3, ...
4
p
—+ L (144)
2
252
R 1
mzzpzlik > J_r—(lil):l
p 2
2[12p2
=— 2+1%i
\/5{ p
2
p +
=——=|yx1=£i
ﬁ[v ]
k*R*
where Y=—> \/E
p
4+ P 1/2
m—i42[yiliz]

The eight roots m,, m,, ..., mg may now be written as,

my = oy + i ms = —m,
my = oy — i me = —my
my = 0 + i, my = —msy

my = o, — i}, mg = —hy

..(a)
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where

{J(Hy)z +1 +1+1(T2
2

{\/(l—v)zﬂ—(l—v)}l/z
2

L{«/(1+y)2 +1 —(1+y)]1/2
2

ih

12
and 8 _L{\/(l—v)2+1+(1—v)] ®
2_% )

Thus, w=[Hlem‘¢ +Hye™® +. H86m3¢]coskx ..(¢)

ﬁlv

~
&D

N

where H,, H,, ..., Hg are arbitrary constants and are to be determined from boundary conditions at edges.
Substituting for m,, m,, ..., mg in terms of o and B (from eqn. (a)), we get,

= [Hle(a‘ﬂﬁ‘)q) + Hze(m‘_iﬁl)q> + H3e(a2+iB2)¢ + H4e(a2_iB2)¢

+Hse_(a3+iB3)¢ + H6e_(°°‘ B H7e_(u2+i[32)¢ + ng_(uz_iBZ)ﬂcoskx
= [Hleu‘q’ (cosB,o+isinpP,)+ H,e**® (cosB, ¢ —isin Bi%)

+Hye®® (cosB,0 +isinB,0) + H,e*® (cosB,¢ - isinB,0)

+Hse_a‘¢ (cos[.’)]q) +isin qu)) + Hée_uzq) (cosqu) —isin [31(1))

+H7e_°‘2¢ (cos[32¢ + isin[32¢) + ng_“2¢ (COS|32¢ - isinqu))] coskx
= [e“‘q’ (H, + H,)cosB,0 +i(H, — H,)e**sinB,0

+e%® (Hy + H,)cosP,o+i(Hy — H, )e® sinB,o

+e % (Hs+ Hg)cosP,0+i(Hs — Hg ) e *®sinB, 0

4 o0 (H, + Hyg)cosB,0 +i(H, —Hg)e_%q’ sin[32q)]coskx

It is to be noted that the arbitrary constants H,, H,, ..., Hg are complex numbers. Since, w is real, it
follows that (H, + H,), i (H,— H,), ..., i (H;— Hy) should be real. It means that H, and H,, H;and H,,
Hs and Hg, H, and Hg should be conjugate pairs. Introducing real constants as,

A =H, +H, Ay=i(H - Hy), A; = H;+ H,, Ay=i(Hs;— Hy
A5 =H5 +H6, Aﬁ = l (HS—Hﬁ), A7 = H7+Hl and AS = l (H7—H6),
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we get,
w= [Ale“‘q’ cosB, 0+ A,e®? sinB 0 + A, cosP,d + A,e®* sin B0
+Ase” ™ cosB, 0+ Age” ™ sin B0 + Ase” % cosB, 0 + Age 2 sin [32(1)] coskx
A+ A A —A
Let L5 -C,and 1—2=¢,
2
then, Al = Cl + C2, A5 = Cl - C2

Ae™® cosB,o+ Aye " cosB,0
=[(C) +Cy)e™® +(C, ~Cy)e™® cosP,0

=C, (60 + e‘“"b)cosﬁlq) +C, (e10 — g0 )cosqu)

= 2C, cosh o, cos B,d + 2C, sinh o, cos B
Similarly, substituting A; = C3 + Cy, Ay = C3 — Cy, As = C5 + Cy, Ay = C5 — Cy, A; = C; + Cg and
Ag=C -G,
we get,
w = 2[C, cosh o, cos Bd + C, sinh B,d cos B;d
+ C5 cosh o, ¢ sin B¢ + C, sinh o, ¢ - sin B,
+ Cs cosh 0,0 cos B0 + Cg sinh Byd cos Bd
+ C; cosh 0,0 sin B,0 + Cg sinh 0,0 sin B,d] cos kx ..(16.24)
For symmetric loading, anti-symmetric terms should vanish. Hence, displacement for symmetric

case is,
w = 2[C, cosh o, ¢ cos B,d + C, sinh o0 sin B¢

+ Cs cosh 0,0 cos Byd + Cg sinh 0,0 sin B,d] cos kx

=2 (a cos B¢ cosh o0 — b sin B0 sinh o,
+ ¢ cos Byd cosh 0,0 — d sin B,¢ sinh B,0) cos kx ..(16.25)
where Ci=a Cy;=-b, C3=cand C, = —d.
Substituting the value of w in the stress resultant expressions 16.23, all stress resultants can be

expressed in ‘w’. In Table 16.2 and 16.3, they are arranged in the convenient form in which,
F — represent stress resultant/displacement a, b, ¢ and d are arbitrary constants

, oM ,
0,=0.+ 3
x Vertical reactions
’ ¢
=Q, +—
Q) =0y + o0
o, 2 A
Y p
B, {2 B, 2

p p
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Table 16.2 Stress resultants and displacements due to complementary function (Even)
F=R [(aB, — bB,) cosP,0 cosh 0,0 — (aB, + bB)) sinf,¢ sinh o0
+(cB5 — dB,) cosP,0 cosh a,0 — (¢cBy + dB5) sinf,0 sinh o,0]
F R B, B, B B,
2EI p2 p2 p2 p2
M ——coskx —(1+y — —(y-1 —
. ) ﬁ P 5
M, —2EIk? coskx 1 0 1 0
2EIK° .
0, - sinkx 1 1 -1 1
2kt
N —2Elizcoskx 0 1 0 -1
* Y
2k*
N, 2EIRy—3czoskx —1 1+y 1 -7
2EIK
0/ - sin kx Y+2 2 y-2 2
2k°
2El ———sinkx _ _
u hy3 1 1+y 1 1-vy
w 2 cos kx 1 0 1 0

Table 16.3 Stress resultants and displacements due to complementary function (Odd)

F=R [(aB, — bB,) cosP,0 sinh a0 — (aB, + bB,) sinf,¢ cosh o,
+(cB; — dB,) cosP,0 sinh 0,0 — (cBy + dBs) sinf, cosh o,0]
F R B, B, B, B,
2EIK°
O —3/2COS/O€ my—n my +mn —np - my — 1y
, 2EIK®
(0 TCOS/OC my (1=y) = n my + my (1=y) —my (1+y) — my my —my (1 +7)
Y
2k*
Ny 2EIR 7 Sin kx -n, m n, -1,
Y
M, —2EIK sin kx o B [*5) B,
3
v —2IR PP coskx my + n(1-y) ny — my(1-y) = my + ny(1+Y) —ny — my(1+Y)
Y

_&_’_(EBI)V _2_[51+(RBZ)V _ﬁ+(1_?B3)v _£+(EB4)V
R R R R R R R R

0 cos kx

Note: In the Table 16.3, 0 is the rotation of the tangent.
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Fig. 16.8

Referring to Fig. 16.8,

ow
Due to differential radial displacement, tangent at A will rotate by R_aq)

Because of circumferential displacement v, at point A, tangent rotates by additional angle /R,

0= Iw + 2 ...eqn. 16.26
RO R

16.10 EDGE CONDITIONS

To determine the arbitrary constants in the expression for displacement w, we have to make use of the
edge conditions. The edge conditions in a shell naturally depend upon the method of supporting the
edges. At each edge ¢ = ¢, one has to look for any four of the moments, forces and displacements at
edges, namely any four of Mq), Nq,, Qq;, N¢x, u, v, w and 0. Such conditions for some of the common
support conditions are presented below:

1. Edge Unsupported

In this case, since the shell edge is free, the forces and moments at the edges ¢ = ¢, will be zero. Thus,
M, =0,N, =0, Qs =0 and Ny, = 0. ..eqn. 16.27

2. Edge Supported on Unyielding Wall
In such case, the wall restricts vertical and horizontal displacement at the shell but allows rotation.
Horizontal and vertical components are found by taking components of v and w. They are

w sin Q; — v cos ¢y and w cos ¢y + v sin ¢;.
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Hence, the boundary conditions are,
w sin Q; — v cos ¢, = 0, w cos ¢y + v sin ¢, = 0.
Since, edge rotation is permitted, the other two edge conditions are,
My =0and N, = 0. ...eqn. 16.28

3. Edge Rigidly Held (Fixed Edge)
This is not so common case. Since, it is fixed edge conditions, all displacements are zero at the edge.
Thus,
Uge = 0, vor = 0, wy = 0, By = 0. ...eqn. 16.29
4. Edge Provided with Edge Beam
This is a common case. For outer edge of a multiple shell or the edges of single barrel shell, the
following boundary conditions may be assumed:
(a) 6 =0, i.e. no rotation of shell edge owing to relatively great stiffness of edge beam.
(b) Ry =0, i.e. edge beam is incapable of withstanding lateral thrust. Since, N, and Q; are the forces
giving horizontal component of forces,
Ry = Nycosdy, — Qg - sind, = 0
(¢) The longitudinal displacements of shell and edge beam should be the same.
ie. vg=vpg
(d) The vertical displacement of shell and edge beam should be the same.
i.e. wcosd, — v sind, = wy ...eqn. 16.30

For inner edge of a multiple shell, the following boundary conditions may be assumed:
(@) v=0
(b) Displacement in horizontal direction = 0
i.e. wsind, + v cosd; = 0.
(¢) ug= ug, and
(d) wy=w cos O, — v sin ¢, = wp. ..16.31

16.11 EDGE BEAM THEORY

The relationship between edge beam forces and displacements with respect to the shell edges forces
should be found so as to apply necessary boundary conditions. Edge beam theory deal with this aspect
of shell analysis.

Shell exerts following forces on the edge beam: Ny, Ny, Qo Myand M.

Equal and opposite stress resultants develop on edge beam. Let the connection be at the corner of the
edge beam. As a result of these forces from the shell edge beam is subjected to the following forces:

(a) F - longitudinal force,
(b) § - vertical shear and
(¢) M, - bending moment.
Consider the equilibrium of unit length of edge beam as shown in Fig. 16.9.
> Forces in x-direction = 0, gives,

—F+F+8—F><1—N¢x=0
ox
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S
M
Q, x i
1
%
1
Md)x N¢I|//
N¢x
/\ /\
s
(a) Shell edge forces gy (b) Forces on edge beam
Fig. 16.9
oF
Le. g = N¢x
F = N, dx
= JIN,] sin kx dx
bx.
1
== [Nox Jooske .16.32(a)

where [Ny,] sin kx = Ny,.
Similarly for all stress resultants, the magnitude excluding sin kx or cos kx associated with will be

marked as a bracked quantity and edge beam theory derived.
>, Forces in vertical direction = 0, gives,

g_i_Q¢ cosd, —Nysing, +W' =0

where W is weight of edge beam per unit length.

S = [(Qy cos o, +Nysing, —W')dx

:%{[Qq)]cos(bk +[ Ny Jsin oy —[W']}sinkx
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Y. Moments in x-direction = 0, gives,
M
aa—erqu,al -M ,cos0, —Sx1=0

M= —H[qu)]al —[qu)]cos(])k — [S]}sinkx

= %{[qu):l‘ﬁ - [qu,]cos(])k - [S]}COS/OC

! ing, [w']
LT Jor [ Jeoses [0, 15250 v om0 VL

Stress at junction,

ouz, F M
_———al

ox A Iy
1¢(F M

Ug =—||——-—a, |dx
Ea 1,

L 0
:[|:_ AEk2 I:Nx¢:|j|_ll:l¢{[]vx¢:|al _[Mx¢:|COS¢k —Tcosq)k _L ¥J

Vertical deflection of edge beam is given by,

82
s a:f M
Z%{[Nm]“l +[ M Jeos o _[Q1<—¢]COS¢" _@Sm% ’ [VZ,]}COS]“'

Wp =— ! {I:qu)]al +[Mx¢]cos¢k —%cosq)k —[N—kq)]sinq)k + [VZ’]}coskx

16.12 SUMMARY OF CALCULATIONS

1. Select the overall dimensions of the shell using I.S. Recommendations. Calculate k = m/L.

2. Find membrane or particular solution.
3. Calculate:

1/8 1/8
@ _(hRf’k“J/ (2R
O ==
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k*R?

& Y= V2

(¢) Find

ih

12
2
1+y) +1+1+
o - p[\/( Y) v]

- 1172

and B, =

(d) Find my=——04

i
n =—4,
p

L
2 P 2

(e) Select the boundary conditions at the edge ¢ = ¢;. Each equation can be formed by collecting
coefficients of a, b, ¢ and d and writing the right hand side of equation.

(f) Solve simultaneous equations to get arbitrary constants a, b, ¢ and d.
(g) Using Table 16.2 and 16.3 find the stress resultants.

Since, the calculations are lengthy bending analysis is not meant for hand calculation. It is suggested
that going through above steps one should develop analysis package and use it.

16.13 STATICAL CHECKS

For confirming the validity of the results obtained, the following statical checks should be applied.

1. Sum of the horizontal forces in x-direction should be zero.
To apply this check, N, should be found at mid point of various equal segments (say 5° or 10°).
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Fig. 16.10 Shell arch divided into 8 equal segments

Let these values be N, , N, ,..., N, as shown in Fig. 16.10. Apply Simpson’s rule to sum up

there forces. Thus

2N, ZT[le +4N, +2N, +4N, +.N, |

where §, is the angular length of the segment and N,; is the last ordinate. Then the statical check

N —-F
is, if F' is the sum of longitudinal forces in edge beams, then error = %x 100.
X

This error should be within the limit.

2. Sum of vertical components of N, along the rim of end frame (i.e. at x = L/2) should be equal
to half the total vertical load on the shell.
Now, vertical component of N,
= Ny, sin ¢
For finding the total vertical component due to N, at x = L/2, find the values at mid point of
various equal segments of length R3¢. Then from Simpson’s rule

. L
XN ,sin0=Rx20, X X8

One can make use of symmetry and consider only half the shell arch.
3. Check for Longitudinal Moments
About any horizontal axis y — y, in the cross section, sum of all moments must be equal to statical
moment. This is applied at mid span (x = 0).
Referring to Fig. 16.10, various internal moments are
(a) Moment M, in the shell.

1
M, =§R8¢[Mxl +4M oy +2M, +4AM, et M, ]

(b) Moment due to N, forces

RO
= 3¢_|:y1le +4y,N, +2y;N, +4y,N, +"'+yLNxL:|
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where y,, y, ... are the lever arms of N, forces in the middle of segments.
=R(cos¢—cosd, )+h/2
(c) Edge Beam Moment = 2M,

(d) Statical moment is due to sinusoidal loading on the shell and that on the edge beam:
At mid span.

L2 , ,L2
- {F(RXZ(Dkg )+w F}

Sum of moments (a), (b), (c) — moment (d)

The error is, . It should be within the acceptable limit.

moment (d)

16.14 LONG AND SHORT SHELLS

In the previous discussion it has been said that beam theory and Schorer theory are applicable only for
long shells. D.K.J. theory is applicable for long as well as short cylindrical shells. However, the terms
long and short shells have no precise meaning. It is difficult to exactly demarcate between them. Several
criteria have been proposed from time to time by different authors. Some of them are presented in this
article.

1. Basis of Applicability of Beam Theory
Beam theory is the simple method for the analysis of cylindrical shell. It is hoped on the assumption that
along the depth of beam stress variation is linear. After studying the stress distribution across the depth
by more precise theories it has been suggested that beam theory is applicable if,

(i) L/R =5 for shells without edge beams

(if) L/R = 3 for shells with edge beams

Hence a shell is called long shell if L/R = 5, if it is without edge beam and if L/R = 3, if it is with edge
beam.

2. Basis of Ignoring M,, ,, M,

There are theories like Schorer theory in which the terms M,, Q, and M,, in a shell element are taken
as zero. Such theories are applicable only if, L/R > 7. Hence, on the basis of ignoring M,, M,,, Q. shells
may be called as long shell if L/R > .

3. Extent of Travel of Edge Disturbances

Disturbance emanating from the edges of shell may or may not penetrate beyond the crown. In long
shells they do not penetrate crown i.e. actual forces at crown are the membrane forces only. On this
basis ASCE classifies shell as long if L/R > 16.

4. Aas Jacobsen’s Classification
Aas Jacobsen was perhaps the first to classify shells into long, intermediate and short. According to
him,

the shell is long, if p=4to7

intermediate, if p=7to 10
short, if p = 10 to 20.



BENDING THEORY OF CYLINDRICAL SHELL Roors 227

QUESTIONS

1. Draw a typical cylindrical shell element and indicate various membrane forces, transverse shears and moments.
Give the relations among forces and moments on positive faces and negative faces.
2. Derive the six equations of equilibrium of a shell element subject to bending.
3. Enumerate the basic assumptions made in the analysis of cylindrical shells in the following theories:
(i) D. K. J. theory
(i) Schorer’s theory.
Comment on the above two theories.
4. Discuss edge conditions to be used in the following cases of cylindrical shell analysis:
(i) Edge unsupported
(ii)y Edge supported on unyielding wall
(iii) Fixed edge
(iv) Inner edge of multiple shell.



Chapter

Analysis of Symmetrically
Loaded Cylindrical
Water Tanks and Pipes

Circular pipes and water tanks are usually subjected to symmetrical load and they are commonly used
structure. In this chapter, the analysis of these structures is presented.

17.1 FORCES ON AN ELEMENT

Figure 17.1 shows a typical cylindrical pipe/water tank and Figure 17.2 shows an element in which

x — longitudinal direction
y or ¢ — tangential direction and

z — radial inward direction.

Fig. 17.1 A Cylindrical Pipe/Water tank
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Fig. 17.2 Typical element

Due to symmetry,
(i) Shearing forces and twisting moments are zero i.e.

qu) = Nq)x = O
Q¢ =0
qu) = Mq)x = O.

(i) There is no variation of forces and moments with respect to ¢, i.e.
N, — Constant
M, — Constant.

Thus, there is variation of forces with respect to x only i.e.

oN

NI =N, +—*dx
ox

0l =0 + 99, dx and
ox
oM

M;=M, + axx dx.
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17.2 EQUATIONS OF EQUILIBRIUM

Let X and Z be component of load in x and z direction respectively.
(i) X Forces in x-direction = 0, gives

N
(Nx + aa x dijdq) — N Rdo + XdxRdo =0
X

oN
ie. axx +X=0. ..eqn. 17.1

(it) X Forces in z-direction = 0, gives

d
(Qx + 9 dijd(l) - Q. Rdd+ N¢dxsin% + N¢dxsin? + ZdxRd =0.

ox
. . . dd  do s .
Since, ¢ is a small angle s1n7 =5 and hence, the equilibrium equation reduces to
20,
a—dedq) +Nydxdo+ZRdxdp =0
X
ie. 8&4_&_,_2:0 ..eqn. 17.2
ox R

(iif) Y, Moments in x-direction = 0, gives

90,
0x

(Mx + a]a"* dx)qu) — M Rdo - Qde(pd—zx— (Qx + dijd(b-% =0

X

After neglecting small quantity of higher order,

ag/[x Rdxdd —Q Rdddx =0

X

Le. M, -0.=0 ...eqn. 17.3
ox *

17.3 STRESS RESULTANTS

First equation gives N, value directly and N, term is not appearing in any of the subsequent equations.
Hence, N, can be determined independently. Due to other load components N, is not at all affected.

Now consider the equations 2 and 3. There are three unknowns namely, Q,, N, and M,. As the
number of unknowns are more than number of equations, compatibility of displacements should be
considered.

Let u, v and w be the displacement components in x, y and z-directions respectively. Due to symmetry
v is zero. Thus, only u and w exist.

Figure 17.3 shows the deformed position of the middle surface.

Now, € 2% ...eqn. 17.4
T ox
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f Middle surface

Fig. 17.3 Deformed position of middle surface

_ Final length in ¢ direction — Original length

€y —
Original length
_(R-w)do—-Rd¢ _ w
Rdo R ...eqn. 17.5
(o}
B} 2&_“_‘1” and
E E
o= MO, o
E E

€, tUE, =
xHq,E I

.= E 5 (ex+ue¢)

(ex + ue¢), where £ is the thickness.

N, =ho, = 3
I-p

Eh
Similarly, No =" % (g6 +he,)
...eqn. 17.6(a)

Thus,
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and N, = - (8¢ +uex) ...eqn. 17.6(b)
For the loading Y and Z only, N, = 0.
€, =—UE, ...eqn. 17.7
Substituting eqn. 7 in eqn. 17.6(b), we get,
Eh )
N, = €, —UE
o _ uz ( 0 ¢)
N, = —@ ...eqn. 17.8
R
Due to symmetry, there is no change in curvature in the circumferential direction. The curvature in
a2
x-direction is equal to ——-.
ox
2
M, = _Da_zz and ...eqn. 17.9(a)
ox
2
M, = —Dua—f
ox
=uM, ...eqn. 17.9(b)
ER’
D=
where 12(1 B !»lz)
From equation of equilibrium 17.3,
0 - oM, 9w
Yoox ox>
From equation 17.2,
4
_pdw _Ew 1 . _,
ox* R
9w B LZ_,
ox* R°D D
d'w En Z
ie - =—
' R’D D
. a4W 4 V4
ie. ax—4+4B w=o ...eqn. 17.10
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Eh
4p* =
where B R’D
. Eh Eh 3(1-p?)
b= 4R’D ER* R
ie. 4R2 ="
12(1-p?)

Equation 17.10 is to be solved to get particular integral and complementary solution. Particular
integral depends upon the nature of loading and complementary solution depends upon the boundary
conditions. Thus, the total solution

w= Wl + W2
where w, — particular integral
and w, — complementary solution

Complementary solution is given by

4
9" w,

o +4B%w, =0

(0% +4p*)w, =0

§* = —4B* = 4B*[ cos(2nm + 1) +isin 2nm + 1) |

2 2
Szﬁﬁ[cos m;+n +isin n72+75}

where n =0, 1, 2 and 3.

ie. 5, Z\/EB{L'HL}:B[I‘H]

w, = Cl'e(1+i)ﬁx 4 Cée(l—i)ﬁx + C3e(—l—i)Bx 4 C4e(—l+i)Bx
= CyeP* [cosPx + i sin Bx] + C5eP* [cos Px — isin ]

+ Cye P [cosPx —isin Bx] + Che P [cosPx +isin Bx]
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=P (€ +C, ) cosPx +eP* (€] - €5 )isinBx

+e P (C; +C£)cos[3x+e_ﬁx (C, —Cy)isinPx
It is to be noted that C{, C;, C5 and C; are complex numbers. Since, w is real, it follows that
C/+ C5,i(Cl - Cy), C5 + C; and i(C; — C;) should be real. It means C, and C, are conjugate terms and
C;and C, are also conjugate. Hence, let
Ci=Ci+ G, G=i(C{ - (), C3=(C5 + Cy)
and C, = i(C5 — C}), where C,, C,, Cyand C, are real terms.
wy = C,eP* cosPx + C,eP* sinPx + Cye ™ cosPx + C,e P sinPx
=P (C, cosPx +C, sinpx) + e P (C5 cosPx +C, sinpx) ..eqn. 17.11

Example 17.1. Analyse a water tank of radius R and depth ‘d’, if its one edge is fixed at base slab and
top is free. Assume the thickness of wall uniform.

Solution. Figure 17.4 shows a typical water tank. Let the coordinates be selected as shown in the figure.

Fig. 17.4 A Typical water tank

In this case at x, the load component is

Z=—y(d-x)
where y—unit weight of water.
4
aw Zv +4p%w = ——y(d x)
dx D
Particular Solution:
(6% +ap*)w, =112

D
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R?
=—v(d-x)—
wi ==y(d-x) Eh

The same result is obtained if we consider membrane solution, as shown below:

Z=-d-x
Referring to Fig. 17.5
A B
’ Deformed
/ surface
Original
surface

Fig. 17.5 Cross section of a water tank

R
Hoop stress =Y (d — x);

y(d—x)R

Circumferential strain =
Eh

235

...eqn. 17.12
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A'B'—AB_y(d—x)R

ie.

AB Eh
. (R-w)dp—Rdd  (d—x)R
Le. Rdo Y Eh
. w y(d-x)R
le. I
R Eh
—'y(d—x)R2
or wWw=—-
Eh

Thus, the particular solution and the membrane solutions are the same. Thus, here also particular
solution can replace membrane solution. The complementary solution which depends on boundary
conditions may be looked as edge perturbations from boundaries.

Total solution,

w=w; +w,

2
= eP(C; cos Px + C, sin PBx) + e, cos Px + C, sin Bx)_@ ..eqn. 17.13
E
In any stable structure disturbances at one end must go on reducing at the other end. w can go on
reducing with increase in x if and only if C; and C, are zero.
Hence,
¥(d-x)R”
Eh
C;and C, are to be determined from the boundary conditions. In this case, the boundary conditions
available are,

w=e P (C5 cosPx +C, sinpx) -

w._o=0 (D)
ow
g » =0 ..(2)
From B.C. (i), we get,
R2
0=c,- ¥
Eh
dR*
or C, = e
* Eh
From B.C. (ii), we get,
vR?
—Be P (C3 cosPx +C, sin Bx) e P (—C3B sinPx + C4BcosBx) +E_h =0.
x=0

2

. Yh
e. —-BC;+Cp+—=0
he PCs+CiP Eh
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sz _ ydR2 : sz
EWp  Eh  EhB

R, L
5l
w=—%ld—x—(fﬁx{dcosﬁx+(d—%jsin[3x}:l

Ny = —% = yR[d—x—e_Bx {dcosBx+(d—%)sin[3xH

or, Cy=C3—

R>
o Be P (—C3 cosPx — C, sinBx — CysinBx + C, cosBx) +YE—h

Bz_w =pZe P [(C3 cosPx +C,sinPx + CysinPx - C, cosBx) + C; sinfx
—C, cosPx — C;cosPx —C, sin Bx:l
=2p%e ™ (C3 sinfx - C, cosBx)
=2p%H ﬂ{d sinPBx — (d - lcos Bxﬂ
Eh B
From eqn. 17.9(a),
0*w

M

2
Mx=—2[32ﬂDe_Bx dsinfx — d—l cosPx
Eh B

Convergence Study

237

...eqn. 17.14

...eqn. 17.15

...eqn. 17.16

Table 17.1 shows the values of Bx, e sinPx and ¢P* cosPx. Figure 17.6 shows the variation of the
functions e P sinfx and e ®cosPx with respect to ¢P*. It may be observed that the two functions are
converging fast. Hence, deflection and all stress resultants are converging fast. For example, for a water

tank with R = 5 m, d =4.5 m, h = 150 mm, if p is taken zero,

3(1-p?

B = ( s ) - =5.333
R°h 52(0.15)

B=152
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Table 17.1 Convergence study of the functions

Bx e P sinBx e P cosBx
0 0 1.0
1 0.3096 0.1988
2 0.1231 -0.0563
3 0.0071 —-0.0493
4 -0.0139 -0.0120
5 —-0.0065 0.0019
6 -0.0007 0.0024
7 0.0006 0.0007
& 0.30%
"o lo 1 2 3 4 5 6 7
» X
(a) Convergence of the function e ™ sin Bx

1.0
&
8
o lo 1 2.3 4 5 6 7
» X
(b) Convergence of the function e ™ cos Bx
Fig. 17.6 Convergence of the functions
At x = 0, at edge fixed with slab,
e® =1, sinfx = 0, cosPx = 1
AR2np2
Eh B
ER’ 1
= 2pR? —x—(d-P)
12(1-p2) " En
h2
=2p*yR* —(d -P)

12
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Substituting B = 1.52, ¥ = 9.8 kN/m? and the other values we get,

2
M, =2x152>%9.8x5.0° (0.15) (4.5— ! )
12 1.52

= 8.156 kKN-m
At the free edge x = 4.5 m, since

D ER? 1 K
—_——_—
Eh 12(1-0)" En 12

2
M, =2x152%x9.8x5% x _(0'1125) 5 ¢~ 192x45

4.5sin4.5x1.52 - (4.5 —L)cos4.5 x1.52
1.52

= 0.002 kN-m = 0.
.. The boundary condition at top edge do not influence moment at fixed edge.
At x:%=1.5 m, .. Bx=1.5%x1.52=2.28

15 1
M, =2x1.52*x9.8x5 x %e‘m [4.5 sin2.28 — (4.5 - Ejcosz.zg}

= 1.284 kN-m

It may be noted that in R.C.C. water tank design, it is assumed that in top 2/3 depth vertical rein-
forcement may be only nominal reinforcement. The assumption is justified. In the design it is also
assumed that the moment at base is due to the pressure shown in Fig. 17.7.

A

A A A Ay

.

1
!

Fig. 17.7 Approximate estimation of moment M,

1 d (1 d) vd
My=—XYdX—=X|=X—|=—
he 0= Ny ( ) 54
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Hence, in this case approximated moment is

_9.8%x4.5’
54

This is almost double of actual value of 8.156 kN-m. Thus, in the approximate method moment is
overestimated.

17.4 ANALYSIS OF LONG CIRCULAR PIPES

In the analysis of shells, particular solution can be replaced by membrane solution and complementary
solution can be considered as edge perturbations. Hence, the two solutions can be found separately and
superposed to get total solution. The perturbation at the edges is due to edge moment M,, and edge
transverse shear Q,. Due to antisymmetry M, and Q, are uniformly distributed along the edges. The
deflection function w due to M, and Q, may be found as explained below (Ref. Fig. 17.8).

o =16.538 kN-m.

A
Qo

('\AMO

0

Qo

Fig. 17.8 Pipe subjected to uniform M, and Q,

Since, the forces applied at the end x = 0 produce a local bending which dies out rapidly with x from
the loaded end, we conclude that C; and C, in the general solution must vanish.
ie. C,=C,=0
: w = e PX(C; cos Bx + C, sinPx)

The boundary conditions to be satisfied are:

9w )

Mx|x=0 = _D(B)C_ZJ . =M, (D)

oM, Q*w y

and Qx|x:0 ZXFO = _D(ax_3J . =0, ..(ii)

Now, aa—z: =Be P (—C3 cosPx —C, sinfPx — Cy sinfPx + C, cos Bx)
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0° _ . .
8_2} =p2e ™ (C3 cosPx + C, sinPx + Cy sinPx — C, cosPx
X
+C5sinfx —C, cosPx —CycosPx - C, sian)
=2B% P (Cysinfx—C, cos Bx)
83W —Bx . .
8_3 =2p" (—C3 sinPx +C, cosPx + C; cosPx +C, sme)
X
From B.C. (i), we get,
M
-D2B*(-C,)=M, or C,=—2
( 4) 0 4 2B2D
From B.C. (ii), we get,
D2 (C, +C3) =0,
Q
- C,+C,=—
le. 3 4 2B3D
: Q% My
le. 3 2B3D 2B2D
or Cy=- 13 (Qo"'BMo)
2B°D
e .
= [BMO (sinBx —cosPx) - 0, cosBx] ..eqn. 17.17
2B8°D
The maximum deflection occurs at x = 0.
1
Wiax = Wo :_2B3D[BMO+Q0] ...eqn. 17.18

The negative sign for this deflection is due to the fact that w is taken as positive towards the axis of
the cylinder. The slope at x = 0 is given by

aw

0x

» :B(_C3 +C4)

1 M,
3 + 2
28°D  2B°D

=B[(Qo +PBM,)

1
=——0, +2BM ..eqn. 17.19
2[32D[ o +2Mo] !
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17.5 ANALYSIS OF WATER TANKS AS COMBINATION OF MEMBRANE
SOLUTION AND EDGE PERTURBATIONS M,, €,

The water tank may be analysed as the combination of the following two cases:
(i) Membrane analysis (Free edge at bottom also) and
(if) Free edge subject to M,and Q,at bottom with the conditions that

w=0atx=0
and a_w=O atx=0 for fixed base
X

w=0atx=0

and M, =0atx= O} for hinged base.

Analysis of Water Tank with Fixed Base:
Membrane displacement is given by

—y(d— x)
KT
1 .
and W, =— D [BMO (sinPx — cospx) — Q, cos Bx:l
1
W2|x:0 =T 2B3D (BMO + QO)
ow,| 1
ax |x:0 - 2B2D (ZBMO +Q0)

Now, boundary conditions are at x = 0,

ow

w=0 (D and —=0 ..(2)
ox
Noting that w = w; + w,, from boundary condition (i), we get
vd 1
- -—(BM, +Q,)=0.
4B*D  2B°D (B0 + o)
—vd
M, +Q,)=——
or (B 0 Qo) 2B ... (i)
From boundary condition (ii), we get,
Y 1
+——(2BM, +Q,)=0
4B*D 2[32D( By + )
. Y .
ie. 2BMy+Qy=——= (1)

2B>
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From equation (iii) and (iv), we get

243
NG
B 0~ 2B 2B2
Y 1
My=——|d——
. o)
From equation (iif),
Qo - _%_B 0

M _ l(d 1)
2 2B §
:1|:_d+ii|
p 2B

v(d—x) v inf3x —co x—l o |cospx
4B8*D +2B3 HZB 22 ](S B = cosp) B( d+25j OSB}
y(d-x)

v vd Y
= + Y2 GinBx+ % cos x ———-sinfx
e b ]
y(d-x) . Y.
- + d sin Bx + yd cos x — —sin3x
45D ZB“DY Pox + vd cos B B p
LA pra——— d—l sinPx + d cosPx
- 4B4D B ...eqn. 17.20
This is same as eqn. 17.14 obtained from first principle
(b) Tank with Hinged Base:

The total solution is,

-x) P .
_ Yi‘;D ) 5D [BMO (sinBx — cosPx) — Q, cos BXJ

The boundary conditions are at x = 0

w=0 and M0=O.

o we get 0=

]_

4[3D 2[3D

d
Q()Z_Z_[3
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yd-x) ™
W= — + —Q, cosfx
4B*D 2[33D( 0y cosP)
_ —Bx
=— v(d=x) £ (—ﬂ]cosﬁx
48*p  2p°D\ 2P
- Y (d4_ x) + yf e P cosPx
48°D  4B°D
___" —Px
=— d—x—de ™ cosPx
4341)[ P ]
_ R [ ~Bx ]
== d—x—de ™ cosPx ..eqn. 17.21

The same result may be obtained from the first principle also.

QUESTIONS

1. Derive the equations of equilibrium for a symmetrically loaded cylindrical pipes.
2. The equation of equilibrium for a symmetrically loaded pipe is

4

VA

8_w 4Btw==

ox* D
N 4+ _ ER
where R°D

Determine the complementary function for it.

3. Show that the particular solution in the equilibrium equation of symmetrically loaded pipe may be replaced by
membrane solution.

4. A long cylindrical pipe is subjected to edge moment M, and edge shear Q, per unit circumferential length.
Determine the expression for displacement.



Chapter

Membrane Theory for
Shells of Revolutions

Middle surface of a shell of revolution is obtained by rotating a plane curve around an axis, which is
denoted as shell axis. In this chapter, analysis of such shells by membrane theory is presented.

18.1 GEOMETRY OF SHELL OF REVOLUTION

Figure 18.1 shows a typical shell of revolution. By bisecting the middle surface of the shell with two
series of plane, one containing the axis and another perpendicular to the axis, we create a net of lines.
These network of curves may be called as meridians and parallels.

Shell axis

ABCD - shell element

Parallel circle

Let,

r,— radius of curvature of the meridian.
r, — length of the shell normal to meridian at point A upto the shell axis.
ro — radius of curvature of parallel circle.



246 THEORY OF PLATES AND SHELLS

¢® — the angle between the shell axis and shell normal.
0 — the angle in the plane of parallel circle between a reference direction and the radius joining.
It may be noted that the angle between the shell axis and the radius of the parallel circle r,is 90°.
Fo =7, sin O ...eqn. 18.1

18.2 EQUATIONS OF EQUILIBRIUM

Consider an element formed by two meridians and two parallels as shown in Fig. 18.2.

¢
dd
Fig. 18.2
Let Ng, Ny, Noy and Ny be the forces per unit length. Then obviously,
oN,
Ny =Ng+—2d6
] LS
oN
+_ o
Ny =N, +B_¢d¢ ...eqn. 18.2

oN
Ngo =Ny +8—69¢d9 and

oN,
0
N(]-:G = N(])G +a—¢d¢
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Let,

X — Component of load in 0-direction per unit area.
Y — Component of load in ¢-direction per unit area.
Z — Component of load in direction normal to the element in the inward direction, per unit area.

Noting that in membrane theory bending moment and transverse shear are neglected, the element is
in equilibrium under the action of Ny, Ny, Ng, and Neg.

Three equations of equilibrium may be derived for the element by considering the forces in three
mutually perpendicular directions 0, ¢ and Z.
1. Equilibrium of forces in 0 direction

Component of various forces in 0-direction are:
(a) Ngforces:

—Ngndo + (Ne +aa%d9)rld¢

20

-d9o.

(D) N, forces — No component.
(c) Ny forces:

oN b
~N ooy d® + [Nq)e +T:;ed¢](r0 +a—$d¢)de

J N
= Ny a—:;dq)de +1, aqfe dod®
d
= %(rONq)e)dq) do

[Small quantity of higher order neglected].
(d) Ny, forces:

Ng, ry dd

\‘1’ Netn d¢ coso

>

Resultant

(a) Vertical section (b) Plan view

Fig. 18.3
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(e)

Referring to Fig. 18.3,
On face AB of the element, upward force
= Ne¢ rydo
Its radial inward component
= Ngy 11 dd cosod
Similarly on face CD, downward force

= Neq) +¥d9 Vldq)

Its radial inward component,

—(N N deJ d
= 080 +w n ¢COS¢

Hence, the component of these Ny, forces in ‘0’ direction

THEORY OF PLATES AND SHELLS

[Ref. Fig. 18.3(a)]

[Ref. Fig. 18.3(D)]

[Ref. Fig. 18.3(D)]

oN
= (Neq) + —ae‘”’ d9)r1d¢cos¢ -? + Negyriddcoso- ?

= Ngyti cos0dddB
[After neglecting small quantities of higher order].
Load Component.

=X rdo rydo

= X ror; dOdo
.. The equation of equilibrium is,

oN J
" 899 d0do + %

. oN )
Le. — 8+ Ny cosd +——(Ngyry ) + Xriry =0
30 ! 00’1 o 8(])( eq>0) "o

2. Equation of Equilibrium of forces in ¢ direction.

(a) Component of N, forces in ¢ direction:
oN or,
¢
—N¢I"0d6 + [Nq) + a—q)d(l)](l’o + a—q())d(l)] do

or,
=N, a—(gdq) d® +1,N,dodo

= a%)(roNq,)dq) de

[Small quantity of higher order neglected].

(rNVeo ) 40 + Noori cos §dOd + XryrdBd = 0

...eqn. 18.3
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(b) Component of N, forces:
Looking at Fig. 18.4(a), tangential outward forces in parallel plane are Nyr,dd and Ny*r; do.

A
2
&
S
S
K\
%m
>Ne r, do do
o
N;r, do \
(a) Horizontal plane (b) Vertical plane

Fig. 184

Their radial inward component
= Nerldcb? + Ne+r1d¢?

= Ngr,d0 dO
[After neglecting small quantity of higher order]
.. Its component in ¢-direction = — Ngr; cos ¢ dd dO (Ref. Fig. 18.4(b))
(¢) Ny forces — no component.

(d) Component of Ny, forces:

:—Ne¢r1d¢+ Neq) +¥de r1d¢

N
=—2 . 1d8do

00
(e) Component of load:
=Yryr,d0do
.. Equation of equilibrium is
0 INg,
—(N, r )= Nyr,cosO+——r +Yr,r, =0 ...eqn. 18.4
aq)( o o) 971 COSO 30 1 o1



250 THEORY OF PLATES AND SHELLS

3. Equation of Equilibrium of forces in z-direction
(a) Component of Ny forces:
From Fig. 18.5(a), it is clear that, there is a component Ngrdd dO in the horizontal plane. From

Fig. 18.5(b), it is clear that, the component in z-direction
= Ngr;do db sing.

¢ N, r, d¢ do
>

(a) (b)
Fig. 18.5

(b) Component of N, forces in z-direction.
Referring to Fig. 18.6, we find component of N, forces in z-direction

_ il Ny 9% 44 | 2040
= Nyrpd6 > +[N¢+ % d(])](ro-i- 2% do 7

Fig. 18.6
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= Nyrod¢ dB
[Small quantities of higher order neglected]
(c) Ngyand Ny have no components.
(d) Component of external load:
= Z ryr,d0dd
.. The equation of equilibrium is
Nory sing + Nyro + Z rory =0
Ngsino . Ny

or +7Z=0

Since, r, = r, sind, we get,
N,
—+—24+7=0 ..eqn. 18.5

Thus, the equations of equilibrium are:

oNg 9
r a—ee + %(roNq;e) +1Ngy cosd +ryr, X =0
d dNg,
a_q)(roNq))_rlNe cosq)+r1W+r0rlY=0 ..eqn. 18.6
N
0 +&+ 7=0
N

18.3 EQUATIONS OF EQUILIBRIUM FOR AXI-SYMMETRICALLY LOADED SHELLS

When in addition to the symmetry of forms, shells of revolution are subjected to axi-symmetrical loads,
then,
(i) The forces are independent of 0 i.e. all terms involving differentiation w.r.t. ® will vanish. Thus,
Ng* = Ny
N, 9$ = N9¢
(i) Shearing forces cannot exist, because if they exist there will be variation of forces in ¢ direction
as well as in O-direction. But due to symmetry Ny cannot vary. Hence,
N, 00 = N¢9 = O
(iii) Due to symmetry load component X = 0. Hence, the forces on the element are as shown in

Fig. 18.7.
There are only two forces N, and Ny. They can be found by writing equations of equilibrium in

O-direction and Z-direction.
1. X Forces in ¢-direction = 0:

(a) Component of N, forces:

ON
~Nyryd8 + (Nq) +a—¢¢d¢jd6(r0 +aa—$d¢j
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Fig. 18.7

oN or
9
% roddO + N, a—:;dq) de

0
= a—¢(r0N¢)d¢d6
(b) Component of N, forces: Referring to Fig. 18.4, component of N, forces
=—Ngyr,cosodddo -
(¢) Load component
=Yr,nd0do-
.. The equation of equilibrium is,

d
a—¢(r0N¢)—r1Necos¢+ror1Y=O ..eqn. 18.7

2. Y. Forces in Z-direction = 0:
As derived in Art 18.2.3, this equation is
N

N,
o0 L7 ..eqn. 18.8
rl r2

18.4 SOLUTION OF EQUATIONS OF EQUILIBRIUM

By solving equations 18.7 and 18.8, the membrane forces Ny and N, can be found.
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From eqn. 18.8,
h
Ng=—-Zr, =N, —
h
Substituting it is eqn. 18.7, we get,
d
a—¢(r0N¢) +Znr, cos¢+ Ny, cos¢ +r,n Y =0
Multiplying each term by sing, we get,
d . : . .
a—¢(r0N¢) Xsin¢ +Znr, cos¢sing + Nyr, cososin ¢ +r,rY sin¢ =0
Noting that r, = r, sind, we get,

i(;"()Nq,)><sinq)+N¢r0 cosh =-nr, (Zcos¢+Ysin¢)sin(|)

90

0 . _ . .
ie. a(roNq, sm(b) =-nh (Zcos¢+Ys1nq))s1n¢

rpNysing = —J.rlr2 (Z cosh+Ysin q>) sinpddp+C
ie. nN, sin2(1)=—J‘r1r2 (Zcos¢+Ysin¢)sin¢d¢+C

1
; Ny=————7—| |nrn(Zcosd+Ysino)sindpddp +C
i.e. ) p sinzq)U 1 2( ) }
To get physical meaning for it, let us multiply numerator and denominator by 2.
N, = —;2“-2151’11’2 (¥ sin ¢ + Z cos ¢)sin od¢ + C]
2mr, sin” ¢

where C is new arbitrary constant.

Elemental strip at ¢

253

...eqn. 18.9
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A simple physical meaning of the above equation is possible. Referring to Fig. 18.8, the term
21rr, sind do stands for the surface area of an elemental strip of the shell. The term (Y sin¢ + Z cosd)
stands for the vertical component of the forces per unit area acting on this elemental strip. Hence, the
term 27r r, sind(Y sind + Z cosd) stands for the vertical load acting on the strip. The integral fZTl:rlrQ
sind (Y sind + Z cosd)dd represents the vertical load on the shell upto the level where the meridian angle
is 0.

2mr, sin’p N, represents the vertical component of Ny acting around the circle of latitude ¢. Thus, the
equation 18.9 is nothing but a mathematical statement of the vertical equilibrium of portion of shell
above the parallel circle at ¢. Hence, it can be stated as

w

27, sin” 0

N, = ...eqn. 18.10

where W is the total vertical load acting on the dome above the level denoted by ¢.
The constant of integration C can be made use of to account for concentrated load, if any, applied
at the crown or as a ring load above this level. If no such concentrated load exists, C = 0.

Example 18.1. Determine the membrane forces in a hemispherical shell subjected to self weight only.

Solution. Let the self weight per unit area be ‘g’ and radius of shell be ‘a’. [Ref. Fig. 18.9(a)]
Area of shell above ¢

o
= Jad[.)) 27y,
0

o
=[a-2m-asinB-dp
0

-ga/2 —ga/2

ap

| a > -9 ga

(b) Variation of N, (c) Variation of N,

(a)
Fig. 18.9

=2ma’ [—cos B]g

=2ma’ (1 —cos (]))
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Total vertical downward load above the level of ¢ is

w= 2na2g[1 - cos¢]

B 21ta2g(1 — oS ¢)

N_

" 2mrsing
2
=— 2ma g(l o8 (1)) since ry = a sind
2masin’® ¢
_ ga (1 —Cos ¢)
1—cos” 0
-8 ...(Ans.)
1+coso
To find Ne,
Z = g cosd
.. From the equation of equilibrium,
Ny N
—¢+—e+gcos¢ =0, we get,
n 7
N
& ey gcoso =0 [Since r; = r, = a for a spherical shell]
a (1 +cos ¢) a
Ny =a _r cos 0
) 8 1+coso ...(Ans.)

The variations of N,and Ny forces for a hemispherical shell are as shown in Fig. 18.9(b) and 18.9(c).

Example 18.2. Determine membrane forces in a hemispherical shell due to concentrated load at crown
only.

Solution. Let P be the concentrated load at crown and ‘a’ be the radius of hemispherical shell.
.. The vertical equilibrium of the shell above the parallel circle at ¢ gives,
P
Ny=————7—
0 2 masin’ o ...(Ans.)
Then, to find Ny we know Z = 0 for this loading.

Ny N
120 40=0.
a a

P

. N,=—N, =——
Le. 6 ¢ 2nasin2¢

...(Ans.)

Example 18.3. Determine the membrane forces in a hemispherical shell due to snow load only.
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Solution. Let snow load be p, per unit horizontal area of shell surface. Hence, the total load upto the
circle of latitude ¢ is,

W=p0 7tr02
= py T a* sin’¢
w w
N¢=

21r, sin¢ 2masin’ 0

_ pona2 sin” [0}

2masin’ ¢

a
= —% ...(Ans.)

Now, intensity of load on surface at ¢

po X1
=025~ pycoso

cos O

Z = p,cosdh-cosd

= pycos 0
.. From the equation of equilibrium,
Ny N
—¢+—e+Z =0, we get,
h n
Fig. 18.10
a N
—pL+—9+p0 cos’ =0
2 a
_p & a
Po 2 - POE
o
a a
— po? -*—P0 >
I# a >
(a) (b) Variation of N, (c) Variation of N,

Fig. 18.11
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Pod 2
Ny =— — P COS Xa
0 (2xa Po ¢j

= a’%(l —2cos’ ¢)
DPod

= +TCOS2¢ (AllS.)

The variation of membrane forces are shown in Fig. 18.11.

18.5 MEMBRANE ANALYSIS OF CONICAL SHELLS

Referring to Fig. 18.12, it is clear that ¢ cannot be taken as a coordinate. Let the base angle be o. Taking
‘s> which is the distance from the apex to the point under consideration, as a coordinate, we note,
b=a

rg =S COS O

Fig. 18.12 Conical Shell

ry = o, and
ry=1S5 cot o
___w
s 27r, sind
a - 18.11
27t cOs ¢.Sin O ...eqn. 13.
N N,
and sy o L7—o.
o scoto
Ng =—Zscoto. eqn. 18.12

Example 18.4. Find the membrane forces in the umbrella type conical shell shown in Fig. 18.13.
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Fig. 18.13

Solution. Load below a horizontal section at a distance ‘s’ from apex

L
W= j2ns-cosotdsg
s

5L
=2Ttg{s—} cos ol
2

S
=1cg(L2 —Sz)cos(x

w

Ng=to————
2Ts cOS 0, sin ot

_+1tg(L2 —Sz)cosoc

27S cososin o

. g(L2 _Sz)
2Ssino
Now Z = g cos a. (Ref. Fig. 18.13)
: Ny = —Zs cot o
=—gCcoso-s-coto
= —gs cos O - cot O

g cos ¢ =g cos a

...(Ans.)

...(Ans.)
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18.6 ROTATIONAL HYPERBOLOID OF ONE SHEET

This type of shells are commonly used as cooling towers in thermal stations. If a hyperbolic curve is
rotated about a vertical axis, passing through the pole, such shells are generated.
Figure 18.14 shows a typical rotational hyperboloid of one sheet.

z-axis

Fig. 18.14

with ry and z-axis selected as shown in Fig. 18.14, the equation of hyperbola is

2 2
o

20 _*

2 2
a b

2
ie. n=a /1+Z_2 ..eqn. 18.13

The principal radii of curvatures r, and r, are given by,

32
1+( Q)
" =|: ) :| ...eqn. 18.14
and r = + ()" ...eqn. 18.15

where f@=r
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2
Now, f(z)=”o=a,/1+;—2
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12
2
a _
cotq)zir—(o )
o
2
, _az(,,o_a)_az | 22
cot” ¢ =—5 2 T 2| 2
I b 1
2 , a2
_ZCOt ¢:1——2
a I

2 2
a b 2
— =l-—cot" 0=
To

a” sin’ 0 - b cos? (0]

a” sin? 0]

261

...eqn. 18.16

...eqn. 18.17

...eqn. 18.18
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2 = a* sin? 0
a’sin® ¢ — b* cos” ¢

. a’ sin ¢
or 0~ 12 ...eqn. 18.19
(a2 sin® ¢ — b? cos® (1))
But Ty =1, sing
. Ty a’
Hence, 2T . T 12 ...eqn. 18.20
sin ¢ (a2 sin? ¢ — b* cos? q>) /
and nh= _ﬁ”; == v’ eqn. 18.21
4 3/2 . .
a (a2 sin® ¢ — b? cos® q>)

After noting the above geometric relations of hyperbola, it is possible to analyse the rotational
hyperboloid of one sheet for any type of loading.

Example 18.5. Analyse a typical rotational hyperboloid of one sheet subjected to self weight g/unit
surface area and find the membrane forces.

Solution. Let W be the total load of the shell above level ¢. Then,

o
W=gj2nr0r1dq)
o
_, % a*sind (—p2a?) .
_ngjz-z 2 2 W2 (0o 223/2(1)
¢(a sin“ ¢ —b” cos ¢) (a sin” ¢ —b” cos ¢)
9 .
= -2mga’h? | Sin ¢ ~do
2 .2 2.2
o \a”sin” ¢ —b” cos (]))
a
Let us substitute, cos = ﬁé
a +b
a

then —sinddd =md§-
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5,2 &
a 1 d
momg e [
a*+b’ a ¢(1_a2+bzazj
a* +b*

Comgab® % g

e s

2 g
_ 2mgab Xl[ 28 o 1+§}

At +p? 41-8 1-8 &

_ Ttgab2 B
-—— m[f(i) f&)]

2 1
where f(&)= ) _22 +log 1 tZ
N W
° 2mr, sind
_ 8 ab® 1 3
4 a2+ sinq)[f(a) f(&o)]
Now, rosind = r, sin® ¢

a” sin? (0]

(a2 sin® ¢ — b? cos® q>)1/2

2
2 a 2
a’|1-
|: a2+b2§ }

1/2
2 2
2 a 2 2 a 2
a’|1- -b—
{ ( a2+b2§j a2+b2§:|
_az[a2+b2—a2§2]/(a2+b2)
- 5 5 1/2
a|:1_a +b §2:|

a’ +b?

B a(a2 +b? —azﬁz)

@ ep))(1-2?)”

263



264

To find Ng;

but
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e’ (@ep)-8)"
No = 42 1p? ald®+p* -a%E?) L76)-7G)]

:-%bz.lcﬂ +b2 J1-82 2)[f(§)—f(§o)] ...eqn. 18.22

(a2 +b* —a’t

No . No.

n b}

=—gcosd

’
Ng =—gn, cos(b——qu,
Ui

a2

h= 172
(az sin’ 0 - b* cos? ¢)

a’ a’

i ) [a2 - (a2 + b2)0052 (1)]1/2

(a2 (1 — cos? q)) —b? cos? ¢)1/2 )
(a® +b*)cos> 0 =a’t?

a a

(az _azaz)l/Z - (1_§2)l/2

r =

No— N
g = —8F Cosd Nq,
h

a a a a (1 &2)3/2

=—g(1_§2)1/2, /a2+b2§+(1_§2)1/2 xb_z B

N,
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Clz a2
T e

Equations 18.22 and 18.23 give the membrane forces.

d 1| 2 1
To prove,1=j 3 5 =—[ &2 +log +§}
(1-g2) 4[1-¢ 1-¢
Let, € = sind
d& = cosO do
cos0d0 1 3
I = = dO = |sec’ 0d0O
I cos* 0 J‘00539 ‘[

= Jsecz 0-secO-do
d

= J—(tane)-sece -do
do

= secO tan® — [tan® - secO tand dO

= secO tanf — [secO (sec’® — 1) d6

= secO tan0 — [sec’0d0 + [secO dO
ie. 21 = secB tan® + [secO doO

1= %[sec O0tan0 + log (secO + tan 9)]

[ sin® ( 1 sine)
+log +
| cos* 0 cos® cosH
& +§

1 1
_E 1—&2 +log T—Eﬁ}

N | =

= 5 +logm_

265

...eqn. 18.23
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N =

QUESTIONS

Derive the equations of equilibrium for a shell of revolution, neglecting bending of the element.

. A shell of revolution is subjected to symmetrical load. Considering membrane theory, determine the equations

of equilibrium. Bring out physical meaning for the expression N,

Determine the membrane forces in a hemispherical dome subject to

(i) Self weight ‘g’ per unit area

(if) Snow load ‘p’ per unit projected area.

Determine membrane forces in an inverted umbrella type conical shell supported centrally and subjected to self
weight only. Assume uniform thickness.



Chapter

19

Membrane Theory for
Shells of Translation

Elliptic paraboloid, hyperbolic paraboloid and conoids are doubly curved shells generated by transla-
tion of one curve over the other. In this chapter, membrane theory of such shells is dealt.

19.1 ASSUMPTIONS

In developing the membrane theory, the following assumptions are made:

1. The thickness of the shell is small compared to other two dimension. In other words, the shell is
treated as thin i.e. the stresses normal to shell surface are ignored.

2. The deformation is small compared to the thickness of the shell i.e. stresses in the middle surface
are assumed zero.

3. Points on lines normal to the middle surface before deformation remain on the same normal even
after deformation. In other words, shear deformations are ignored.

4. The material of the shell is homogeneous, isotropic and linearly elastic.

5. The thickness of the shell is uniform.

19.2 COORDINATE AXES

The curvilinear coordinates may be convenient to generate the geometry of the shell. But use of the
consequent equations to satisfy the boundary conditions at the rectangular boundaries encountered in
practice is very difficult. Hence, the cartesian coordinates are used. Right hand system of cartesian
coordinates are used. Figure 19.1 shows a typical element in space and its projected element in x-y
plane.

19.3 MONGE’S NOTATIONS

The surface is represented by z = f (x, ¥). The following notations are used to write the equations
conveniently. These notations are known as Monge’s notations:

9z _ 9z _
ox p. dy 7
%z 9%z 9’z

=r, =5, —==1
o axdy ayz ...eqn. 19.1
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dy,

D’ (o}

y v
z

Fig. 19.1 Typical Element and Coordinate direction

19.4 PROPERTIES OF THE ELEMENT

Let at A,
t, — Tangent to the surface in x-direction
t, — Tangent to the surface in y-direction

0 — Angle between ¢, and x-direction

Y — Angle between ¢, and y-direction

0 - Interior surface angle

ds, — Surface length of element in x-direction
ds, — Surface length of element in y-direction
dx — Projection of ds, on x-y plane

dy — Projection of ds, on x-y plane.
Referring to Figure 19.2,

dsy
dz

dx

Fig. 19.2 Side AB of element in x-z plane
ds? = dx* +dz*

ds, =\dx* +dz*

=dxy1+ p* ..eqn. 19.2
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Similarly,

ds, = Jdy? +dz?

:dy 1+q2 ...eqn. 19.3
cos ¢ dx ! 19.4
= =7 ...eqn. 19.
dsx ﬂl-i-pz
cosy = @2 19.5
=——= ...eqn. 19.
dsy \[1+q2
cos® =sind-siny
=\/1—cosz¢\/1—cos2w
1- ! 1- 12
1+p
\Jl+p \jl+q
...eqn. 19.6

_ pq
\/1+p2 «11+q2

dA = ds, ds,sinf
=dx\/1+p2a’y\/1+qr2 \/1—00526

= dvdy1+ p> 1+ ¢ \/1——’1

(1+p?)(1+4?)

Surface area of the element

+¢*)-p*q

- sean o ol
=dxdy 1+p 1+q ( o, )( 1+q2)
=dxdy\1+p* +¢° ...eqn. 19.7

2 2

19.5 MEMBRANE ANALYSIS

Let the membrane forces in the element be N,, N, and N,,.

In the analysis, it is convenient to use the components of membrane forces parallel to the axes x and
y, imagined to act on the projected surface in x-y plane. These forces are called pseudo forces and they
are denoted by ‘n’ with suitable suffixes. Thus, the pseudo stress resultant n, is such that it exert the
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same force in the x-direction on the projected side A’D” as the membrane force does on side AD. Figure
19.3 shows the membrane forces and pseudo forces.

Fig. 19.3 Membrane and Pseudo forces

Relationship between Pseudo and Membrane Forces:
1. N,and n, forces:
Normal force on AD = N, ds,
Its component in x-direction = N, ds, coso
From the definition of pseudo force,

n,dy =N ds,cosd

dsy
or n,=N,——cosd
dy

=N
Y cosy

-cosd

1
=N, l+q2 P —
1+p2



MEMBRANE THEORY FOR SHELLS OF TRANSLATION

271

1+q2

ie n, = =N, ..eqn. 19.8
1+p
1+p2

Similarly, ny=—==—=~N, ..eqn. 19.9
l+¢

2. n,, and N,, forces:
Shear force on AD = N,, ds,
Its component in y-direction = N, ds, cos Y. According to the definition of the pseudo forces, this
must be equal to n,,dy.
: n,,dy = N,, ds, cosy

ds,
ie. ny =N, d—ycosqf
=N ! -cos\y
* cosy

ie. Ny =N, ...eqn. 19.10
Similarly, Ny, = Ny, ...eqn. 19.11
But Ny = Ny,

N,, =N,, ...eqn. 19.12

Pseudo Loads:

The pseudo loads X, ¥, Z in the directions x, y and z are so defined that
Real Load x Surface area of the element
= Pseudo load x Projected area of the element.
Hence, if F,, F, and F, are intensity of load components on the element in x, y and z directions,
then, according to the definition of pseudo load,

F A1+ p? +¢° dvdy = X dxdy

Thus, X=Fx\/1+p2 +qr2

Similarly, Y = wah +p’+q° ...eqn. 19.13
ZoF e rd

Equations of Equilibrium

Referring to the projected element A’B’'C’D’,
Y. Forces in x-direction = 0, gives

on oN,,
-n,+n,—>dx |dy+|-n  +n, + dy |dx+Xdxdy=0
ox we dy
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on, on,
ie. a—x+a—;+X =0 ..eqn. 19.14
2. Forces in y-direction = 0, gives

on, ON_

a—y’+a—;}+y=0- ..eqn. 19.15

2. Forces in z-direction = 0:
To assemble this equation, the components of various forces in z-direction are to be found.

Vertical component of N
= N, ds, sin ¢, But from definition of pseudo forces N, ds,cos ¢ = n, dy

=n, sin ¢

cos {

=n, tan® dy
Similarly, vertical component of N, = n, tany dx
vertical component of N,, = n,, tany dy
and vertical component of Ny, = n,, tan¢ dx
Net vertical force of N, - forces

=-n, tan ¢ dy + (nx tan ¢)+ dy

=-n,tan¢ dy+n, tan ¢ dy +ai(nx tan q))dxdy
X

0
=—1/(n_ tan¢)dxd
Similarly,

. d
net vertical force due to N, forces= a—y(ny tan y ) dxdy

net vertical force due to N, forces = i(n tan \|1) dxdy
ox ¥

d
net vertical force due to Ny, forces= a—y(nyx tan (1)) dxdy
.. The equation of equilibrium is,

i(nx tan )+ %(ny tan )+ %(nxy tan )

ox
+i(n tan(]))+Z=O
oy
But tanq):% and tan\pzﬁ.
ox dy
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0 ( azj d dz\) 0 dz\) ( azj
—|n,— |+=—|n,— |+ =—|n,=— [+=| n, +Z=0
ox\ "ox/) ayl Yay) ox\ Yay) oay\ M ox
dn, 9z 9’z dny 9z 0’z anxy 9z
ie “n L n

ox  ox x> dy dy Yoy ox ay

*. Equation of equilibrium is,

+n 9’z +anyx-%+n _82z
Y oxdy dy ox ' oxdy

+7Z=0

Since, n,, = n,,, we get,

n a—2Z+2n 9’z n 0z
¥ 52 Y oxdy 8y2

& on, +an’“y [ on +—an"y +Z=0
ox\ dx  dy ay dy  Ox

But from equation 1,

0 on,,
e . T
ox  dy
and from equation 2,
on, on,
2L+ =y
dy  ox

The equation of equilibrium is

rn, +2sn, +tn, =pX+qY-Z ..eqn. 19.16

19.6 PUCHERS STRESS FUNCTION

In 1934, Pucher introduced a stress function ¢ so as to reduce the three equations of equilibrium in three
unknowns, namely n,, n, and n,,, to one equation of equilibrium in only one unknown ¢. The stress
function ¢ is so defined that,

2
n,, = 9%
Y Oxdy
Then from Eqn. 19.14,
on, 20 B
ox  oxoy”
2
or n,= a—q) - _[de
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From equation 19.15,

any B EX)
dy x>y
0%0
I’ly :y—ijy

Substituting these valuation in Eqn. 19.16, we get,

0% 0% 9%0
r(a))_z_-[dej+2S[_axay +t ax—z—ijy
=pX+qY—-Z

2 2 2
or ra—¢—25ﬂ+ta—¢
oy” oxdy  ox?

=pX+qY—Z+rJ.de+tJ.Ydy

19.7 SYNCLASTIC, DEVELOPABLE AND ANTICLASTIC SHELLS

. 1 1 .
If , s and ¢t are curvatures, the principal curvatures — and — are given by

1 2
1 r+t (r—tjz )
— = + +s
R 2 2

2 2
1 1 r+t (r—tj S U r+t (r—tj )
—Xx—= + +s - +s
R R, |2 2 2 2
2 2
(r+t) (r—t) 2
= - +s
2 { 2

2

=rt—s
A shell is synclastic, developable or anticlastic according as
2<

=rt—s"2Z0.
RiR, g

19.8 MEMBRANE THEORY OF SYNCLASTIC SHELLS

...eqn. 19.17

...eqn. 19.18

Among synclastic shells, rotational paraboloid and the elliptic paraboloid are the two surfaces most

frequently favoured roofs to cover very large column free rectangular or square areas.
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When a convex parabola moves over another convex parabola or when a concave parabola moves
over another concave parabola elliptic paraboloid surface is generated. If both parabolas are identical
the surface generated is known as rotational paraboloid. The vertical sections of an elliptic paraboloid
are parabolas while the horizontal sections are ellipses. Hence, the surface has the name elliptic parabo-
loid. The vertical sections of rotational paraboloid are parabolas while the horizontal sections are
circles.

A shell roof in the form of an elliptic paraboloid or rotational paraboloid over a rectangular or square
ground plan area is usually supported by shear diaphragm on all the four edges (Refer Figure 19.4). The
diaphragm are assumed to be stiff enough in their own planes to receive the shell but they cannot carry
any load applied normal to their plane. In other words, the diaphragm provide simple support to the
shell.

2b

Fig. 19.4 Elliptic Paraboloid

The surface of the shell is mathematically represented by

Z = fi(x) + /()
where f(x) is the equation of the parabola in x-direction and f,(y) is the equation of the parabola in
y-direction.
If the origin is selected at the crown of the shell (Refer Figure 19.4),

1,
h (x) =£—;x2 and f, (x) =b—;y2.

.. The equation of surface of shell is

fx f
Zz_x2+_;y2 ...eqn. 19.19
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%2,
ox a2
_oz_2)y
q dy b2 y
ez,
x> a?
. 0%z _
0xdy
and ayz b2

Membrane Analysis for Snow Load
Puchers equation for the shell is

2 2 2
OO 5 0% 00 pX +qY - Z + | Xdx + [ vdy

ay2 s 8x8y ax2 -

For snow load X = Y =0 and Z = p,
Hence, Pucher’s equation reduces to

2fx a2¢ 2fy 82(1) —

Particular integral may be assumed as,

2

__a 2
o, 4f. PoY

Homogeneous solution may be written as

a* 9y*  b* ox?

Seeking the solution in the form

a* 9y?  b* ox? -

20,70, 2070

Py

THEORY OF PLATES AND SHELLS

...(a)

...(b)

...(c)

...(d)

...(e)

0, = X Y, where X is the function of x only and Y is the function of y only,

zfx ”. 2fy ”
we get, — XY X+—YX" =0.
g a2 b2
. fy X// o fx Y//
ie. _bz _X —az _Y

ha X" _ ¥

i.e. fx b2 X Y

...eqn. 19.20

...eqn. 19.21
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The above relation holds good if and only if the right hand side and left hand side expressions are
equal to constant. Let the constant be A2 Thus,

faX Y

=——=)?
fov? X v '
It leads to two ordinary differential equations,
Y +AY=0 ..(a)
” f b2 2
X -2 A" =0
and fy 22 ..(b)
From equation (a),
Y = cos Ay
and from equation (b),
X =cosh Jx ékx
fy a
= cosh PBx
fe b
B= |22
where f, a
2
Keeping in mind that N, = 8_2 is to be zero at y = +b, we try a solution in the form
X
- D, A,coshB,x-cosh,y. .eqn. 19.22

n=1,3,...

where 7»n=—adl3 b ﬂ: Zn
\/ a

*. The total solution is

2

a
¢=->A, coshP,x-cosh,y —Fpoyz ...eqn. 19.23

Hence, the expressions for the pseudo stress resultants are:

o 2
=—t= Anki costhxcoskny—a—p
8y2 n:§3‘w 2fx ’
00
I’ly =§=—2Anﬁi COSthXCOSQ\‘ny ...eqn 19.24
0%0 . .
=— =—YAB,\,sinhp xsinA,y

Mo T 0k dy
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Because the traverses cannot receive any load normal to their planes, the boundary conditions to be

satisfied are
n,=0atx=x=a

and n,=0aty==+b.

(D)
(2)

Boundary condition (2) is automatically satisfied, since, at y = +b, sin A,;y = 0. Boundary condition
(1) helps in finding A,,. To apply this boundary condition, it is necessary to expand the uniform load p,

in Fourier series form in the y-direction. Thus, we take,

= L0 (~1)2 cosA

Then from boundary condition (1), we get

n- n

nY

_ 2 a’ 4p, Ul
0=>AML costhacoskny—FZ—(—l) 2 CcosA,y

. nm

For all values of n,

2 n-1
4 nl
A AZcoshPB,acosh,y= &P (1) cos A,y

2f, nm

n—1
_ 2p0a2 (-1) 2
A2 f.nmcoshB,a

n

Hence,

2

X fx

ncoshf,a 2

2 n—1
a |2 coshP xcosA 1
n =_P() {_TC E (_1) Bn ny _ }

_pb’ EZ(—I)HT_I coshf, x-cosh,y
T ncoshf,a

n. =
y
fy

n—1

sinhf,x-sin,y

Ny =~ Potb {22(—1)2

VAt

The corresponding membrane stresses may be found by using the following relations:

1+ p?
N,=x p2 n,
1+¢g
1+¢°
Ny = 612 ny
1+p
N_=n

and xy =y

ncoshf,a

!

...eqn. 19.25

...eqn. 19.26

...eqn. 19.27
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Convergence Study

Parme A.L. reported the following convergence study:

n, and n, converge rapidly and hence, three to four terms of the series give satisfactory accuracy.
However, the expression for shear converge rather slowly at x = +a. To force n,, to converge rapidly, the
following recommendations has been made.

poab {22(_1)"‘1 sinh 3, asin X”y}

2
ncoshf,a

x=a ’fxfy

n—1
paab |2 5 (-2 { sinhf, a

/fxfy T n coshf,a

My

—1}+1 sin,y

However, i (-1 sinkny=llog(secﬂ+tanﬂ)2
nel3. N 4 2b 2b
N,y ==Dg ab {ilog(secﬂ+tanﬂj
\/E 2 2b 2b
n-1
_%z(l—tanh[.’)na) —02 sin?»ny}

For values & >1, tanh3,,a =1 and hence, the second term in the expression may be ignored except

y
perhaps for n = 1.

T T e . e .
Aty = b, secz—z and tanz—z are infinite. Hence, it indicates n,, at the corner is infinite. This would

be true, if the corners were completely free of normal forces and if the shell had no bending resistance.
However, because of the integral action of the supporting ribs and shell, normal forces do exist at the
corner. These normal forces alter the resistance to the extent that, the shear does not need to be infinite
to satisfy statics. Moreover at the corner some of the load can be and is resisted by flexural resistance.

From the studies made on cylindrical shells, it has been found that this flexural action is confined to a
distance of approximately 0.4\/; from the rib, in which r is the radius of curvature of the shell and ¢
is the thickness. Therefore, it is felt that the expression for shear do not apply within the distance

0.4\/;"_t from the corner. Shear can be considered maximum at the pointy =b —0.4\/r_t .

19.9 MEMBRANE THEORY OF ANTICLASTIC SHELLS

Hyperbolic paraboloid and conoid are the commonly used anticlastic shells.

19.9.1 Hyperbolic Paraboloid

Geometry: If a convex parabola moves over a concave parabola or vice versa, a hyperbolic paraboloid
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is generated. Vertical sections of the surfaces are paraboloid and the horizontal sections are hyperbolas.
Figure 19.5 shows a typical H.P. shell.

f
Zl ——;xz
a
Lt
2 - .
b2

The geometry of the shell is defined by

I
Z =_Z1 +Z2 =—f—;x2 +_§y2 .
b
0’z : o o
=0 ie x and y are principal directions
0xdy
19 2
R, ox> 4°
L% 2

R2 _ayZ _b_2
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where R, and R, are the principal curvatures. Thus, in terms of principal curvatures, the surface may
be defined as

z= t— .(a)

setting z = 0, we get

SIS A | N S A (b)
PR, 2R, | 2R, 2R,
Equation (b) represents a pair of straight lines existing on the surface. Their inclination to x-axis is
given by (Ref. Figure 19.6).

tany =

= |N>a

Fig. 19.6

If R, =R;, tan y=1 or Y= 45°. Hence, the angle between two pairs of straight lines is 90° i.e. they
are orthogonal. Such surfaces are known as rectangular hyperbolic paraboloid.
If the asymptotes are chosen as coordinate axes (Ref. Figure 19.7), let x’, y” be the coordinate system.

» X axis

y'axis

x'axis

Fig. 19.7
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Then looking at point A,
x =0C=BD-BE
=x"cos Y—y’cosy
= (¥ —y) cos ¥
y =AC=0OE +AD
=y sin y+ x’ sin ¥
=@ +y)siny
. Equation of hyperbolic paraboloid with respect to asymptotic axes is,

_ x? N y? __(x'—y')zcos27+(x'+y')2 sin ¥
“TT2R, 2R, 2R, 2R,
:i_—(}/—y')2 cos’ \(%+(x'+y')sin2 y}
1 [ ’ n2 2 2 ’ N2 . 2
=L (v =y costytany + (" +y) siny |
2R, -
:i:—(x'—y')z +(x' +y')2}sin2 Y

=+ 'y sin?
R, Yy Y
For rectangular hyperbolic paraboloid y = 45°.

1 ’
I=——XYy.
R y

Looking at Fig. 19.8, it may be visualised as surface made up of straight line generaters. Then
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X .y
7=217.2
af b

Xy

= Xy—=—

yab c

ab . .
where ¢ =— is radius of curvature.

Analysis of Hyper Shells (Rectangular Hyperbolic Shells)
The shell surface is given by

b
zzﬂ wherecza—.
c

_dz _y 0z _x

L Tl A S

_ 9%z _1 9%z
oxdy ¢ 9y*

r=0, s

Hence, the equation of equilibrium reduces to
2sny,=—-Z+ pX +q¥Y

For self wt:

y
2—n =—g|1+—=+=
c XYy C2 C2
ge [ x* y
nxy —7 1 —2+—2
C C

From equation of equilibrium 1,
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:%10g|ix+\/cz +x? -i—y2 ]+f1(y)

From equation of equilibrium 2,

al’ly _ al’lxy _ g (—Zx)

R __52\/cz+x2+y2
=%10g[y+ﬂc2 +x° +yz]+f2 (x)

fi(y) and f5(x) are to be evaluated from the boundary conditions.
Umbrella Roof: Figure 19.9 shows a typical umbrella type H.P. Shell.

[T T 177/
[ [ ] [

Y
QO
v
A
sV

i A

Fig. 19.9 A typical umbrella type H.P. Shell

End beams are thin and deep.
RS n,=0atx=a
and n,=0aty=b.

N (y) = —%log[a-h/cz +a’ +y2]
£ (x) = —%log[b-i—\/cz T+ ]

x-h/c +x° +y
X
a+\/c +a’ +y

gx y+\lc +x +y
=-="log

2 b+\/c +x2 +b?
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For a shallow shell:

p? and ¢ are negligible compared to unity. Hence,

Z=g\/1+pz+q2 =g

.. Equation of equilibrium is

1
2X—n, =—
c w8
__8¢
Mo =Ty

n,=0and n, = 0.

Thus, a shallow shell subjected to dead load only is in a state of pure shear.
Shallow and Deep shell

For a deep shell,

Ny =—= 62+x2+y2
2 2
__8¢ 14+ x“+y
2 c?
2 2
+b
Ny, =-&14+4 }
max 2 C2

2 2
a
Let a < b, so that n <1
a’ +b? _ a’ +b?
Hence, 202 JEre)
2 f2
1 2 2 2 2
—1 a |f <—>— since —<1
2 b* ) a? 2 4* 2
o1 ad*+bp* 1
s a 100 2¢2 100

or 1 percent of first term.
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1 a*+b* 1
Again, if i =—, a <— of first term
a 5 2¢°

i.e. less than 4% of first term.

Hence, for all practical purpose, a H.P. shell may be considered shallow, if L is less than or equal
a
I
to 5

Example. Design a 10 m x 12 m invested umbrella type H.P. shell.

A|<—<—<—<—<—|E

Fig. 19.10

Figure 19.10 shows a typical invested umbrella type of H.P. Shell. In this shell,

a=5mand b =6m.

To make it shallow amount of pulling down of a corner is kept %th to %th of least dimension i.e.

‘a’. Hence, in this case,

5
= 1mto—m.
f 7
Let it be 1m.
.. Radius of curvature ¢ = a_b = ¥ =30 m

Thickness of the roof is kept between € to Lth of radius of curvature. Thus,
400 500
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tzLx3O><1000 to L><3O><1000=75 mm to 60 mm.
400 500
Let t = 60 mm.

Loads:
Dead load = 0.060 x 1 x 1 x 25 = 1.5 kN/m?>

1
Live load: In this case, slope of line joining springing point and the crown is ol = tan~! —— < 10°.
V5% +67

" L.L = 0.75 kN/m?

Let total load on shell (including finishing load) be 2.4 kN/m?.
Since, the shell is shallow, it is subjected to pure shear,

p —_8¢__24x30
w 2 2

Pure shear produces tensile/compressive stresses in diagonal directions, the magnitude being the

same (36 kN/m).

=36 kN/m.

A, = M =240 mmz,
150
Using 8 mm diameter bars,
T x 82
spacing = 4 %1000 =209 mm.

Provide 8 mm bars at 200 mm c/c. Actually these bars are required in the direction of tensile stresses
(45° to x axis) and distribution bars are required at 90° to that direction. In these directions, it is difficult
to bend the bars. Hence, usually reinforcement is provided in x and y directions in which bars are to be
straight. Provide 8 mm bars at 200 mm c/c in x and y directions so that the component of steel at 45°
is sufficient to take diagonal tension.

Design of Peripheral Edge Beam

Along the edges of the shell, thin but sufficiently deep edge beams are to be provided to take up shear
from the shell and transfer the load to columns. Figure 19.11(a) shows peripheral edge beams with the
load transferred by shell and Figure 19.11(b) shows the transfer of load by beams connecting peripheral
edge beam and columns. It may be noted that peripheral edge beams are subjected to tensile forces and
the beams connected to column are subjected to compressive stresses, the magnitude being same as
shear in the shell (36 kN/m).

Maximum tension in peripheral beam is at section B in 6 m beam.
T=36x6=216KkN.

216X 1000
150

Provide 8 bars of 16 mm diameter.
Provide nominal shear reinforcement. Use same section for 5 m beams also.

=1440 mm?.
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[— «— «— «—— —> —— —— —»] I

(a) Force on peripheral beam

(b) Force on beam connecting peripheral beam and column

Fig. 19.11

Edge Beam Dimension

To control crack width, maximum permissible direct tension in M: 25 concrete = 1.3 N/mm?.
280

3x8.5

Hence, area of concrete required is

for M: 25 concrete, m =

_216x1000
T A+(1-1)x1440
A = 151753 mm?2.

Provide, 225 x 675 mm beams.
These edge beams should be connected to shell symmetrically so as to avoid bending.

|~ Edge beam

]

t shell

Design of Beams Connecting Edge Beams and Column

Length of beam =6 +1> =6.00276 m.
: Maximum compressive force = 36 x 6.00276
= 218.98 kN.
From architectural point of view, the size of beam is kept same as peripheral beam.
=225 x 675 mm.
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Compressive stress in concrete

_ 218.98 x 1000 =2.16N/mm2.
150 x 675
Hence, concrete alone can resist it. Provide minimum reinforcement.
0.8

NE

A =——x225%675=1215 mm?.
100

Provide 6 bars of 16 mm diameter. Use same section for 5 m beams also.

—— 225 —» 25—
< EY
© 9 Nominal ° |~ Nominal
A//_ ]
O O
675 mm 675 mm
Shell 5 o o S
(@] o
80of 16 ¢ |~ 60f16¢
o ol (o] o]
v v
(a) Peripheral edge beam (b)

Fig. 19.12
The sections are shown in Figure 19.12.

19.9.2 Membrane Analysis of Conoid
Figure 19.13 shows a typical conoid. It may be generated by moving a straight line with one of its end
on a straight line and the other end on a plane curve, keeping the line parallel to itself on a projected
plane. The projected plane is known as director plane. The plane curve and the straight line are known
as directrices. The conoid is inefficient in transferring the load by membrane action near straight line
directrix. Hence, many times truncated conoids (Fig. 19.14) are used.
Geometry of Conoid: The plane curve used as a directrix may be circular, parabolic or catenary.
Accordingly the conoids are known as circular, parabolic and catenary conoids. Of these the commonly
used conoid is the parabolic.

The glazing provided at plane curve end may be vertical or inclined as shown in Fig. 19.15. In this
article, analysis is carried out for type—I parabolic conoid.
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Curved director

Fig. 19.13 A conoid Fig. 19.14 Truncated conoid

Type | conoid Type Il conoid

Fig. 19.15 Types of Conoids

The equation of type—I parabolic conoid, with x, y, z, axes selected as shown in Figure 19.16.

4f(32 zjx
=——F5|—7— —
B>\ 4 Y l

:%Z_ﬁ(i_yzjz_z(ﬁ_y
ox B>\ 4 2\ 4
_9z_8fxy _
dy 1B
2
r= a—i =0
ox
2
s= 02 _8h_
oxdy IB?
’z _ 8f 8f _ , ,
== SXx=ax where a = — Fig. 19.16 Geometry of Parabolic Conoid of type-I
dy” [B IB
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Analysis for Snow Load

All cross sections of shell are parabolas. For snow load parabola is a funicular shape. Hence, for snow
load the shell degenerates into a series of independent arches. In other words, n, = n,, = 0. Hence, the
equilibrium equation assumes the form

tny=—p0

Po

or n,=——

Y t
) . =—p IB? Do
i.e. y = Poo, T
? 8f,  ax

.. An appropriate stress function is

0, = —&x(logx—l)
a

Analysis for Dead Load
If dead load is g/unit surface area,

X=0,Y=0, Z=g«l1+p2+q2

~g %(p2 +q2)}
2
= X

[1+

2
1+l i(B—— 2) +lazx2 2
80T g 7Y ) T

B*  2B%y* ' 1
=g 1+a2{ Y +y—+5azxzy2

ie. Z

8x16 8x4 8

B 2 p4 4 2.2

a’B 2| Y I > xy}

=g|1+—— |+ga*| Z———B*y* + ——
& 8><16} & [8 67 T

B 2 4 4 2.2
+ﬁ B +ga2|:y__i32y2+x_yj|
| I’B* 8x16

8 16 2
i 2 4 2.2
=g 1+%J;—2}+ga2 {y——iBzy2 +ii|

8 16 2

Hence, from equation of equilibrium, we get

lf2 2{)’4 [ xzyz}
2an,, +axn, =—g|l+——|-ga”| ——-—B"y " +——
x Ty g[ 2 12} 1% 16 Y T2

The above equation in terms of the stress function ¢ is,
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82¢ 82(]) 1f2 {y“ Bzyz xzyz}
-2 +ax—=—-g|l+=——|- —— +
@ “ 7722|7818 TT1e T 2

First part of the load term is constant and may be regarded similar to snow load. Hence, the solution
for the first part of load is

2
0, = —%[1+§7}x(10gx—1)

For the second part of the load let the stress function be ¢,.
2 2 4 2.2 2.2
aya 0 90 az{)’__B Y Xy }
0xdy ox> 8 16 2
92 92 4 g2 2.2
0, P00, 9 ,{y___y+i
0xdy ox> 8 16 2

The above equation is satisfied by a stress function of the form
¢2 = 2 Amnxmyn
or ¢2=2Amn(xm—lm)y"

The latter form is preferred as it can be made to satisfy the boundary condition at x = [ easily. Using
chosen stress function, we get,

Hence, -2

4 2.2
Z 1
_2yAmnmn xm—l yn—l + XAmnm(m - 1) xm_z y” = _ga|:y? _EBzyz +%j|

4 2.2 2.2

. m=1_n y  By" x7y

A X" y'm(2n+m-1)=-ga| Z—m -~ +
Le. mn y ( ) 8 |: 8 16 3 j|
The values of A,,, for each of the load term may be found seperately and total solution obtained.
For first term:
y*
A X"y m(2n+m—1)= —ga<-
Comparing the powers of x and y, we get

m—1=0 ie m=1

and n=4.
Amnxl(—2><4+1—1)=—‘i—a
-84
o ™64

.. Solution for first term of load is

ga 4 ga 4
0, 64(x )y 64( x)y
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Similarly for second term of load

m=1andn =2

A, x1(=2x2+1-1)=22p?

ga 2
A =—=—(x-1)B
or - 64( )
ga 2. .2_8a 2.2
=—2"(x-I)B = l—x)B
Hence, 0, 64(X ) Xy 64( X) xy

For third term of load,

m=3andn=2.
Amnx3(—2><2+3—1)=—%ga

or

Amn ZEXgCl

_84(3 13).2
(1)2—12()( l)y

_ _ﬁ(ﬁ _ x3) 2
12 v
.. The solution is,

2
ga 4 gaB 2 84(;3 3).2
=-52(1- + = (1-x)y? =22(P -

0, 64( x)y 64( x)y 12( x)y

The total solution for self weight is

o=0,+0,
8 f2 8ga 4 gaBz 2 84(;3 3).2
=—21+—|x(1 —-1)-==U- -— (- —=>=\l" -
a{ +212}x(0gx ) 64(l x)y + o (1 x)y (l x)y
%0 3 , B Lz 3
nxz—ay2 =—ga[16(l—x)y ——32 (l—x)+g(l —X )

9’0 _ ga gl, [’
fly Zax—2=7)€y2—— 1+—

ax| 2
o 0 g{y_ﬂ_y}
Y oxdy 16 32 2
It may be easily verified that the boundary conditions n, |x:l =0 is satisfied. The boundary condition

n,, =0 along y = 0 (due to symmetry) is also satisfied. Since, conoid is of hyperbolic type, no boundary
conditions may be prescribed on the edges x = £B/2 which are (open boundaries).
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e

QUESTIONS

Explain the term ‘Pseudo forces’ and derive the relationship between pseudo forces and membrane forces. Use
Monge’s notations.

Derive the equations of equilibrium for the analysis of doubly curved shells. Use Pseudo forces and Puchers
stress function.

State the Pucher’s equation of equilibrium for the analysis of doubly curved shell. Derive membrane solution
for a shell subject to snow load only.

Find the membrane solution for a rectangular hyperbolic parabola subject to self weight only. Show that if the

. . S 1.
ratio of the amount of pulling down of a corner to shorter side is less than or equal to rk it may be treated as

shallow shell.

Design an inverted umbrella type H.P. shell to cover an area of 12 m x 15 m.

Differentiate between full conoid and truncated conoid and explain the relative merits and demerits. Discuss
the need for a bending theory of conoids.
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